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Abstract

This paper considers generalized method of moments (GMM) and sequential GMM (SGMM) esti-
mation of dynamic short panel data models. The efficient GMM motivated from the quasi maximum
likelihood (QML) can avoid the use of many instrument variables (IV) for estimation. It can be asymp-
totically efficient as maximum likelihood estimators (MLE) when disturbances are normal, and can be
more efficient than QML estimators when disturbances are not normal. The SGMM, which also incor-
porates many IVs, generalizes the minimum distance estimation originated in Hsiao et al. (2002). By
focusing on the estimation of parameters of interest, the SGMM saves computational burden caused by
nuisance parameters such as variances of disturbances. It is asymptotically as efficient as the correspond-
ing GMM. In particular, the SGMM based on QML scores can generate a closed-form root estimator for
the dynamic parameter, which is asymptotically as efficient as the QML estimator. Nuisance parameters
can also be estimated efficiently by an additional SGMM step if they are of interest.

Keywords: Dynamic panel data, GMM, sequential GMM, efficiency, root estimator
JEL classification: C13, C18, C23

1 Introduction

Dynamic panel data (DPD) models are popular in empirical studies, as they control for unobserved in-
dividual effects and allow for state dependence. Due to individual effects and dynamic feature, maximum
likelihood (ML) and quasi-maximum likelihood (QML) estimations of fixed effects DPD can cause an inci-
dental parameter problem (Nickell, 1981; Hsiao, 1986), and the magnitude of the bias is of the order O(1/T)
where T is the number of time periods. To avoid the incidental parameter problem, the estimation method
of instrumental variables (IV) is popular (see Anderson and Hsiao, 1981; Arellano and Bond, 1991; Arel-
lano and Bover, 1995; Blundell and Bond, 1998; Bun and Kiviet, 2006, etc). When observations of panels
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over time periods are short, instead of the IV method, another approach is to specify the initial condition
and apply the QML estimation as in Hsiao et al. (2002), where individual effects are eliminated by first
differences. In the current paper, we focus on dynamic panels with short time periods, and aim to estimate
those panel models by the generalized method of moments (GMM) and sequential GMM (SGMM), where
the information of initial conditions is critical and can be utilized to improve the efficiency of estimates. The
GMM and SGMM are also applied to dynamic panel data models with time-varying exogenous variables.

With properly designed moment conditions, GMM estimates can be asymptotically as efficient as maxi-
mum likelihood (ML) estimates under normal disturbances but might be relatively more efficient than QML
estimates when model disturbances are not normal.! For some situations, a GMM estimation approach can
be relatively computationally simpler than the ML or QML estimates. Furthermore, in the existing litera-
ture, while the model is estimated by IV methods, there could be an issue on using many I'Vs as those many
IV estimates might have large asymptotic biases. Such a problem can be overcome by a properly designed
GMM estimation with a finite number of moments. Best GMM moments may also be constructed under
some circumstances.

For DPD models that have not achieved stationarity due to a finite starting period, the variance of
the initial starting period of the dependent variable will be a free parameter. With an initial consistent
estimate of such a variance parameter, a minimum distance (MD) estimation method has been considered
in Hsiao et al. (2002). However, the asymptotic distribution of the MD estimator would be influenced by
the asymptotic distribution of the initial estimate of that free variance parameter. To overcome the issue of
such an asymptotic variance estimate, the GMM and SGMM estimation can be used. An SGMM approach
proposed in Jin and Lee (2018) can be asymptotically as efficient as the GMM and can be computationally
simpler. If we take the variance parameter of the initial period dependent variable as a nuisance parameter
and use a simple initial consistent estimate, the SGMM can focus on efficient estimation of remaining
parameters of interest and avoid some computational burden. The SGMM uses a C(«)-type transformation of
moment vectors to eliminate the asymptotic impact of initial consistent estimators and to achieve asymptotic
efficiency. In particular, we show that, for an SGMM that is based on the QML first order conditions but
only estimates the dynamic parameter, a closed form root estimator exists and is asymptotically as efficient
as the QML estimator.

The current paper is organized as follows. Section 2 studies the fixed effects pure DPD model with a
short past, and Section 3 studies the fixed effects DPD model with exogenous variables. For each model,

a general GMM estimation framework is motivated from QML scores. Efficient GMM under the normality

1In the following, the ML or QML estimates for fixed effects DPD models all refer to those based on first differenced equations
of the dependent variable.



assumption of disturbances can be derived. We investigate some computationally simple and efficient SGMM
estimates based on the efficient GMM and QML scores. For the fixed effects pure DPD model, the SGMM
improves upon the computationally simple MD estimator in Hsiao et al. (2002) by eliminating the asymptotic
impact of an initial variance estimator but yet can achieve asymptotic efficiency. Section 4 studies stationary
fixed effects DPD models.? Monte Carlo results for various estimators are provided in Section 5. Section 6
concludes the paper and summarizes the contributions. Proofs, detailed algebra and additional Monte Carlo
experiments are provided in a supplementary file available upon request. GMM and SGMM estimations of

random effects DPD models can be similarly studied and we provide them in the supplementary file.3

2 Fixed effects pure DPD with a short past

In this section, we first introduce the fixed effects pure DPD model with a short past and its MD
estimation. We show that a best IV for the MD estimation exists under some conditions, but the best IV is
infeasible. We propose the efficient GMM and SGMM based on QML scores to overcome such a problem.

Consider the pure dynamic panel data model
Ynt = FYOYn,t—l + Cno + Vnta t= 17 27 e aTv (21)

where Y,: = (y1¢,...,Ynt) at time ¢ represents the vector of outcomes of all the n individuals with y;;
representing the outcome of individual ¢ at time ¢; ¢,0 = (c10,¢20,- - - Cno)’ is the n-dimensional vector of
individual effects, and V,,; = (v1,...,vnt)  is the vector of disturbances of all n individuals. In this model,
the disturbances v;;’s are i.i.d. (0, 02,) across all individuals. In a fixed effects model, all the individual effects
¢;’s are treated as unknown fixed parameters, while in a random effect model, they are treated as random
elements. In this section, we consider the fixed effects specification. As ¢;’s are n unknown parameters in a
sample with n individuals but a finite number of T time periods, ¢; creates an incidental parameter problem
(Nickell, 1981). Therefore, it is desirable to eliminate the fixed effects ¢;’s before estimation. It is natural to
perform the elimination by taking time difference (e.g., Hsiao et al. 2002). By taking first (time) difference,
AY,: = vAY, +—1 + AV, where A denotes first difference. The estimating equation will consist of

AYnt = fYOAYn,tfl + AVnt7 t= 27 e 7T7 (22)

together with the observation AY,;. The AY,; may be treated as the first period sample for the difference

2We note that, “stationarity” here refers to the situation that the process has started a long time ago.

3For stationary random effects DPD models, the quasi log likelihood function can be decomposed as a sum of the quasi log
likelihood function of within equations and that of between equations (Lee and Yu, 2018). We use the decomposition to derive
simple moment vectors, which can yield GMM estimators that are asymptotically as efficient as ML estimators under normal
disturbances, but can be more efficient relative to QML estimators.



process in (2.2). For AY,,;, by continuous substitution, we have, up to the past m time periods,

m—1

AYnl = ’yg’LAYn’,nﬂ,l + Z ’Y(J)AAVnylfj.
7=0

In the case that the process has started from finite m periods ago, where m is unknown, E(AY,) =
Y BE(AY,, —my1) and Var(AY,;) = woo?yl, for some wy > 1, both of which are unknown values. Fol-
lowing Hsiao et al. (2002), we have the moment properties that E(AY,,1) = koly, Var(AY,1) = woo?yly,
Cov(AY,1, AV,2) = =021, and Cov(AY,1,AV,;) = 0 for ¢t > 3. Thus, the nT x nT variance matrix of the

disturbances is 0%)[Hr(wo) ® I,,], where

The quasi log likelihood function for (2.2) with sample observations AY,, ¢t = 1,...,T, as if [AY,, —

koll,, AV 5, ..., AV ]" were normally distributed, is
T 1
In Ly () = —"7 In(2702) — gln |Hr (@) = el (61)(Hy (@) @ L)ear (61), (2.4)
g

where 01 = (k,7), 0 = (k,7,w,02), and e,7(01) = [AY,), — Kll,, AY,)s — yAY,\,...,AY 1 — 'yAY,;’T_l}’
with [,, being the n-dimensional vector consisting of all unit entries. This quasi log likelihood function has
explored not only the main regression equations for AY,,; but also their variances. Hsiao et al. (2002) has

considered the properties of a QML estimator that maximizes (2.4). The first order derivatives are

0ln L, (0) 1 B

8791 = OTQJAZ/TL,T—l(HTl(w) & In)enT(el), (2,5&)
OlnL, (0 _ 1 _ _

nTU = 5 (H (@)T1) + g€ (O0) (i (@) Tr Hy ' (@) © 1) ear (61). (2.5b)
Oln L, (0) nT 1 1

T‘g = _ﬂ + EE;LT(Hl) (HT (w) ® In) 6nT(01)7 (25(})

where AZy, 7_1 = [tpr, AY,, 1] with v, = [}

n?

0, ey 0}/, AY”7T_1 = [O, AYAl? ey AY727T_1]/7 and ']T =

a%f;) is a diagonal matrix with its (1,1)th element being 1 and all other elements being zero.
For further analysis, from Hsiao et al. (2002), by denoting d = m, we have
T T-1 T-2 . 2 1
T-1 (T-1Nw (T —2)w 2w w
T-2 (T-2w (T—-2)2w-1) ... 22w —1) 2w—1
Hi'(w)=d-| . . ) . . . . (2.6)
2 % 22w —1) ... 2(T—2w—(T—3) (T—2w—(T—3)
1 w (2w —1) T-2w—(T-3) ([T-1w-—(T-2)



and AHr A’ = D, where

ao
ap ai
A= |% a1 a2 , (2.7)
apy a1 a2 ... ar—i1
and D = diag{agpai,aiaz,...,ar—1ar} is a diagonal matrix formed by asas41 with as = 1+ s(wp—1). Thus,
Hi'' = A’D7'A and it can be written as
H;'=A'D™Y2.p=1/24, (2.8)

This decomposition of H . ! will yield uncorrelated and homoskedastic transformed disturbances (D~Y/2A4 ®

I,)enr. Also, by denoting

0
1 0
Fry)=| 7 ! 0 ’ (2.9)
T2 4T3 01 0

and F%l)('y) as the first column of Fr(y), we have AY,, r—1 = (Fr(y) ® I,)enr(01) + nF}l)(fy) ® I, for any
value . In particular, AY, r—1 = (Fr ® I,)enr + /iqu(})(’yo) ®l,,, so that

E[AY), p_(Hr ® I,) 'enr] = noly tr(Fr) = 0. (2.10)

With this orthogonality property for AY,, 7-1, and strict exogeneity of l,7, apparently E[AZ; +_,(Hr @
In)ilenT] =0.

2.1 MD estimation and the search for the best IV estimate

The score vector (2.5) gives the moment AZ) ., - (Hp ® I,,)"" - e,r. However, Hp(w) involves the
unknown parameter w if one would like to work with this moment equation. With a consistent initial
estimate & of w so that Hy(w) can be consistently estimated, Hsiao et al. (2002) suggest an MD estimation
of 6; by

min €7 (61) (Hy ' (&) @ In)ent (61)- (2.11)

The first order condition of this MD estimation is the score (except the omission of a constant factor) in

(2.5a). The resulting MD estimate 0} ,,,4 is a generalized instrumental variable (GIV) estimator as

él,md = [AZ/n,T—l(HI_’l(‘;’) Y In)AZn,T—l} - [AZ/n’T_l(Hfl(d;) ® In)AYnT]a



where AY,,r = [AY],,...,AY]". However, the MD estimator is not really a usual GIV estimator in that
the asymptotic distribution of the initial consistent estimate w has an impact on the asymptotic distribution
of the MD estimator, even thought the MD estimator is consistent. The remaining issue of interest is whether
a similar IV estimate could exist and be asymptotically efficient within a class of IV estimates, assuming
that the disturbances in the model are normally distributed.

As the estimation equation involves the predetermined variables in difference, i.e., AY, r_1, an IV can
be a function of elements in AY,, r_;, in addition to other strictly exogenous variables, here the constant
intercept term. Consider the IV matrix Qnr = [(Kr & I,)tnr, (Ar ® I,)AY, r_1], where Kp and Agp
are T x T constant matrices. The corresponding IV estimate is él,iv solved from the empirical moment
Q’nTenT(él’w) = 0. For Q,r to be a valid IV, the orthogonality condition E(Q/, re,r) = 0 is required.
With AY,, r—1 = (Fr ® I,))enr + lﬁon(wl) ® 1, and E(enrel,r) = 020Hr ® I, a selected Ar shall satisfy
tr(FrALHyp) = 0. From the expressions of Hr in (2.3) and Fr in (2.9), we can see that HpF7. is an upper
triangular matrix with its (1,1)th element being 0. Then any matrix Ay that is lower triangular with zero

diagonals (the first diagonal element can be arbitrary) will satisfy tr(FrA%LHr) =0, i.e.,

0
a1 0

Ap=|a a2 0 . (2.12)
arTy arT2 ar T7-1 0

By doing so, for (Ar ® I,,)AY,, r_1 and corresponding disturbances e,r = (AY,); — kot 7, AV, o, ..., AV 1),

arbitrary linear combinations of Ay;1, ..., Ay; t—o can be IV variables for Av;; with ¢ > 3. A simple choice of

0
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Ap can be Ap = < ), and that of Kr can be I so that Qnr = [tnr, (0,0,AY, ..., AY,,;,T_Q)’}. In

the literature, most have 1usoed a sufficient number of time lagged variables for IVs. Thus, those correspond
to the use of some Ar in (2.12). In addition to the class of IVs corresponding to (2.12), there might be other
IVs, each of which in its general form might be a linear function of all AY,;, ¢t =1,...,T —1, even though e,
is in certain recursive time order. Apparently, one example is Ay = H ! the choice implied by the score
vector, which satisfies tr(Fj A% Hr) = tr(Fr) = 0. However, there is a practical issue on using H; ' because
it involves the unknown true parameter w. But this example does motivate other possible A7 beyond those
recursive time ones in (2.12). It is of interest to investigate whether a best A in the class of tr(F A Hr) = 0

might exist, so that a corresponding IV matrix in the class Qnr = [(Kr ® I,)tnr, (Ar ® I),)AY,, 7_1] would

yield an IV estimate with the smallest asymptotic variance. An IV estimate is

él,iv = (Q;LTAZn,T—l)_l QnrAY,r =610+ (Q{,LTAZn,T—l)_l Qrrent- (2.13)



As shown in the supplementary file, under normal disturbances, if Ay satisfies tr(Fj A Hp FALHr) = 0,
e.g., Ap belongs to (2.12) or Ay = Hy', then Var(Q penr) = 02, ElQ, +(Hr ® I,)Qur].* Thus, the

asymptotic variance of the IV estimate in (2.13) under normality is

020 (@ AZnr—1) " Qyy(Hr ® 1,)Qur (AZ 1 Qur)

Its inverse is

1
TQOAZ%,TanT Qv (Hr @ I7)Qur) " QpAZy 71

1 _ _
= o AZ (P @ In) - (Hy? © Ir)QurlQur (Hr © Ir)Qur] ™ Qe (Hy!* @ Ir) - (Hp ' @ Ir) AZyy
v0

1 _
< UTOAZ;,T—l(HTl @ Ir)AZy 11,

by the generalized Schwarz inequality, where the equality holds when (H ;/ 2®IT)QRT =(H, 201 T)AZy 71,

ie., Kr = Ar = H;l. Thus, under the normality assumption,® the best IV in the class of Q.7 =
(K7 @ In)inr, (Ap @ I,)AY,, 7_1], where Ap satisfies tr(EFjAHy) = 0 and tr(FrARHrFRALHy) = 0,
shall be Q¥ = (H;' @ I,)AZy, 11.

Nevertheless, the best IV requires the use of Hp, which involves the unknown parameter wg. Thus, the
“best” IV is infeasible. One may attempt to use an initial consistent estimate of wy and hence a consistent
estimate Hp to construct a feasible IV.6 However, such a feasible IV would not achieve the same asymptotic
variance of the infeasible best IV estimate. This issue has been pointed out by Maddala (1971) for a
distributed lag model with serially correlated disturbances. The same issue has been recognized in Hsiao
et al. (2002) for the dynamic panel model. With an initial consistent estimate @, the IV estimation with
the empirical moment AZ;,T_l(Hfl(L:}) ® I,)enr(61) is called an MD estimation in Hsiao et al. (2002).
The asymptotic distribution of the MD estimator will depend on the asymptotic distribution of the initial
estimate @. This can be seen from an asymptotic expansion of %AZ;L’Tfl(H:,Tl(JJ) ® I,)enr at wp, which
has LAZ! ;o (Hp' (@) ® In)enr = 1AZ! o (Hp' @ L)enr — 2AZL p (Hp "2H2 HE' @ I)enr(@ —
wo) +0p(1), where E[%AY;MT_l(H;l%H;l ® I,)ent) = 02, tr(F}HEl%) # 0, since tr(F’THT_laa%) =

p— T — —
(T - 11:1;(’) ) when 7y # 1 and tr(F}HTl%) = 72[11(;(14;0111)] when vp = 1.7

1
(1=70)[1+T (wo—1)]

40n the other hand, if tr(FL AL Hr B AL Hr) is not equal to zero, Var(Q! en,r) would not be necessarily equal to
012;0 E[Q;T(HT ® In)QnT}' .

51f the disturbances are not normal, from the proof of Theorem 3(iii), the asymptotic variance of the IV estimate 01,iv
is equal to that of an optimal GMM estimator. We show that there is no best GMM under non-normal disturbances in the
supplementary file, so there is no best IV under non-normal disturbances.

61nitial consistent parameter estimates for various models considered in this paper are given in the supplementary file.

7As in Hsiao et al. (2002), when the process {y;;} starts from a finite past, vo can be 1. We thank an anonymous referee for
pointing out this.



In the supplementary file, by restricting our attention to the case with true ko = 0 being known, we
elaborate on the impossibility that Hr could be consistently estimated without asymptotic impact on the
feasible IV estimator. Thus, when T is small, there might not be a feasible “best” IV estimate. Without the
availability of the best IV, in order to improve efficiency, one might be tempted to use more possible IVs for
estimation. But the use of many IVs might give rise to a serious asymptotic bias problem as a by-product
(see Bekker, 1994; Donald and Newey, 2001; Alvarez and Arellano, 2003; Chao and Swanson, 2005; Han and
Phillips, 2006, etc). The “infeasible IV” issue occurs only for panels with a finite 7', where w in the first
entry of Hp(w) generates the efficiency issue for estimation. From the supplementary file, we see that under

normality, the asymptotic precision of the MLE 4y, e is

1 _ 2n 1—13\2
—_EIAY . (H7'® L)AY, 71| — (T— 0 ) 2.14
0_30 [ n,T71< T ® ) T 1] T(T _ 1)(1 _ 70)2 1— Yo ( )

when vy # 1 and is Ué E[AY, Tfl(H{«l RI,)AY,, r-1] — w when vy = 1, which can be smaller than
v0 ’

the asymptotic precision of the best IV estimate, if the latter would exist. For the case with T' tending to

infinity, asymptotically feasible best IV is possible for the case with |yo| < 1.8

2.2 Efficient GMM

We may consider a class of GMM estimators motivated from a direct application of the scores. Under the
normality assumption of disturbances, the best moments exist, thus an efficient GMM can be constructed
using these best moments. It is also possible to have a computationally simpler approach with a sequential
GMM (SGMM), which treats some parameters as nuisance ones, and focus on estimation of remaining
structural parameters of interest.

From the first order conditions in (2.5a)—(2.5¢), we derive the moment conditions:

gn1.x(02) = %L%T(qul(w) ® I )ent(01), (2.15a)
gnT(02) = %AY;,Tfl(Hjil(w) ® In)ent(61), (2.15b)
gnTw(02) = %6%(91)(%@1) ® In)enr(61), (2.15¢)

where 0, = (k,7,w) and ®r(w) = Hy'(w)JrHy'(w) — % tr(Hyp ' (w)Jr)Hy ' (w). These moment condi-
tions have mean zero at the true parameter values. We recognize that by using the identity AY, r—1 =

(Fr(y) @ I,)[enr(61) + ktnr), and denoting By = D~/2A from (2.8) so that H;' = B} By and Hy'(w) =

8When T goes to infinity, the second component is dominated by the first one, so that the asymptotic precision of the MLE
is asymptotically equal to that of the best IV estimate. The best IV estimation is possible by ignoring the first row of Hp(w)
or simply replacing it by Hr(2) with 2 replacing w. The approximation or replacement will be good when T becomes large.



Bl.(w)Br(w), the empirical moments (2.15a)—(2.15¢) due to scores can be written as

gnT.x(02) = %LLT(HF(w) ® In)enr(61), (2.16)

g (02) = = 02) (B () © L) (B @) FH(0) B () © 1)] (Br() © L)ear (1) o
bl (B0 (@) ® L)ear (),

and

Gur.o(02) =~ (00) (B (@) @ 1) [ (Br(@)Jr By () — e HE @) Fr) @ 1) (Br(@) @ L)ewr (61).

(2.18)
These empirical moments suggest a class of GMM estimation with linear moments
b (KT ® Iy)ent(01) (2.19)
and quadratic moments
€ (61)(Br(w) ® 1n)(Cjr ® 1n)(Br(w) ® In)ent(61), (2.20)

where Cjr’s can be constant matrices or matrices involving 6, with tr(Cjr) = 0 at the true f39. Those
matrices Cjp’s with their traces being zero will guarantee that the moment Ele] (B ® I,)(Cijr ® I,,)(Br ®
I,)enr] = 0. To understand the moments in (2.16)—(2.18) from scores, we see that the implied equation (2.2)
and the initial AY;,; are combined into a system AY,,pr = %AY,, r_1+ KotnT +enr with the variance of e,
being o2 Hr ® I,,.9 A relatively efficient estimate will explore both the main equation and the variance of
disturbances for estimation. On the contrary, an IV approach has explored only the main regression equation
but not the variance of disturbances, so that efficiency might be lost. For a possible efficient estimation, it
is natural to consider the use of quadratic functions in terms of e, 7. For the DPD process, it is of interest
to know that the moment involving AY,, r_; and e,r in a (weighted) product can be rewritten as a linear-
quadratic function of e, 7. With H,. 1= Bl.Br, the pure DPD process (2.2) in difference can be transformed
into

(BT ® In)AYnT = ’VO(BT & In)AYn,Tfl + ﬁO(-BT (24 In)LnT + e;kLTv

where e’ = (Br®1I,)e,r. The variance of e} ;- is 02,11, hence the moment condition Ele (Cir®Iy)el ] =
020 tr(Cjr) = 0 for any T x T matrix Cjp with zero trace, i.e, tr(C;j7) = 0. For the IV estimation with

Qnr = (Ar ® I,)AY,, 7_1, where Ap satisfies tr(F- A7 Hy) = 0, the empirical moment is

Qurent(01) = €7 (01)(Br(w) @ L) (A1 (02) ® I1,)(Br(w) ® In)ent (01) + kityp (Fp(v) AT @ In)ent (61),
9Recall that AY,,r = [AY,,,...,AY ) and AY,, r_1 = [0,AY,,,.. LAY o)




where Ayr(62) = B ' (w)F(v)ALBr ' (w) has a zero trace at 62 = 9. This moment combines a linear
moment and a quadratic moment with some specific weights. The quadratic moment in (2.17) has Cjr =
BN (w) Ep(v) Bl (w), and that in (2.18) has Cjr = Br(w)JrBy(w) — & tr(J,Hy ' (w)) L.

The GMM estimation can be implemented by treating 0 in K, (62) and C;r(62) as unknown in addition
to those in Br(w) and e, (61). Such a GMM estimation will be a single step approach. On the other hand,
the GMM approach may also be implemented with a two-step procedure, where in the first step, one derives
a consistent estimate 52 so that those K;r and Cj7 matrices can be consistently estimated by K jT(§2> and
Cj7(2), then the suggested quadratic moments in terms of (Br(w) ® I,)e,r(0:1) for a GMM estimation is
feasible.!? One can show that a GMM estimate from a single step or a two-step estimation is asymptotically
11

equivalent to the exact GMM estimator by using K;r(020) and C;r(62) as if they were known.

Assume that we have m; such K7 and ms such Cjr. Then, the vector of moment conditions is

o (Kt @ In)enr (01)

L;zT(KWhT Y In)enT(el)

1
02 =5 e (B Crr Br(w) ® L)ewr (6h) (2.21)

e{nT (91)(B’IT (w)szTBT(W) o In)enT(el)
At the true 639, 1, (Kjr © In)enr(610) = thyr (Kjr By @ I,)e and

E;T(910)(3%(W0)Cm2TBT(WO) @ In)ent(010) = 62&(Cm2T ® Ln)enrs

where e’ = (Br ® I,)e,r is homoskedastic and uncorrelated. To derive the analytic form of the variance

of gnr(620), we can transform e, into homoskedastic errors as in V,, ry1 via epr = (Drp41 ® In) Vi 141,

where
—\ Wy — 1 1
-1 1
Drri1= A ;
-1 1
VH»T-‘rl = [Ur/LOa ril’ SR V’r:,T]/’ and Upo = \/ﬁ[_’%n(AYm—m-i-l —E AYH,—W-H) + Voo — Z;n:_f VgAVnyl—j]
is independent of V,,; and has the same variance as that of V,,; for t = 1,...,T. The transformation

implies that AY,1 = koln, + Va1 — vVwo — 1U,e. Notice that DT,T+1D§",T+1 = Hp. Then, at the true
020, elements of g,r(f2) are either linear or quadratic in V,, 41, and Var(g,r(620)) generally involves

the third and fourth moments of V,, r11. Let us, and p3, be the third moments of, respectively, v and

10We note that as contrary to later sequential GMM estimation, these moments are quadratic in e, but not quadratic in
the parameter v because Br() is nonlinear in +.
11See the supplementary file for a proof.
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an element u;g of Uyg. Define pi4, and pg, similarly. Let psr = diag(psu, tsvlf) be a diagonal matrix
formed by the vector [usy, tsely], vecp(A) for a square matrix A be a column vector formed by the diagonal
elements of A, A* = A+ A’ and tp = [1,0,...,0) be a T x 1 unit vector. By Lemma A.1 in Lin and
Lee (2010), the variance of \/ng,r(f20) is Xr = (g;; ;iz;), where Y711 is an my X m; matrix with
its (r,s)th element being o2)(K,rHrK.r)11, S121 is a me x my matrix with its (r, s)th element being

veep' (D py 1 By Crr Br Dy ri1 ) usr D py Kgptr, and X722 is a ma X mg matrix with its (r, s)th element

being

(au — 3090) (D741 BrCor Br Drr 1)1 (Dip iy By Csr Br D)
T+1

+ (a0 = 3030) Y (D041 BrCor Br Drrt )u (D p 41 BrCsr Br Dryr )us + 040 tr(CrCisr).
t=2

The optimal GMM estimator with the moment vector g, (62) is
02, gmm = arg min gl,1(02)%, 1 gnr (02), (2.22)
02€02

where i]nT is a consistent estimator of ¥ and O is the parameter space of 05.

The above discussion assumes that v;’s are i.i.d. It might be of interest to consider the case that v;’s
are independent but Var(v?) = 07 depends on T and is unknown. In such a situation, the moments linear in
enr(01) of (2.21) are still valid, but those quadratic in e, (1) might be not. We may investigate whether
moments of the form e/, (61)(Cjr ®1,)e,r(01) are valid or not. Note that Var(e,r) = D*T7T+1ET+1D§’}:T+1 ®
I,, where Epy = diag((wo — 1)y, 0%, ... ,07) with 03, = E(u},), and Dj, ., , is equal to Dy 711 except that

the (1,1)th element of D7, 7, is —1. Then
Ele;,7(010)(Cjr @ In)ent(010)] = n - tr(Cir Dy p iy Ery1 DY piq) = 1 t0(D7 p i Cir D piq - Erya)-

As Ery is a diagonal matrix, we may choose Cjr’s such that the diagonal elements of D7' ., Cjr D7 1 are
zero, which implies that E[e] ;-(010)(Cjr ® I)enr(010)] = 0 and the quadratic moments are valid. However,
due to the special form of D} 1., Cjr = [¢jrrs] should satisfy c¢jr11 = cjrrr = 0 and ¢jry o1 =
CiTr—1,r—1 + CiTyrr — CjTr—1,7 for 7 = 2,...,T. In that case, the best selection of Cjr becomes rather
complex. Whether the best selection is possible or not remains an issue. For a possible panel model with
infinite (large T') periods, this problem becomes even more challenging as it would be a model with infinite
number of parameters as 07’s are included.'? So in this paper, we focus on the i.i.d. case of v;;’s and do not

consider heterogeneity in v;;’s.

12We thank a referee for raising this issue.
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If Vi1~ N((), Ugojn(T+1))a

(KlTHTK{T)ll (KITHT ;an)u 0 0
v0 0 e 0 0'12)0 tr(ClTC’fT) N 012)0 tr(ClTC’anT)
0 e 0 0’30 tI‘(CmQTCfT) N 0’30 tr(CmQTCf,LQT)

As tr(CyrCip) = 5 tr(CipCiip) and tr(AB) = vec'(A’) vec(B) for two conformable matrices A and B,

Y1 = o2y AL A7, (2.23)
where
BIYK!up ... BIYKD 0 0
Ap= (T " Toma T : 2.24
T ( 0 0 ?oyovec(CfT) ?UvoveC( aT) (224

This variance form can be used to derive the best moment vector under normality, which is

v (Hp @ Iy)enr(61)
g* (0 ) _ L;T(F,}H:Fl ®In)€nT(91)
e e, (01)(Br(w)CirBr(w) @ In)enr(61) |
e (01)(Br(w)Cor Br(w) ® In)enr(61)

(2.25)

where C} = BTFTB:F1 and Cyp = BU.,TB:F1 — % tr(BwTqul)IT with B,r = W. As expected from
the asymptotic efficiency of the ML approach, the best moment vector under normality corresponds to the
score vector.'?:14 While the score vector combines ¢/, (FjpHy' @ I, )enr(61) and e/, (61)( By (w)Cip Br(w)
I,)enr(01) linearly with specific weights, the GMM uses the two moments separately so the number of
moments in (2.25) is over-identified. Hence, the corresponding optimal GMM could be efficient relative
to the QML as the proper optimal weighting matrix is used for combining the set of linear and quadratic
moments for estimation while the QML takes a specific combination of those moments into a score vector for
estimation. The best GMM moments are over-identified but the moments of the score vector consist of exactly
identified moments.!®> However, the score vector might not be the best combination if the disturbances were
not normally distributed.

In the following, we present regularity conditions and asymptotic results on the GMM estimation.

13We may show that (BWTB;l)S = —BrJr Bf.. See the proof of Theorem 3 in the supplementary file.

H41f the disturbances are not normally distributed, we show in the supplementary file that the limiting variance of the GMM
estimator 02 gmm has a lower bound by the generalized Schwarz inequality, but the lower bound cannot be achieved. The
reason is that D 71 B,TC;TBTDT,T+1 needs to be a diagonal matrix for some C;T, but this cannot be the case given the
specific form of Dr 741.

151f the number of best moments is just identified, and the score vector and the best moment vector are linear transformations
of each other, then their estimators would be the same. In this exactly identified moments case, the best GMM estimator would
not have an asymptotic gain.
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Assumption 2.1. The disturbances {vi}, it =1,...,n and t =1,...,T, are i.i.d. across i and t with zero

mean, variance o2, and E(|vy|*T") < oo for some n > 0.
Assumption 2.2. n — oo and T is fized.

Assumption 2.3. The process {y;+} has started from a finite but unknown m periods ago, Ay;1 = Ko +
vi1 — Vwo — Luo, where uio’s are i.i.d. (0,0%)), E(Juio|*T) < 0o for some n > 0, and uiy’s are independent

’ : ; 2
of vj¢ ’s but with the same variance oy .

Assumption 2.4. C;r’s have zero traces and are linearly independent, and [KiT,ld .. ~aK7/an,1.] has full
column rank, where K7 1. is the first row of Kjr.

(Kir)1n  (KirFr)u

Assumption 2.5. When ko # 0, ( ) has full column rank, and

(K'm;T)ll (KM,IT:FT)II
[dT(w)Cle/T(w)7 s 7dT(w)Cm:2Td’,T(w)} 7é 0

for any w # wo, where dr(w) = [(ap(w)ai(w))~Y2, (a1 (w)ag(w)) "2, ..., (ar_1(W)ar(w)) 2] with a;(w) =

14+ t(w—1); when ko =0, (Kjr)11 # 0 for some 1 < j <mq, and

dT(w)Clei[(w) tr[F}B’T(w)CfTBT(w)HT] tr[F%B%(w)ClTBT(w)FTHT]

dp (w)Cyrdp(w)  tr[Fp By (w)Crp Br(w)Hr)] - tr[F7 By (w)Comyr Br (w) FrHr)

has full column rank for any w in its parameter space.
Assumption 2.6. When ko # 0, tr(CjTBwTBfl) # 0 for some 1 < j < mgy; when kg =0,

tr(CrBrFrByY)  tr(CpBurBrt)

BrFrB;') t(C2, +B.rBp')

sz

tr(C?

sz

has full column rank.
Assumption 2.7. The parameter space © of 6 is compact, w > 1, and 0y is in the interior of ©.

Assumption 2.1 states the simple i.i.d. regularity condition on the disturbances v;;’s. The moment
condition on v;; is needed for a proper central limit theorem. The large n and small T asymptotic in this
paper is summarized in Assumption 2.2. While we focus on the small T' case in this paper, the GMM and
SGMM estimates in this paper can also be considered for a large T'. Assumption 2.3 states the setting with a
finite past and regularity conditions on Ay;;. Assumption 2.4 is a sufficient condition for the nonsingularity of

the variance of the moment vector so that the optimal GMM estimator in (2.22) can be formulated. Note that
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gnr(62) only depends on the first rows of K;p’s. Assumptions 2.5 is a sufficient identification condition on the
corresponding GMM estimator. Under Assumption 2.6, the expected gradient matrix G = E(%};m) has
full column rank, so that ég’gmm has the /n-rate of convergence. A compact parameter space in Assumption
2.7 is a usual condition on extremum estimators. The consistency of estimators does not require 6y to be
in the interior of the parameter space, but the asymptotic distributions need it to avoid issues of a true
parameter vector on the boundary of its space. For simplicity, we do not separately state conditions required
for consistency and asymptotic distributions. Since wy > 1, we state explicitly that w > 1 so that Hp(w) is
positive definite and H'(w) = By(w)Br(w) for any w in its parameter space.

Let éqml be the QML estimator that maximizes the log likelihood function (2.4), éz,qml be a subvector
of éqml corresponding to 2, which as we recall is (k, vy, w)’, 03 be the optimal GMM estimator with the

2,gmm

over-identified moment vector g’ ,(62) in (2.25), G% = E(%) and X% = Var[v/ng!1(020)]-
2
Theorem 1. Suppose that Assumptions 2.1-2.7 are satisfied.

(i) The optimal GMM estimator Oy, gy in (2.22) is consistent and has the asymptotic distribution /n(02,gmm—
020) & N(0, (GLX7 Gr)™Y), where

(Kir)n ko(KirFr)i 0

Gr = E(M) - _ (Kmir)11 ko(Km,7Fr)11 0
T ae T 0 o2 tr(Cip BrFrBr') =0k te(CipBurBr')
0 o2 tr( fnzTBTFTB:Fl) —Ugotr(cﬁzzTBwTB;l)

(ii) The QML estimator éqml is consistent and follows the asymptotic distribution \/ﬁ(éqml — 6o) 4,

N(0,T'74), where I'rp = [E(_lw)}—l E(%aln L (60) Blan(%))[E(_;M)]_l withl6

n 0006’ 00 00’ n 0000’
ﬁ(HEI)n * * *
v 2
( 1621an(00)) _ | B-(H7'Pr)n S (FpHp'Fr)n + te(FrHy ' FrHr) * *
— — v0 v0
n 0000 0 tr(FpHy ' Jr) Ler(Hp ' JrHy ' Jr) o«
0 0

= 130 tr(Hy'Jr)

_T_
T
20,

(iii) é;,gmm is asymptotically efficient relative to équml in general, i.e., (GHS571GAR)™! < I'ry,, where

I'rg, is the asymptotic variance of é27qml, which is a submatriz of I'r g corresponding to 6.

() If Virgr ~ N(0,020Lyr41)), then:

16The explicit expression of E(% 9In L;’ (60) 91n 55}(9“) ) can be derived similarly as that of the variance matrix of v/ng,1(620),

thus we omit it for simplicity. We can see that it does not depend on n.
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(a) Among optimal GMM estimators with moments of the form (2.21), has the minimum

asymptotic variance, i.e., (GHSa1GH) ™ < (GLE7'Gr) ™Y, where

0%
02,gmm

r%()(HEl)ll (%(HFFT)M 0
* *— * 52 — — —
Grey 'Gr = ;TOU(H;FT)H U—%(F;H;FT)M +tr(FpH, FrHr) tr(FpHy ' Jr)
0 tr(FrHL ' Jr) Ler(H ' JrHy Jr) — o5 ¢ (Hy ' Jr)

(b) é;"gmm has the same asymptotic variance as that of ég’qml, ice., (GEYITIGR) L =Try,.

Note that the relative efficiency in (4i%) is possible because the best moments are over-identified for 6.

2.3 SGMM

For the above GMM with the efficient moment vector, w appears in a highly nonlinear way in the moment
vector. With an initial consistent estimator of 79 = (kg,wp)’, we may use the moment conditions (2.15a)—
(2.15¢) derived from the QML scores to define an SGMM estimator that focuses on the estimation of the
parameter of interest 7. Such an SGMM estimator has a closed form expression and can be asymptotically
efficient under normal disturbances.!” As the asymptotic influence of an initial consistent estimate & can be
overcome, those SGMM estimators may also improve upon the feasible MD estimate. To derive an efficient
estimator of vy, we may follow the approach in Jin and Lee (2018), which combines all moments with a C'(«)-
type formulation so that initial consistent estimates of nuisance parameters can be plugged into combined
C(a)-moments to estimate only parameters of interest. With the proper C(a)-type formulation, initial
estimates will have no impact on the asymptotic distribution of the estimator of parameters of interest. In
the special case that the difference between the number of total moments and the number of combined C'(«)-
moments is equal to the number of nuisance parameters, the approach can generate an efficient estimator
of parameters of interest. Alternatively, we may construct an SGMM estimator using concentrated moment
conditions. Since g,r.(f2) = 0 yields a closed form solution of x for given v and w,'® we can substitute
this solution into gnr 4 (02) and gy1,,(02) to derive concentrated moment conditions, and then base on these
moments to consider an SGMM estimator of 4. This approach is in the spirit of Crepon et al. (1997) by
estimation with concentrated moments. Since the number of moments reduced by concentration is equal to
the number of parameters being concentrated, which is one here for k, the concentrated moments do not lose

information for the estimation of remaining parameters.! With concentrated moments, a further moment

"Instead of moments based on the score vector, one may used the best moments in (2.25) to obtain an SGMM estimate
of «v. But as the number of moments involved is over-identified for =, the corresponding SGMM would not have a tractable
explicit expression. Such an SGMM estimation approach will be considered in a subsequent section on models with exogenous
regressors. The moments in (2.25) could be regarded as a special case of the estimation with ¢, as a regressor vector.

18The estimate of & for given v and w is [L;T(Hfl(w) ® [n)LnT]*lL;T(HQTl(w) QR In)(AY o —YAY , 71) = %Z;LAYM +
%23:2(1 — %)Z’TL(AYM — yAYy t—1), which does not depend on w.

In our case, the concentration works on the solution of scores, so it is a method of elimination and substitution in solving
a system of equations.
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reduction is conducted for estimating the parameter of interest v using the method in Jin and Lee (2018).
Thus, the second approach is a combined one of those in Crepon et al. (1997) and Jin and Lee (2018).2° The
first approach is more general in the sense that it works whether or not some nuisance parameters can be
concentrated out, while the second approach, when it can be applied, can partly simplify the first approach.
In the above two approaches, the final moment condition is quadratic in the unknown parameter -y, so there
is a closed-form consistent (and efficient) root estimator. We shall provide conditions that clarify which root

of a quadratic equation is consistent and they can be easily employed in practice.?!

Approach one: SGMM estimator of g

Denote

1 _
Inr (7, T) = EAYn T— 1(HT1(W) ® In)enr(61),
1 _
gnr,r (7, 7) = E[L;ALT(HTI(W) ® In)ent (01), €nr(01)(Pr(w) @ In)ent(61)]',
where 7 = (k,w)’ and ®r(w) is defined below (2.15c¢). Here, the moments of £ and w are collected in
gn1,7(7, 7). Let 4 and 7 be, respectively, /n-consistent estimators of vy and 79. The SGMM estimator + of

o is characterized by the following equation

InT,~ (73 7~_) - CvnT,'ygnT,T(;Ya 7~_) = 07 (226)

_ 9gnT~(7,7) (8gn,T,T(:Y77:)

35 3 )~1. By a Taylor expansion, one can see that, as an asymptotic orthog-

where C’nT =
onality condition is satisfied, the initial estimate 7 would not have an asymptotic impact on the moment
Gnr (7, T) — CA'nTﬁgnT’T (v,7), so the asymptotic distribution of the initial estimate 7 would not have an
influence on the asymptotic distribution of the SGMM estimator ¥ of 7.22 The C(a)-moment g,7 (v, 7) —
Cotngnt.~(7,7) has one less moment than the number of moments in g7 (v, 7) = [gnr~ (7, 7)s Gnr (1T
and the resulting SGMM estimator of vq is asymptotically as efficient as that of g from the joint GMM
estimation with the moment vector g, (v, 7). As the GMM moments are constructed from scores, in the case
of normality, the SGMM estimator * is efficient relative to the MD estimator ¥ of o in Hsiao et al. (2002),
which is characterized by AZ; 5 V(H7 (@) @ I)enr(61) = 0. The combined C(a)-moment is intended to

improve robustness and retain efficiency of the g,7.~(y,7) moment for estimation. But while the moment

20The SGMM in Jin and Lee (2018) is asymptotically equivalent to the approach in Trognon and Gouriéroux (1990) applied
to the GMM, which is derived by a first order Taylor expansion of the moment vector at the nuisance parameter estimator.
21Root estimators for spatial autoregressive models are considered in Jin and Lee (2012).
9gnT -y(’YOvTO) (8gnT T(wa,m))

22The consistent estimation of plim,,_, . o L by Cur, ~ would not have an asymptotic influence
on the moment equation due to its role as coefﬁments for linear combinations of valid moments.
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gn1~(7,T) is linear in +, the combined C(c)-moment is quadratic in y. The importance of a score vector in
terms of a quadratic function of e, is highly visible in the ML estimation of a short dynamic panel.

By denoting ®7 = &7 (@) and Hp = Hp(), the quadratic equation (2.26) of 4 can be rewritten as

.9 .
Sy + Sur2Y + Snr,3 =0,

where SnT,1 = % AnTﬁ [O, AY’/ﬂ/,T—l(éT ® In)AYn,T—l]/7
1 ~ 1. ~ ~ -
SnT,2 = ﬁAY;L,T—l(HT1®IH)AY7MT—1_EC"T7’Y [t (Hy ' @L)AY 1, 28, 1y (Br@L)(AY pr—Fitnr)]’,

and
SnT,3 = %CnT,V [L;T(ﬁffl ® I)(AY 1 — ftnr), (AYr — Ftnr) (01 @ L) (AY ur — %L"T)]/
LAY (7 @ 1) (A r — Rrar).
Using AY ;7 = %AY 71 + KolnT + €7, We have s,72 = =874 — 2708n1,1 + 0p(1), Where

1

~ . ~ 1 .
SnT,4 = ﬁ nT,y [L/nT(HTl ® In)AYn,T—h QAY;L,T_1((I)T ® In)enT]/ - EAY;L,T—l(HTl ® In)AYn,T—h

and S,7.3 = YoSnT.4 +VESnT 1 + 0p(1) as %e;T(éT ® Ip)enr = 0p(1) and %AY;’Tfl(ﬁfl ® In)enr = 0p(1).

The quadratic equation can have the solutions on 7 as
—SnT,2 \/ Sapo — 4SnT 15073 SnT4 & /iy 4 +0p(1)
2snT,l

2Sn1)1
—SnT,2+ SnT,2 °nT,17nT,3 if s T4 < 0
nil’, :

2
—SnT,2=/S, 70— 45nT,15nT,3 .
if spra >0, or CTpn.

25n7,1

Thus, the consistent root is
In practice, s,1.4 can be estimated by

- A ~ = = 1 .

Suta = —CnTy [L;T(HTI @ In)AY p1-1,28Y,, 7 (D7 ® In)enT(el)], - EAY;%Tfl(HTl ® In)AY 71

to determine the consistent root.23

Approach two: SGMM estimator of 7y with concentrated moments
If we set gnr..(f2) in (2.15a) to zero, then the estimate of s for given v and w is [1/, (H;'(w) ®

L)tnr) ™ (H (W) @ L)(AY pr — yAY,7-1).2*  Substituting this estimate into (2.15b) and (2.15¢)

23The probability limit of snT,4 depends on wo, Yo, 7' and 030, and it can be positive or negative.
24This estimate can be further simplified to %I;LAYM + % 23;2(1 — %)ZZ(AYM —AYpy, t—1), which does not depend on w.
(Hp )@ L) inr] 1 T (H;1 (w)®In)(AY 7 —yAY, 7_1) simplifies the presentation of the concentrated

Using the form [v], .

moments.
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yields the following two moment conditions:

1 _
gnT,’YC(%w) = EAY;L,T—l(HTl(w) ® L)) My (AY i — ”YAYn,T—l)a

1
gnT,wc(’Yvw) = E(AYnT - 'VAYn,Tfl)/M;LT((I)T(W) ® In)MnT(AYnT - 'VAYn,Tfl)y

where M,,7 = I,v — LnT[L;LT(Hfl(w) ® In)LnT]_lL;lT(Hfl(w) @I, =L —or® (%lnl;) and o7 = (7 -

1,1— %, ceey %] is a T x T matrix. Let 4 and @ be initial 1/n-consistent estimators of 79 and wp respectively.

89nT,FYC(;/":J) ( aQnTTwC(:/#‘D) )7
Ow Ow

Denote CA'nTV.yC = 1. The SGMM estimator 4 is characterized by the equation

InTre(Fs @) — O yegnT we(F, @) = 0. (2.27)
This equation can be rewritten as
SnT,lc;?Q + SpT,2¢Y + SnT,3¢ = 0,
where s,7,1. = %CA'HTWCAY;%T_lMT’LT((fT & In)MprAY 11,
SnT,2¢ = %AY;,TA(EIEI ® In)Mpr AY 11 — %énT,ycAY;,T,lM,’lT(éT @ I,) M1 AY 7,

and su7.3c = 2Cor e AY p Ml (O @ 1)) Mur AY o — 2AY!, 1 (Hp' @ I,) Mur AY r. Using AY p =
"YOAYn,T—l + KolnT + €nT, WE have SnT,2¢c = —SnT,4c — 2’)/0577,T,1(:7 where

2 A ~ 1 -
SnT,4c = gCnT,'ycAY:LTflM:«LT(q)T ® In)MnTenT - EAY:%Tfl(H';l &® In)MnTAYn,Tflv

and S,7.3:c = Y0SnT.ac + VosnT1c + 0p(1) as %e;TMflT((i)T ® I,)Myrenr = o0,(1) and %AY;nyl(ﬁ:,fl ®

I,)Myren,r = 0p(1). The quadratic equation can have the solutions on vy as

2 2
—SnT,2¢c =+ \/snT’Qc - 4SnT,1c5nT,3c SnT,4c =+ SnT,4c + Op(]-)
=7 +

QSnT,lc 2SnT,lc

3 3
—SnT,2¢— \/S,LT,QC —48nT,1c5nT,3¢ _SnT,2c+\/SnT12C_4SnT, 1cSnT,3c if

Thus, the consistent root is

if SnT,4c > 0; or

2517, 1¢ 25nT,1¢

SnT,ac < 0. The Sp7 4. can be estimated by

2 .

- = - 1 =
SnT,4c = CnT,'ycAY;lﬁTflM;LT((I)T & In)MnT(AYnT - 'YAYn,Tfl) - EAY;“L,Tfl(HT ! ® In)MnTAYn,be

n
For the asymptotic variance of \/n[gn7,~c (70, w0)s gnTwe (Y0, wo)]’, using Yy, 7—1 = (Fr®I,)(enr + Kotnt), We

may show that \/ﬁ[gnT,'yc(’YOa WO), gnT,wc(’YOa WO)]/ = gnT,c(707 w0)+0p(1)a where gnT,c(707 wO) = [ﬁe%T(Fj/“Hj_“l(@
L)enr + %L;T(F’THfl ® I,)Myrenr, ﬁe;LT(CDT ® I)enr])’. Then under regularity conditions,

d
V[gnT ve (Y0, w0)s gnT we (Y0, wo)]” = N (0, E74¢),
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where X7 . = Var[y/ngnr,c(70,wo)]. This result can be used to derive the asymptotic distribution of 4.
Equation (2.26) is quadratic in the limit under the following Assumption 2.8, and so is (2.27) under
Assumption 2.9.

Assumption 2.8. o2, tr(Ep®rFrHr) + k3(Fp®rFr)11 # 0.

’ —1 ’ —1
Assumption 2.9. o2, tr(Ep®rFrHr) + K2 [(FT — %7{)1)1“[7«)/¢T (FT — %IT)]U #0.

Theorem 2. Suppose that Assumptions 2.1-2.7 are satisfied.

(i) If Assumption 2.8 also holds, the SGMM estimator % is consistent and follows the asymptotic distri-
bution
Va(y =10) % N(O, (ReyGrs) > Ry Sy R,

(FpHz D tr(FpHy ' Jr)
(HpD1r 7 te(Hp'JrHL Jr)— 4 te2(Hp iy

where X, = Var(y/ngnr(70,70)), Bry = [1, —Ko )] and

Gry = —logg tr(FpHy  FrHr) + &3 (FpHy ' Fr), so(FpHz ), 200 tr(FrHy )]
The asymptotic distribution of ¥ is the same as that of the QML estimator qgm; of v in Theorem 1(ii).

(ii) If Assumption 2.9 also holds, the SGMM estimator 7 is consistent and follows the asymptotic distri-
bution
. d _
\/H(’Y —70) = N(0, (R1,7cGT,5c) QRTWCET%C /T,'yc)7

tr(FpHy, ' Jr)

where Xp e = Var(y/ngnr,c(70, 7)), Rrqe = (1, 7tr(H;1JTH;1JT)—%trz(H;IJT)] and
! H71 2
Groe = — |02 t0(FpHy ' PrHr) + k3 (FpHy ' Fr)g — HEM, 202 tr(FpHy ' Jr)] .

(Hy")n

The asymptotic distribution of 4 is the same as that of the QML estimator gm; of v in Theorem 1(ii).

Note that the asymptotic variances in Theorem 2(7)—(i¢) are equal, though they are written in different

forms.

3 Fixed effects DPD with exogenous variables

Consider the fixed effects DPD model with exogenous variables:

Yit = YoUi,i—1 + TatfBo + cio +vie, t=1,...,7T,
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and y,;o is observable. In this model, ¢;p absorbs all time-invariant regressors. For y;9, by continuous

substitution, we have

m—1 m—1 m—1
— Am J J J
Yio = Yo Yi,—m + Ti0B0 + E Yoxi,—iBo + cio E % + E Yoi,—j-
J=1 =0 §=0
For ¢;p and the unobserved z; _1, ..., T; —m+1 and y; _m,m, We may use &; = [z;0,...,x;r] and observable

time-invariant regressors z; to predict them. Assume that E(cio|zi, @) = zioc + Time, E(Yi—m|2i, i) =
zio + &;m and E(x; |2, %) = z0; + @ym;j for j =1,...,m — 1. Then, yo = ziaM + 7;0?) + &, where
o = 5o + Y75 deiBo + 0 7' W, a® = agtm + 185,0,.,0) + X7 g + me 5 0
io = Z;n;ol Vovi—j + pi» and p; = V' [Yi—m — E(Yi—m|zi, T)] + Z;;l Wlwi,—; — B(wi,—jl21, 1)) Bo + [cio —

E(eiolzi, Zi)] 2?201 ~J is the prediction error. It follows that
Ayir = [z, Tilao + i,

where ag = [(y0 — Do + o, (70 — 1)a® 4+ 7 + [0, 85,0, .. .,O]], is a free parameter vector, and &;; =
(vo — Do + vi1 + [cio — E(ciol2:,Z5)] = vin + (0 — 1) ZT;OI Yivi_j 4 pf is the error term with pi =
(30 = DV Wi, -m — BWi,—ml 20 B + (0 — 1) 275" A 1,5 — B, — |20, )] 8o + 78" [eio — B(ciol2i, )] being
the overall prediction error. As in Hsiao et al. (2002), p}’s are assumed to be i.i.d. with zero mean and a
finite variance. With this assumption, &;; has overall zero mean and finite variance. Let the variance of &;;
be 02,wp, where wy is a free parameter due to the prediction errors in &;. Thus, regardless whether the
process has started from a finite m or infinite past as m — oo, due to the prediction error on exogenous
variables in the past, the variance parameter w of &;; is free from a restriction with ~ in this model.

The quasi log likelihood function for the within model of AY 7 is

T 1
In Ly (6) = f% In(2702) — gln | Hr(w)| — =5 €hr(, 8)(Hp ' () ® L)enr(a, ), (3.1)

20%

where § = (8,7), 0 = (', 8 ,w,02), enr(a,0) = AY 7 — AZyprd — Thra,

0 0 Zn Xor
AX,2 AY,1 0 0
AZnT = . . and TnT = . . s
AAXFnT AY;L,T—l 0 0
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for Z, = [21,...,2}) and inT = [, ...,Z,]’. The first order derivatives of (3.1) are

rn

OInL,(0) 1 .
OMLu() _ L g1y @ I)ewr(a, ),

da o2
81%50(9) = U%AZ,’,LT(HT_l(w) ® In)enr (e, 0),
81%;”(9) = — 5 tr[H " (@)Jr] + %eh(a,a)(ff;l(w)hﬂ;l(w) ® In)ent (@, 0),
mnaffz@ = ‘% + %ema,é)m;l(w) @ In)ent (@, 0).

3.1 Efficient GMM

For the fixed effects DPD model with exogenous variables, AY,, r_1 = (Fr®I,)(enr+AX 180+ nran),
where AX,,r = [0,AX],,...,AX]]. Then the moment condition AY;LT_I(H;l@In)EHT =e  (FrH;'®
I))enr + (AX 180 + TnTao)’(F}Hfl ® I,)enr is linear-quadratic in e,r. Let X*, = [T, AX,,r]. From
the score vector of the quasi log likelihood function, we may consider the following moment vector for a

GMM estimation:
X (K @ In)enr (o, 0)

X:L/T(KTMT ® In)enT(a7 J)

1
nr(03) = — , 2
901) = 5| €1 (0, 0) (B (w)Crr Br () @ L)enr (0, 0) (32)
enr(a, 0)(Bp(w)Cim,r Br(w) @ In)en(a, 6)
where 03 = [o/,0",w]’, enr(a,0) = AY,p — AZ,7d — Tpro, and Cjp’s have zero traces. Let Y,p =

Var[v/ngnr(030)] and Y,7 be a consistent estimator of lim,_,. ¥,7. The optimal GMM estimator with
anT (93) is

03 gmm = arg 0??83 G (03)3, 1 gnr (63), (3.3)

where O3 is the parameter space of 3. When the disturbances are normally distributed, we may show by

the generalized Schwarz inequality that the best moment vector among moment vectors of the form (3.2) is

X (Hp' © I)enr(, 6)
«(03) = 1 Xy (FpHy' @ In)enr(a, 6)
Int8) =0 el (@, 8)(Bir(w)Cip Br(w) @ In)enr(a, 6)
e (0, 8) (B (w)Cip Br(w) @ I)ent (, 6)

(3.4)

where Cf = BTFTB;1 and Cyp = B“,TB:F1 — % tr(BwTB:,Tl)IT with Byr = %. This moment vector
corresponds to the QML score vector.

We give required regularity conditions below and present asymptotic results on the GMM estimation.
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Assumption 3.1. The process {yit} has started from either the infinite past or a finite but unknown m
periods ago, Ay = [z, Ti]ag + vin — Vwo — Lugg, where uig’s are i.i.d. (0,02,), E(Juig|**") < co for some

1> 0, and ui’s are independent of v;;’s, even though they have the same variance .

Assumption 3.2. X,; and Z, are nonstochastic such thatsup; ; ,, + 37" |z |*T" < 0o andsup; ,, = 327" | 2?17 <

oo for some n > 0, where x;; is the (i,1)th element of X, and z;; is the (i,1)th element of Z,.

Assumption 3.3. Cjr’s have zero traces and are linearly independent, andlimy, o0 L [(K{7@L) X7, ..., (K}, 7®
L)X (K @ 1) X g, -, (K, p @ 1) X5 7] has full rank.
X (Kir®In) X p Xilp(Kar Proln,) X, o (59)
Assumption 3.4. When (o, ) # 0, lim,_, % : : has full
X (Ko 7@ 1n) X p Xl (Kony 7 Fr@ 1) X7 (59)
column rank, and [dr(w)Cirdp(w), ..., dr(w)Chp,rdy(w)] # 0 for any w # wy, where

dr(w) = [(ag(W)ar (W) ™2, (a1 (w)az () T2, (ar—1 (w)ar (@) 7]

X (Kir®In) X
with ay(w) =1+ t(w — 1); when (of, B))" =0, lim, o0 £ : has full column rank, and
X (Kmy 7 ®In) X p

dT(w)Cle'T(w) tI’[F}B%(w)ClsTBT(UJ)HT] tI‘[Fj/ﬂBé—v(w)ClTBT(w)FTHT]

dr(6) Comyrdip(9)  tr[FLBl(@)C% 1 Br(w)Hr]  tr[FpBi(w)Conyr Br(w) Fr Hr]

moT

has full column rank for any w in its parameter space.
Assumption 3.5. When (af, 8}) # 0, tr(C;TBwTBQTl) # 0 for some 1 < j < mqy; when (af, ;) =0,

tr(C{pBrFrByY)  tr(C{pBurBrt)

tr(C3,, »BrFrBr') tr(C3,, 1 BurBr')

has full column rank.
Assumption 3.6. lim,_,o X/, X% has full rank.

Assumption 3.7. The parameter space © of 6 is compact, w > 1, and 0y in the interior of ©.

Assumption 3.1 states the prediction equation of Ay;; using exogenous variables. In Assumption 3.2,
X, and Z,, are assumed to be nonstochastic for simplicity, and the existence of empirical moments of order
2 + n is the requirement of a proper central limit theorem. Assumption 3.3 is a sufficient condition for the

nonsingularity of the limiting variance of the moment vector. It requires X*, to have full column rank
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for large enough n and K;r’s to be linearly independent, in addition to the linear independence of Cjr’s.
Assumptions 3.4 and 3.6 are sufficient identification conditions for, respectively, the GMM estimator and the
QML estimator éqml that maximizes the log likelihood function (3.1). Under Assumption 3.5, the expected
gradient matrix G, = E(ag"gfgso)) has full column rank for large enough n. Assumption 3.7 is a usual
assumption on the parameter space.

Let équml be the QML estimator of #3, which is a subvector of éqml corresponding to 63, 9A§’gmm be
the optimal GMM estimator with the moment vector ¢, (6s) in (3.4), Gip = E(%O(f”)) and X, =
Var[y/ng,r(030)]-

Theorem 3. Suppose that Assumptions 2.1-2.2 and 3.1-3.7 are satisfied.

(i) The optimal GMM estimator é3797,Lm in (3.3) is consistent and has the asymptotic distribution \/ﬁ(é&gmm—

030) % N(0,limy, o0 (G151 Grr) 1), where

X (B @ L)X p Xy (K Pr @ L)X (50) 0

e | X (B @ L)X X (Ko, Pr @ 1) X1 (50) 0
T 0 no2y tr(Csp Br FrB ) —no2ytr(Csp Bur B )
0 noZytr(Cs, rBrFrBr')  —nolytr(Cs, rBurBr')

(i) The QML estimator éqml 1s consistent and follows the asymptotic distribution

\/ﬁ(éqml — 80) i) N(O7 nhj)réo FnT,H)a

where Tpr.g = [E(—l 8?2 1an(90))]_1 E(l d1n L., (0o) alan(eo))[E(_l 2 1an(90))]_1 with

n 0000’ n 00 00’ n 060006’
nalgo XZ/T(Hfl & IH)X:LT * * *
p(- L& Lul)y | o (50) X (FpH7 @ L) X5 Quro ] )
n 9000’ 0 tr(FRHE Jr)  Str(Hp'JrHZ ' Jr)  x
0 0 L tr(H: Jp) _T_
2‘750 T 2”30

and Qur.oo = - (gg)/X;}(F}H:;lFT ® 1) X5 (%) + tr(Fp Hy ' PrHr).

(i11) ég’gmm is asymptotically efficient relative to 03 gy in general, i.e., (GEpY 2 GAp) ™" < Turg,, where

Inr6, is the asymptotic variance of 03 gmi, which is a submatriz of I'yr g corresponding to 0.

() If Virgr ~ N(0,020 L (r41)), then:
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(a) Among optimal GMM estimators with moments of the form (3.2), é§7gmm has the minimum

asymptotic variance, i.e., ( fL’TEZ}leLT)*l <( ;LTE;%G,LT)’l, where

i Xl (Hp' © L)Xy . .
* *— * Ao\~ s B .
Gy O = ”Ulzo (63) Xt (FrHpt © 1) X Q7,22 *
" (FpH r) x(Hp T ) - g 6?(Hy )

(b) é;mnm has the same asymptotic variance as that of 03 g1, i-e., (GEpSr 7 Grir) ™t = Tor g,

3.2 SGMM

We may consider an efficient SGMM estimator of 6 = [35,70]’ based on the efficient GMM. Let § = [3,5)’
and &; be, respectively, \/n-consistent estimators of dy and a19 = [, wp]’. Denote the moment vector by
gnT (57 0(1) = [g:fy,Tyl (67 041), g;T72 (57 al)]/a where

AX!p(Hp' @ In)enr(a, 6)
gnr1(0,01) = sr(FpHpt @ I)enr(a, 6) ,
enr(a, 6)(FpHp (w) @ In)enr (o, 6)

_1 Lr(Hp' @ In)enr(a, 6)
gnT,2<(5,al) - n (e;jT(a;T(S)((%T(CU) X In)enT(Ot,é)) y

with oy = [o/,w]', Fr = Fr(3), Hr = Hp(®) and ®7(w) is defined below (2.15¢), which will be asymptoti-
cally efficient under normality. In g,,7(0, 1), the estimates ¥ and @ in Fr and Hy do not affect the asymptotic
distribution of the SGMM estimator, so we use Fr and Hy directly. Let Xnr,s = Var[yv/ngnr,p(do0, 210)] and

ZA]nTﬁ be a consistent estimator of lim, o X,,7,5, where gn1 (0, a1) is the moment vector obtained by replac-

Agnt,1(8,d1) ( Agnt,2(8,G1) )—1
Ao dar

ing Fr and Hy in gn1 (6, 1) with, respectively, Fr() and Hy(w). Denote CA’nT’(; =
and ]:ZnT,(; =11, —C'nT,(;], where I is an identity matrix conformable with g,71(d, 7). Then we have the

SGMM estimator of dg:
5 = arg Inéin[RnT,égnT((sa dl)]/(RnT,éinT,(;R/nT)g)71RnT,59nT (67 dl) (35)

If we would like to focus on the estimation of only -, which has a closed form solution of the estimate

and can also be asymptotically efficient under normal disturbances, we may concentrate out «, 8 and o2

from the QML first order conditions to derive the following two moment conditions:2°

1 - *
gnra(v,w) = —AY, py (Hy' (@) @ L) Myp (@) (AYnr = yAY nr1),

1
gnr2(y,w) = —(AYur = yAY 1) Mz (W) [@7(w) © 1] Mir (W) (AY ur = yAY 5r-1),

25 As in Section 2, we can also directly follow the approach in Jin and Lee (2018) to construct an SGMM estimator of  using
moment conditions derived from the QML first order conditions. On the other hand, we do not use g,7(d, @1) to construct an
SGMM estimator of only v due to an identification issue. As shown below, by using the concentrated moments derived from
the QML first order conditions, we can have closed-form roots of v and investigate which root is consistent.
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where Myi(w) = Lur =X (Xl (Hy (0)@ 1) X5y ) 7 Xl (Hy ! (0)®1). Denote Crrye = 225020 (200220.20) =1

w Ow

and M}, = M*(0). The SGMM estimator 4 is characterized by the quadratic equation of 4:

gnr,1(F, @) — énT,'ycgnTJ(;Y»@) = 5,71 — $nT2¥ — Su7.3 =0, (3.6)

where SnT,1 = ¥ TVCAYnT 1M (CI)T ® I, )MnTAYn T—1,

— Vi 2 A Vi T Tk
ST = fAYn ro(Hp' @ L)YM 7 AY g — Ech,WAY;,T_an’T(@T @ L) M+ AY 1,

and spr3 = 3 T e NY L M (7 @ L) Mip AY iy — %AY%7T—1(HT_1 ® I,) M7 AY p. Using AY,p =
PYOAYn,T—l + A)(nTﬂO + TnTaO + enT, WE have SnT,2 = —SnT4 — 270£nT,17 where
2 4 TH (& T 1 rT— Tk
SnT4 = EOHT7VCAY;L,T—1MTL{T(¢)T ® In)MnTenT - EAY;’L,T—l(HTl ® In)MnTAYn,T—lv
and sp73 = Y0SnT.4 + VosnT1 + 0p(1) as EenTM;:’T(CIJT ® I )MnTenT = 0p(1) and %AY;,Tfl(ﬁ:Fl ®

L,)M}renr = 0,(1). The quadratic equation has the solutions

2
—SnT,2 =+ \/SnT72 - 45nT,1SnT,3 SnT,4 + nT 4 + Op(l)
=7 +

25nT,1 2SnT,l

2 2
. . —SaT,2—/8 —48pT,15nT,3 . —8nT,2+4/8 —48nT18nT,3 .
Thus, the consistent root is — B ——— if s,74 >0, or — ST ———— if s,74 < 0.

The s,1,4 can be estimated by
- 2 4 ~ - ~
SnT,4 = ECnT chY/ T—an (‘I)T ® 1, ) (AYnT - ’YAYn T— 1) AY’;L,T—I(HTI ® In)MnTAY’n,T—l'
Using Y71 = (Fr ® L))(enr + X (ao))» we may show that [v/ngnr1(70,wo), vVngnT,2(70,w0)] =
Vg (Y0, wo) + 0p(1), where
/ / pr—1 a0\~ *! r rr—1 *
g1 (0, w0) = 1 (er(FrHr ® In)enT/ + (BZ) X (FrHy @ In)Myrent
n enT((bT ® In)enT
with M}, = M} (wo). Denote 2,1 . = Var[v/ngnr (Y0, wo)].
The following assumptions are needed for the SGMM estimators.

. . AX p (Hp ' ®@In) M r [AX o, (Fr@ 1) X7 (50)]
Assumption 3.8. lim,,_,. = < T r(5)

= _ a has full column rank.
" xz'Tu%HT1®In>MnT[Aan,<FT®In>x:T(Bg)]> J

Assumption 3.9. lim L (%) Xy (Fp@ L) M (®1@1,) Mg (Fr@1,) X (50) + 0% tr(Fp®r Fr Hr) # 0.

n—oo

Assumptions 3.8 is a sufficient identification condition for 4. It requires [af, 8]’ # 0. Under Assumption

3.9, (3.6) is quadratic in v in the limit.
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Theorem 4. Suppose that Assumptions 2.1-2.2 and 3.1-3.7 are satisfied.

(i) If Assumption 3.8 also holds, the SGMM estimation S in (3.5) is consistent and has the asymptotic

distribution
. d . _ _
V(6 = do) = N(O, lim (G5 Rpp (Rt 65nr.6Rnr,5) ™ B sG] ),

where
AXp(Hp' @ L)AX e AX)p(Hp' Fr @ L)X (50)

| X PR © L)AX X (B Fr @ 1)K (3)

Gnrs = = 1 0 no?, trl(F}HglFTHT) ,
Yor(Hp' @ L)AXyr Y (Hp' Fr @ 1)X; 0 (50)
0 2no2, tr(FpHyt Jr)

and Ry = [I, —Cpr,s] with

AX o (Hp' @ L)Y [T, (Hp ' @ In) Tor] ™! 0
CnT6 - XTLIT(F’J/“HY_“l ®In)TnT[T;LT(H;1 ®I7L)T7LT]_1 0
’ 0 tr(FpHyp ' Jr)

tr(Hyp ' JrHyp ' Jr)— % tr2(Hyp ' Jr)

The asymptotic distribution 0f3 is the same as that of the GMM estimator 3gmm in Theorem 3(i) with

the moment vector (3.4).

(ii) If Assumption 3.9 also holds, the SGMM estimator  is consistent and follows the asymptotic distri-

bution

. d . _
V(¥ =90) = N(0, lim (BuzeGntve) " RaTyeEnt se Rt ye),

tr(FpHy 't Jr)
= [1. — T
where Rty = [1, tr(Hy  JrHy Jr)— & tr2(H;1JT)] and

Gtye = =000 tr(FpHy FrHr)+3 (50) Xiip(FpHp  ©1) Myp(Fra )Xo (5)) 205 te(FpHy Jr)] .

The asymptotic distribution of 7 is the same as that of the QML estimator Ygmi of v in Theorem 3(ii).

4 Stationary fixed effects DPD

In this section, we consider the pure stationary fixed effects DPD model where the process has started a

_2
14~

the stationary fixed effects DPD model with exogenous variables. However, to approximate the unobservable

long time ago. In this situation, w = will no longer be a free parameter.2® Another model of interest is

past exogenous variables, we have the need to introduce a prediction error, and hence w would become a

free parameter. Under such a situation, the efficient GMM estimation in Section 3.1 would apply.

26 no longer exists, and the mean of AY;,; is zero.
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For the pure stationary fixed effects DPD model, the estimation equation (2.2) has now the T'x T variance

matrix

2 —
14 1

Hr(y)=| ! .2 (4.1)

.1

-1 2

and Hy = Hp(vp). For the QML estimation, the quasi log likelihood function for (2.2) with sample obser-
vations AY,;, t=1,...,T, is

nT n 1 _
In L (7,02) = == In(2r0%) = 2 In | Hr ()| = 5 € () (H () @ In)ear(7), (42)

v

where e,r(v) = (AY],

nl>

AY, o =AY, .., AY, 7 — yAY, 7 _,)". The first order derivatives of (4.2) are

dln Ly (v, 02 1 -
ai) = S AY ] (B () @ L)ent (7)

+ goehr () ) T O H ) @ L)ewr ()~ 5 (B ), (43)

dln Ly (v, 02) n1 1, 1
Row b %) 2 H7' (1) ® L)enr(7),
o2 202 20! enr(V)(Hr () JenT ()

where AY, 71 = (0,AY,1,AY,,,...,AY, _;)". The QMLE 0 = (4,62 will satisfy the gradient vector of
the quasi log likelihood in (4.3) being set to zero. Given 4, we have 62(9) = 3¢l () (H7 ' (%) ® I)enr (%)
For 4, it is characterized by the score equation:

AYpoy - (Hp ' (7) @ In) - enr(4)

+ 5 ) (' O OB 6 1) e (3) -

tT‘(aHT(’:{) H;l(:y)) , (44)

D e (VHT () ® L)ear (7)

I
e

From the score vector, the model implies two moment conditions:

E[AY;L,T—I(H'Ijl ® In)ent] = E[e;lT(F} ® In)(Hjjl @ In)enr] =0

and (8H e
OH tr(=5LHr
B{elr [H;la—fHT_l ® I — — " Hp @ Lenr | = 0.

Therefore, these suggest two empirical moments AY;L)Tfl(HTfl('y) ® Ip)enr(7y) and

r 9Hr(v) H:Fl
) (87 (P D g5 - BT ) 1w

for a GMM estimation. A direct GMM approach is to use these two moment conditions to implement a

GMM estimation.
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Alternatively, we would like a possible GMM framework which can incorporate both IVs and MD es-
timation approaches in the literature as members in it, and also an efficient GMM estimation might be
possible. Because w is now a function of v but not a free parameter, the previous sequential GMM approach
by regarding w as if it was a free parameter is possible but it would not retain the constraint that w is a
function of v in the second step estimation. Therefore, such a sequential GMM approach could not achieve
asymptotic efficiency. In order to achieve possible asymptotic efficiency, we suggest an alternative GMM
estimation approach below. However, as w is a nonlinear function of 7, nonlinear moments in v seem not to
be avoidable.

We recognize that by using the identity AY, -1 = (Fr(y) ® I,)enr(7y), and denoting By = D124

from (2.8) so that Hp = Bl.Br, the two corresponding empirical moments due to scores can be written as

enr(V)(Br(v) ® L) [(BF ' () Fr(v)Br(v) © 1,)] (Br(v) ® In)enr(y) (4.5)
and
OHr(v) (2O H ()

enr (M (Br(v) @ 1) BT(V)TB’T(V) ®1I, - It ®In} (Br(v) ® In)enr (7). (4.6)

T

As 7 is in Br, these empirical moments suggest a class of GMM estimation with moments of the form

enr(V)(Br(7) ® In)(Ajr @ 1) (Br(v) ® In)enr(v), (4.7)

where Ajr’s can be constant matrices or matrices involving «y, but at the true g, they have the property
tr(A;jr) = 0. Those matrices A;r’s with their traces being zero will guarantee that the moment Ele!, (B} ®
In)(AjT & In)(BT 02y In)enT] =0.
Assume that we have m; such A for j =1,...,m;. Then, the vector of moment conditions is
(VB (V) ArrBr(v) @ In)enr(v)

gnr(7) = n : ) (4.8)
€nr (VB (V) Amy 7 Br(7) @ In)enr(7)

and the optimal GMM estimator with g,r(7) is

¥ = argmin Gnr (V) Enrgnr (), (4.9)

where f]nT is a consistent estimator of the limiting variance matrix of \/ng,r(70). Due to the nature of the
score vector which is correctly specified under normal disturbances and the GMM moments are motivated

from those scores, the best moment vector under normal disturbances is

1 <€;T(v)(B’T(’y)A’{TBT(7) ® In)enT(7)> ’ (4.10)

Iur() = 5\ & (3)(Bh(y) Asy Br(y) @ Ly)ent (1)
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where Afy = BrFrBy' and A3y = ByrBy' — "rPr) I with B,y = 225000 Alternatively, it can be
tr(

simply %%T(V)(B/T(’Y)KlTBT(’Y)®In)€nT(’Y), where K17 = K%—%%)IT with Kp = BTFTB:,Tl—BWTB:,Tl.

While using A}, and B}, separately yields a GMM estimate that is asymptotically as efficient as the ML
estimate in the case of normal disturbances, it may generate a relatively efficient GMM estimate due to
optimal weighting than the QML estimate in the case of non-normal disturbances.

We maintain the following assumptions for the GMM estimation.
Assumption 4.1. The process {yi:} has started from the infinite past and |yo| < 1.
Assumption 4.2. A;p’s have zero traces and are linearly independent.

Assumption 4.3. For any vy # o,

dr (v)Arrdi () tr[Fp B (v) A Br () Hr) tr[F7 B (v)Arr Br (v) FrHr]

: +(70—7) : +(0—)° : # 0,
dr (7) Ay rdp () tr[F%B/T(V)AfanBT(’Y)HT] tr[Fp Bl () Amy 7 Br (v) Fr Hr]

where dr () = [(ao(x)ar (1)) 772, (a1 (1)az(1)) /2, ..., (ar—1 (Var(1)) 2] with ay(y) = 1 + (2 —1).

2
(1 +)(1+7)

Assumption 4.4. tr(ASK7) # 0 for at least one 1 < j < m.
Assumption 4.5. 7 is in the interior of the compact parameter space of ~y.

Since we study in this section the stationary case that the process {y;;} has started from the infinite
past, the condition |yy| < 1 in Assumption 4.1 is needed. Assumption 4.2 ensures the nonsingularity of
the variance matrix of the moment vector. Assumption 4.3 is a sufficient identification condition. Under

is a nonzero vector. Assumption 4.5 is a familiar

Assumption 4.4, the expected gradient Gp = E(%ﬁ(%))

condition on the parameter space.

Let éqml be the QML estimator that maximizes (4.2), Y4m: be the first element of éqml, be the

Ygrmm
optimal GMM estimator with the moment vector ¢, (v), G& = E(%ﬁ“)) and Y7 = Var[v/ng:r(70)]-
Theorem 5. Suppose that Assumptions 2.1-2.2 and 4.1-4.5 are satisfied.

(i) The optimal GMM estimator 4 in (4.9) is consistent and has the asymptotic distribution
. d - -
\/ﬁ(ngm - 70) - N(O7 (G/TZTlGT) l)a
where Yp = Var(y/ngnr(70)) and Gr = E(ag%yo)) = —02,[tr(A5 K1), . .. 7tr(A,'fanKT)]’.

(ii) The QML estimator éqml is consistent and has the asymptotic distribution
A d
\/E(qul — 00) — N(O, FT’Q),
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where PT,O — [E(_la2 lan('YO"Tgo))} 11 E(alnL w (70,0 vo) 9ln Ly (0,0 uo))[E(_%82 In Lw(“/OaU%o))]fl with

n 06000’ 06’ 06006’
E( 1o? lan(vo,oﬁo)) [ 2eErH VORL ) pte(FpHy  PrHy)+% tr(Hy ' S0 Hp ST ~ tr(Hy 128
n 9000’ 5oz (i 25E) e '

(i) Yymm 5 asymptotically efficient relative to Yy in general, i.e., (G*T’Z}_lGi})’l < I'r., where I'r

is the (1,1)th element of T'r g in (7).
(iv) If vig ~ N(0,0%), then:

a mong optima estimators with moments of the form (4.8), ¥, as the minimum asymp-

A imal GMM esti ith h 4.8), Ygmm has th i
totic variance, i.e., (GH¥n G~ < (G Gr) ™!, where GHYET1GE = tr((K3 —%IT)KT) =
2er(FpHy 20 + or(FpHy  FrHy) + § te(Hy 2 B 28y — o2 (H 2T ).

(b) Vgmm has the same asymptotic variance as that of Ygmi, i-e., (GES:GR) ™ =T7 .

5 Monte Carlo

We investigate the performances of various GMM estimators for the dynamic panel, and compare them
with least square dummy variables (LSDV) estimates, MLEs and MD estimates under different values of n

and T'. Samples are generated from
Yit = YoUi,t—1 + Cio + v, t=1,2,--- T,

where v takes the value of 0.5. The ¢;g and v;; are generated from independent standard normal distributions.
We generated the dynamic panel data with m+7T periods (m = 20) where the starting value is from N (0, I, ),
and then take the last T periods as our sample. By doing so, the initial value in the estimation is close to the
steady state. We also use the first period of the simulated data as the initial observation in the estimation
sample (so that m = 1 and the process is away from its steady state). We use T' = 3, 10, and n = 100, 300.
For each set of generated sample observations, we calculate various estimators and evaluate their biases. We
do this 500 times to obtain the median bias (mb), median absolute deviation (mad), and interdecile range
(idr) which is the difference between the 0.9 and 0.1 quantiles in the empirical distribution. Finite sample
properties of these estimators are summarized in Tables 1-2 for each n and T.27

For these estimates, LSDV is the bias corrected LSDV estimate in Hahn and Kuersteiner (2002), FD-W
is the IV estimate from first differenced equations using two lagged values as IVs, FD-S is the system GMM

estimate in Blundell and Bond (1988), which combines the moments of first differenced equations and level

2"Detailed Monte Carlo results for other values of vo (0.2, 0.8, 0.9) are presented in the supplement file.
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equations together. The ML-W is the ML estimate assuming that the process has achieved stationarity. The
ML-C is the ML estimate that allows the initial period to have unrestricted mean and variance, and MD-W
is the minimum distance estimate. The G-W is the efficient GMM estimate with a short history, and G-WS
is the corresponding efficient GMM estimate with a long history that has achieved stationarity. The SG-W1
and SG-W2 are the two sequential GMM estimates in Section 2.3. The Rao-W is the score method estimate
based on Rao (1965).

Table 1 reports the results for the case with vy = 0.5 under the pure DPD, including both the DGP
with m = 20 and m = 1. For the m = 20 case, we see that when T is short (T" = 3), the bias of LSDV is
large. The FD-W, FD-S, ML-C and MD-W have some bias, while the ML-W has small bias. The efficient
GMM estimate which uses quadratic moments has small bias and small median absolute deviation overall,
and GS-W that assumes a stationary process has a smaller variation. The SG-W1 and SG-W2 also have
small biases, but have a larger deviation than the efficient GMM estimates under stationary process. The
score method estimate Rao-W also has small biases. For the m = 1 case, the FD-S has a larger bias.
This is consistent with the theoretical prediction because the system GMM estimate requires that initial
observations are uncorrelated with the individual effects, which is satisfied if the process has started a long
time ago. However, various sequential GMM estimates still perform well. Also, the biases of the ML-W,
G-W and Rao-W have a larger bias when m = 1. Other estimates such as LSDV and FD-W have similar
performances compared to the case of a long history (m = 20) when n or T is large. To sum up, for the
case when the dynamic coefficient is moderate, the efficient and sequential GMM estimates have satisfactory
performance. Compared with the FD-W in Arellano and Bond (1991) and the FD-S in Blundell and Bond
(1998), the efficient and sequential GMM estimates have smaller biases, and efficient GMM estimates have
a smaller deviation. Particularly, the system GMM estimates in Blundell and Bond (1998) have large biases
when m = 1 under a small T'. Also, the efficient and sequential GMM estimates have similar performance as
MD estimates in Hsiao et al. (2002), except that MD estimates have a larger deviation when the DGP has
a short history (m = 1). Compared with ML estimates, the efficient and sequential GMM estimates have
similar performance on average in terms of biases. However, the deviations of sequential GMM estimates
are larger than those of ML estimates, while deviations of efficient GMM estimates are similar to those of
ML estimates.

We also investigate the case with exogenous variables. The DGP is
Yit = Y0Yit—1 + zibo + xitBo + cio +vie, t=1,2,--- T,
where x;; is generated from an AR(1) process x;; = 0.5z, ;1 + €;:. We assign by = 1 for the intercept term

in the DGP and 5y = 1 for z;;. The dynamic coefficient is 79 = 0.5. We use the fixed effects DGP where
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individual effects are generated by

Cno = XnT7T0 +<n7

with standard normally distributed (,, and my = 1. For the initial period approximation of unobserved past
regressors, we use the linear approximation. Table 2 presents the result.

From Table 2, we see that the bias corrected LSDV, FD-W and MD-W have similar performance when
T = 10, while FD-S has large bias under short T. The efficient and sequential GMM estimates have
similar biases as MD estimates, but they have a smaller deviation than MD estimates. Comparing with ML
estimates, the efficient and sequential GMM estimates have similar biases and deviations.

In the above DGPs, the disturbances are normally distributed. We see that the deviations of GMM
estimates are larger than those of MLEs. We conduct additional simulations to investigate performance
of various estimates when the disturbances are not normal. Non-normal errors are generated from the
exponential distribution with mean 1, where its kurtosis is 4! = 24. Comparing the cases with normal

28 we see that the performances of various estimates are similar,

disturbances and non-normal disturbances,
and the efficient and sequential GMM estimates do not have a smaller deviation than those of MLEs under

non-normal disturbances.

6 Conclusion

This paper investigates various GMM estimation of short dynamic panel data models including efficient
GMM and sequential GMM estimation. For the efficient GMM estimation, we make use of the score vector
of the quasi maximum likelihood (QML) estimation. These GMM estimators can be as efficient as maximum
likelihood estimators when disturbances are normal, and more efficient than QML estimators when distur-
bances are not normal. Alternative sequential GMMs based on the score moments and the efficient GMM
estimation are also discussed. For the sequential GMM estimation, we focus on the estimation of parameters
of interest, thus it reduces some computational burden caused by nuisance parameters. For those sequential
GMM estimation of v based on score moments, estimates with analytical expressions as root estimates are
available. Monte Carlo experiments are conducted to compare various estimates for dynamic panel data in
the literature, and the performances of efficient and sequential GMM estimates are satisfactory. Compared
with the FD-W in Arellano and Bond (1991) and FD-S in Blundell and Bond (1998), the efficient and
sequential GMM estimates have a smaller bias under the pure DPD model, and have a smaller deviation

when exogenous variables are present. Compared with MD estimates, these GMM estimates have a smaller

28Due to space limit, we present the details of simulation results under non-normal disturbances for 79 = 0.2,79 = 0.5,
Y0 = 0.8,70 = 0.9 in the supplementary file.
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deviation for the short history case under the pure DPD model. Compared with the ML estimates, the

efficient and sequential GMM estimates have similar performance on average under different settings.
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Table 1: Estimates under v = 0.5

m = 20 LSDV FD-W FD-S MLW MLC MD-W GW GSW SG-WI SG-W2 Rao-W
n=100,T=3

mb -0.217  -0.039  0.002  0.001 -0.057 -0.010 -0.026 -0.009  0.006  0.006  -0.005
mad 0.061 0.191 0.112  0.074 0.113  0.096 0.176 0075  0.136  0.136  0.073
idr 0.241  0.683 0407 0278 0495 0370 0.935 0.294 0561  0.563  0.282
n=100,T=10

mb -0.031 -0.021 0.015 -0.001 -0.316 -0.006 -0.008 -0.003  0.015  0.015 -0.003
mad 0.023  0.043 0.034 0.024 0048  0.025 0.028 0.023 0037  0.037  0.023
idr 0.088  0.157 0.132  0.085 0.383  0.093 0.138 0.085  0.206  0.206  0.084
n=300,T=3

mb -0.212  -0.017 -0.004  0.004 -0.007 -0.005 0.000 0.000  0.028  0.028  0.002
mad 0.038  0.096 0.057 0.046 0072 0054 0.081 0.046  0.088  0.088  0.046
idr 0.153 0.368 0.225 0.168 0.301  0.198 0.395 0.168 0358  0.358  0.173
n=300,T=10

mb -0.028 -0.007 0.008  0.001 -0.290 -0.001 0.000 0.000  0.011  0.011  0.000
mad 0.015 0.024 0.019 0.015 0042 0016 0.015 0.015 0020  0.020  0.015
idr 0.054  0.094 0.079 0.053 0.366  0.058 0.060 0.053  0.080  0.080  0.052
m=1 LSDV FD-W FD-S MLW MLC MD-W GW GSW SG-WI SG-W2 Rao-W
n=100,T=3

mb -0.155 -0.273 0277  0.154 -0.139  -0.034 -0.149 0.100  -0.046  -0.046  0.054
mad 0.061 0.302 0.060 0.068 0.095  0.137 0.233 0.090  0.100  0.101  0.114
idr 0.248 1.224 0227 0304 0408 0533 0.858 0.340 0552  0.551  0.485
n=100,T=10

mb -0.021 -0.034 0.154  0.044 -0.360  0.047 -0.006 0.040  0.011  0.011  0.042
mad 0.023  0.055 0.034 0.025 0.08  0.026 0.027 0.025 0031  0.031  0.024
idr 0.086 0.211 0.133  0.097 0.496  0.100 0.121  0.093  0.133  0.133  0.094
n=300,T=3

mb -0.150 -0.093 0.304  0.153 -0.120  0.051 -0.018 0.124  -0.008  -0.008  0.119
mad 0.037 0.215 0.031  0.048 0.119  0.099 0.088 0.050  0.088  0.088  0.055
idr 0.143 0.886 0.129  0.181 0.403  0.414 0.808 0.205 0478  0.478  0.235
n=300,T=10

mb -0.024 -0.009 0.162  0.044 -0.388  0.054 -0.001 0.041  0.004  0.004  0.043
mad 0.011 0.031 0.021 0.015 0033 0017 0.012 0015 0015 0015  0.015
idr 0.049 0.120 0.080 0.058 0.457  0.062 0.054 0.057  0.060  0.060  0.058

1. mb is the median bias, md is the median absolute deviation, and idr is the interdecile range which is the
difference between the 0.9 and 0.1 quantiles in the empirical distribution.

2. LSDV is the bias corrected LSDV, FD-W is an IV estimate for first differenced equations, and FD-S is the
system GMM in Blundell and Bond (1988).
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Table 2: Estimates under v = 0.5,5 = 1, FE DGP

LSDV:y, B FD-W:y, 8 FD-Sv, 8 ML-W:y, MD-W:y, B G-W:y, B SG-W17y, 8  SG-W2:y
n=100,T=3.
mb -0.020 -0.006 -0.049 -0.009 0.275 0.074 -0.009 -0.004 -0.008 0.001 -0.014 -0.006 -0.001 -0.003 0.002
mad 0.048 0.054 0.082 0.055 0.050 0060 0.046 0.053 0.057 0.054 0.052 0.053 0.049 0.054 0.057
idr 0.180 0.211 0.328 0.211 0.196 0.216 0.183 0.207 0.237 0.214 0.194 0.208 0.192 0.207 0.240
n=100,T=10
mb -0.001  0.002 -0.015 0.006 0.083 -0.010 -0.001 0.002 0.009 -0.004 0.001 0.002 0.007 -0.002 0.012
mad 0.014 0022 0016 0020 0.018 0022 0014 0021 0024 0025 0014 0021 0015 0.022 0.020
idr 0.055 0.082 0.063 0.083 0.073 0088 0055 0.082 0.113 0.08) 0.057 0083 0.061 0.084 0.088
n=300,T=3
mb -0.015 -0.003 -0.006 0.000 0.299 0.073 0.000 -0.001 -0.001 0.000 -0.001 -0.002 0.004 -0.001 0.005
mad 0.028 0.029 0.048 0.031 0.029 0.032 0.027 0.029 0.035 0.029 0.030 0.029 0.030 0.028 0.030
idr 0.113 0.117 0.189 0.126  0.126 0.132 0.105 0.116 0.136 0.114 0.115 0.119 0.115 0.117 0.122
n=300,T=10
mb 0.000 -0.001 -0.004 0.000 0.097 -0.019 0.001  -0.001 0.005 -0.002 0.002 -0.002 0.003 -0.003 0.003
mad 0.008 0.013 0011 0.013 0.012 0013 0008 0013 0011 0014 0008 0013 0.009 0.013 0.009
idr 0.033  0.046 0.039 0.047 0.045 0.049 0032 0.047 0045 0049 0.033 0.047 0.035 0.047 0.035

1. mb is the median bias, md is the median absolute deviation, and idr is the interdecile range which is the difference between the 0.9 and
0.1 quantiles in the empirical distribution.

2. LSDV is the bias corrected LSDV, FD-W is an IV estimate for first differenced equations, and FD-S is the system GMM in Blundell and
Bond (1988).
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