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A Additional Monte Carlo results

A.1 Additional Monte Carlo results for model (21) with a row-normalized W,

Tables A.1-A.4 present Monte Carlo results for model (21) with a row-normalized W,, in addition to those in the
main text. The experimental designs are the same as in the main paper. Table A.1 reports the ratios of the RMSE
when n = 144 to that when n = 400 for the N2SLS, N2SLS-r and AGLASSO estimators. Tables A.2—A.4 present

biases, SEs and CPs when n = 400, while the main paper only presents those when n = 144.

A.2 Monte Carlo results for a non-row-normalized W,

We also conduct some Monte Carlo experiments for a MESS model with a spatial weights matrix W,, that is not
row-normalized:

eaWHYn = anﬁll + ln612 + Wnln52 + WanIBS + Znﬁél + V’ru (Al)

where W,, is an n X n matrix of group interactions. For W,,, individuals in a group interact with each other in the
same group but do not interact with members in other groups. The (i, 7)th element of W, is 1 if individual 4 interacts
with individual j; it is 0 otherwise. The group sizes are 9, 7, 5 and 3 in cycle. Since W, is not row-normalized,
Wiy is included in (A.1). We set dg = (511,0, B12,0)" to (1,1)". The true parameter (o = (520, F30, B10) s (0,0,0),
(0,1,1)" or (0,0,1)". We use the IV matrix [l,,, Wyln, Xn1, WnXn1, W2X1, Zp, WnZ,) in the estimation. For the
investigation of powers of test statistics, the data are generated by MESS models with ¢, values being (0,1,0.5)’,
(0,1,1), (0,1,1.5), (0,1,2), (0,1,2.5), or (0,1,3)". Other designs are the same as for model (21).
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Table A.1: Ratios of the RMSE when n = 144 to that when n = 400 in model (21)

a B1 B2 B3 Ba
Go=0
queen, R? = 0.2, ap = —0.2  1.308[1.750]1.940 1.728[L.715]1.723 1.237[1.756]1.959 1.300]—  1.697[ ]
queen, R* = 0.2, ap = —1  1.222[1.620]1.723  1.623[1.647]1.650 1.264[1.711]1.736  1.200[—]—  1.680[—]—
rook, R* = 0.2, ap = 0.2 1.258[1.504]1.841  1.664[1.669]1.676 1.278[1.611]1.933 1.289—]—  1.654[—]—
rook, R2 = 0.2, ap = —1 1.309[1.649]1.819  1.688[1.709]1.711  1.613[1.714]1.869 1.285[—]—  1.695—]—
queen, B2 = 0.8, ap = —0.2  1.355[1.700]11.933  1.703[1.648]1.648 1.332[1.751)2.219 1.327—]—  1.692[—]—
queen, R* = 0.8, ap = —1  1.288[1.645]1.849  1.656[1.651]1.637 1.380[L.717]1.794 1.256[]—  1.730[ ] —
rook, R* = 0.8, ap = —0.2  1.302[1.580]1.816  1.674[1.684]1.688 1.368[1.609]1.854 1.308] ] 1.725[]—
rook, R? = 0.8, ap = —1 1.324[1.627]1.813  1.714[1.727]1.715  1.578[L.686]1.933 1.206[—]—  1.708[]—
G =(1,1)
queen, R?= 0.2, ap = —0.2 1.742[1.487]1.742 1.686[1.642]1.686 1.808[1.654]1.808 1.651[*]1.651 1.741[*]1.741
queen, R* = 0.2, ap = —1  1.723[1.484]1.722  1.684[1.636]1.684 1.758[L.611]1.758 1.720[]1.729 1.781[]1.781
rook, R? = 0.2, ap = —0.2 1.746[1.483]1.746  1.610[1.647]1.610 1.716[1.629]1.716  1.625[—]1.625 1.688[—]1.688
rook, R? = 0.2, ap = —1 1.710[1.468]1.710  1.692[1.563]1.692  1.697[1.618]1.697 1.730[]1.730 1.725[]1.725
queen, R? = 0.8, ap = —0.2  2.004[1.101]1.911  1.653[1.538]1.657 2.089[1.055]2.035 1.794[ ]1.772 1.726[]1.977
queen, B2 = 0.8, ap = —1  1.908[1.111]1.977  1.685[1.575]1.686  2.230[1.042]1.831 1.693[—]1.695 1.807[—]2.165
rook, R* = 0.8, ap = —0.2  1.777[1.097]1.912 1.718[1.437]1.725 1.769[1.046]1.800 1.688]]1.758 1.781[]1.907
rook, R? = 0.8, ap = —1 1.834[1.045]1.855  1.694[1.418]1.695 1.762[1.026]1.781 1.810[—]1.815 1.712[]1.817
G =1(0,1)
queen, R? = 0.2, ap = —0.2 1.771[1.716]1.771 1.688[1.666]1.688  1.743[1.824]1.743 1.648[—]1.648 1.711[—]1.711
queen, R? = 0.2, ap = —1 1.712[1.639]1‘712 1.639[1.655]1.639 1.751[1.745]1.751 1.747[*]1.747 1.719[*]1‘719
rook, R? = 0.2, ap = —0.2 1.776[1.652]1.776  1.678[1.665]1.678  1.740[1.663]1.739  1.759[—]1.759  1.688[—]1.688
rook, R% = 0.2, ap = —1 1.744[1.667]1‘744 1.655[1.633]1.655 1.800[1.710]1.800 1.710[*]1.71() 1.672[*]1.672
queen, R? = 0.8, ap = —0.2  1.534[1.692]1.488  1.710[1.662]1.717  1.449[1.966]1.650 1.481[—]1.439  1.674[—]1.965
queen, B2 = 0.8, ap = —1  1.553[1.657]1.492 1.741[1.643]1.757 1.672[2.118]1.451 1.511[]1.425 1.702[—]2.192
rook, R2 = 0.8, ap = —0.2  1.641[1.633]1.571 1.680[1.578]1.689 1.978[L.771]1.861 1.592[]1.537 1.685[]2.005
rook, R? = 0.8, ag = —1 1.683[1.661]1.585  1.814[1.675]1.827 2.476[1.910]1.798 1.625[ ]1.570 1.728] ]2.078

The numbers show the ratios of the RMSE when n = 144 to that when n = 400 in each case. The three numbers in each

cell correspond to: N2SLS[N2SLS-rJAGLASSO. 10 =1 and S20 = 1.



Table A.2: Biases, SEs and CPs when (y = 0 and n = 400 in model (21)

«

B1

B2

B3

Ba

queen, R2 = 0.2, ag = —0.2

N2SLS -0.142[0.537]0.954
N2SLS-r  -0.006[0.132]0.949
AGLASSO  -0.007]0.136]0.948

queen, R =0.2, ap = —1

N2SLS 0.009[0.608]0.915
N2SLS-r  -0.013[0.135]0.944
AGLASSO  -0.014[0.137]0.943

rook, R? = 0.2, ap = —0.2

N2SLS 0.119[0.360]0.957
N2SLS-r  -0.001[0.098]0.947
AGLASSO  -0.001[0.098]0.947

rook, R? = 0.2, ap = —1

N2SLS 0.164[0.382]0.929
N2SLS-r 0.003[0.097]0.947
AGLASSO  0.004[0.099]0.946

queen, R?> = 0.8, ag = —0.2

N2SLS -0.118[0.524]0.961
N2SLS-r  -0.005[0.131]0.960
AGLASSO  -0.006[0.135]0.958

queen, R? = 0.8, ag = —1

N2SLS 0.014]0.590]0.923
N2SLS-r  -0.004[0.137)0.951
AGLASSO  -0.004[0.138]0.949

rook, R? = 0.8, ag = —0.2

N2SLS 0.126[0.364]0.957
N2SLS-r  -0.001[0.100]0.941
AGLASSO  -0.000[0.101]0.941

rook, R? = 0.8, ap = —1

N2SLS 0.166[0.377]0.937
N2SLS-r 0.001[0.096]0.951
AGLASSO  0.001[0.096]0.952

0.018[0.092]0.947
-0.003[0.087]0.935
-0.002[0.087]0.935

0.021[0.093]0.947
-0.003[0.086]0.928
-0.002[0.086]0.929

0.015[0.092]0.946
-0.004[0.088]0.931
-0.004[0.088]0.931

0.019[0.090]0.948
-0.001[0.085])0.939
-0.001[0.085]0.938

0.018[0.091]0.947
-0.001[0.088]0.934
-0.001[0.088]0.934

0.018[0.094]0.939
-0.004[0.088]0.928
-0.004[0.088]0.929

0.017[0.091]0.949
-0.002[0.086]0.941
-0.002[0.086]0.941

0.018]0.089]0.946
-0.001[0.085]0.941
-0.001[0.084]0.941

0.005[0.595]0.875
0.002[0.143]0.945
0.002[0.145]0.946

0.231[0.908]0.905
-0.004[0.143]0.937
-0.005[0.143]0.934

0.205[0.465]0.972
0.005[0.112]0.938
0.005[0.112]0.939

0.270[0.535]0.973
0.008[0.110]0.953
0.009[0.117]0.953

0.026[0.608]0.886
0.004]0.145]0.954
0.004[0.146]0.953

0.220[0.864]0.913
0.004]0.149]0.947
0.005[0.153]0.946

0.212[0.464]0.973
0.004]0.111]0.938
0.004]0.113]0.938

0.270[0.533]0.981
0.004[0.108]0.947
0.004]0.108]0.948

-0.090[0.540]0.963
0.000[0.000]—
-0.001[0.026]—

0.073[0.626]0.910
0.000[0.000]—
-0.001[0.027]—

0.115[0.357]0.982
0.000[0.000]—
0.000[0.000]—

0.154[0.364]0.977
0.000[0.000]—
0.001[0.026]—

-0.071[0.527]0.964
0.000[0.000]—
-0.001[0.025]—

0.068[0.613]0.920
0.000[0.000]—
0.001[0.022]—

0.123[0.361]0.982
0.000[0.000]—
0.001[0.018]—

0.161[0.359]0.971
0.000[0.000]—
0.000[0.004]—

-0.000[0.025]0.958
0.000[0.000]—
0.000[0.000]—

-0.000[0.024]0.958
0.000[0.000]—
0.000[0.003]—

-0.000[0.025]0.950
0.000[0.000]—
0.000[0.002]—

0.000[0.024]0.957
0.000[0.000]—
0.000[0.002]—

0.001[0.102]0.946
0.000[0.000]—
0.000[0.011]—

0.004]0.098]0.955
0.000[0.000]—
0.000[0.012]—

0.003[0.097]0.955
0.000[0.000]—
0.000[0.010]—

0.002[0.097]0.952
0.000[0.000]—
0.000[0.006]—

“N2SLS” denotes the unrestricted N2SLS estimator and “N2SLS-r” denotes the restricted N2SLS estimator with

the restriction ¢ = 0 imposed. The three numbers in each cell are: bias[SE]CP. 190 = 1 and S0 = 1.



Table A.3: Biases, SEs and CPs when ¢y = (1,1)" and n = 400 in model (21)

«

B1 B2 B3 Ba

queen, R2 = 0.2, ag = —0.2

N2SLS 0.000[0.064]0.944
N2SLS-r -0.109[0.176]1.000
AGLASSO  0.000[0.064]0.944

queen, R? =0.2, ag = —1

N2SLS 0.002[0.066]0.943
N2SLS-r -0.107[0.178]1.000
AGLASSO  0.002[0.066]0.943

rook, R? = 0.2, ap = —0.2

N2SLS -0.000[0.041]0.958
N2SLS-r -0.083[0.130]1.000
AGLASSO -0.000[0.041]0.958

rook, R? = 0.2, ap = —1

N2SLS 0.001[0.043]0.940
N2SLS-r -0.078[0.137]1.000
AGLASSO  0.001][0.043]0.940

queen, R?> = 0.8, ag = —0.2

N2SLS -0.015[0.209]0.952
N2SLS-r -0.584[0.202]0.287
AGLASSO  -0.017[0.222]0.951

queen, R? = 0.8, ag = —1

N2SLS -0.009[0.217)0.944
N2SLS-r -0.593[0.199]0.269
AGLASSO  -0.009[0.217]0.944

rook, R? = 0.8, ap = —0.2

N2SLS -0.005[0.138]0.950
N2SLS-r -0.503[0.188]0.275
AGLASSO  -0.005[0.137]0.949

rook, R? = 0.8, ap = —1

N2SLS -0.004[0.131]0.952
N2SLS-r -0.505[0.204]0.282
AGLASSO  -0.004[0.130]0.952

0.001[0.087]0.942  0.004[0.082]0.944  -0.004[0.164]0.941  0.000[0.023]0.952
-0.015[0.219]0.884  -0.088[0.245]0.965 -1.000[0.000]— -1.000[0.000]—
0.001[0.087]0.942  0.004[0.082]0.944 -0.005[0.164]0.941  0.000[0.023]0.952

0.003[0.088]0.931  0.003[0.084]0.947  0.004[0.163]0.944  -0.001[0.023]0.954
-0.006[0.222]0.883  -0.093[0.253]0.970  -1.000[0.000]— -1.000[0.000]—
0.003[0.088]0.931  0.003[0.084]0.948  0.004[0.163]0.944  -0.001[0.023]0.954

0.002[0.088]0.939  0.000[0.066]0.950  0.000[0.108]0.944  -0.000[0.022]0.952
-0.016[0.234]0.876  -0.078[0.234]0.966  -1.000[0.000]— -1.000[0.000]—
0.002[0.088]0.939  0.000[0.066]0.950  0.000[0.108]0.944  -0.000[0.022]0.952

0.001[0.085]0.942  0.003[0.067]0.947  -0.002[0.105]0.947  0.001[0.023]0.942
-0.035[0.234]0.880  -0.068[0.240]0.961  -1.000[0.000]— -1.000[0.000]—
0.001[0.085]0.942  0.003[0.067]0.947  -0.002[0.105]0.947  0.001[0.023]0.942

0.000[0.091]0.945  0.007[0.221]0.955  -0.018[0.307]0.957  -0.005[0.096]0.944
-0.055[0.146]0.862  -0.429[0.131]0.249  -1.000[0.000]— -1.000[0.000]—
0.000[0.091]0.945  0.006[0.222]0.954  -0.020[0.311]0.956  -0.005[0.096]0.944

0.000[0.092]0.947  0.013[0.228]0.939  -0.005[0.327]0.944  -0.004[0.093]0.954
-0.054]0.142]0.867  -0.437[0.131]0.221  -1.000[0.000]— -1.000[0.000]—
0.000[0.092]0.947  0.013[0.228]0.939  -0.005[0.327]0.944  -0.004[0.093]0.954

0.001]0.092]0.941  0.004[0.141]0.953  -0.007[0.170]0.953  -0.004[0.089]0.956
-0.105[0.150]0.798  -0.384[0.130]0.282  -1.000[0.000]— -1.000[0.000]—
0.001[0.092]0.941  0.004[0.141]0.953  -0.007[0.169]0.953  -0.004[0.091]0.956

-0.001[0.091]0.950  0.005[0.138]0.957  -0.009[0.165]0.952  -0.005[0.092]0.950
-0.107[0.148]0.796  -0.385[0.139]0.285  -1.000[0.000]— -1.000[0.000]—
-0.001[0.091]0.950  0.005[0.137]0.957  -0.009[0.164]0.952  -0.005[0.094]0.950

“N2SLS” denotes the unrestricted N2SLS estimator and “N2SLS-r” denotes the restricted N2SLS estimator with

the restriction ¢ = 0 imposed. The three numbers in each cell are: bias[SE]CP. 190 = 1 and S0 = 1.



Table A.4: Biases, SEs and CPs when ¢y = (0,1)" and n = 400 in model (21)

«

B1

B2

B3

Ba

queen, R? = 0.2, op = —0.2

N2SLS 0.000[0.067]0.952
N2SLS-r 0.011[0.179]1.000
AGLASSO  0.000[0.067]0.952

queen, R2=0.2, ap = —1

N2SLS 0.000[0.070]0.948
N2SLS-r 0.007[0.192]1.000
AGLASSO  0.000[0.070]0.948

rook, R? = 0.2, agp = —0.2

N2SLS -0.001[0.048]0.958
N2SLS-r 0.005[0.136]1.000
AGLASSO  -0.001[0.048]0.958

rook, R? = 0.2, ap = —1

N2SLS 0.001[0.049]0.943
N2SLS-r 0.0090.133]1.000
AGLASSO  0.001[0.049]0.943

queen, R? = 0.8, ag = —0.2

N2SLS 0.001[0.304]0.947
N2SLS-r  -0.004[0.213]0.953
AGLASSO  -0.000[0.301]0.948

queen, R2=0.8, ap = —1

N2SLS 0.013[0.307]0.946
N2SLS-r  -0.001[0.214]0.952
AGLASSO  0.011[0.304]0.947

rook, R? = 0.8, ag = —0.2

N2SLS -0.002[0.216]0.932
N2SLS-r  -0.004[0.155]0.944
AGLASSO  -0.002[0.216]0.932

rook, R? = 0.8, ap = —1

N2SLS 0.005[0.216]0.934
N2SLS-r 0.006]0.159]0.944
AGLASSO  0.004]0.214]0.934

0.001[0.087]0.943
0.001[0.206]0.890
0.001[0.087]0.943

0.000[0.089]0.932
0.003[0.215]0.866
0.000[0.089]0.932

-0.001[0.086]0.934
-0.008[0.213]0.875
-0.001[0.086]0.934

0.003[0.086]0.944
0.013[0.215]0.880
0.003[0.086]0.944

0.006[0.089]0.943
-0.002[0.135]0.901
0.006[0.089]0.943

0.006[0.088]0.941
0.002[0.135]0.891
0.006[0.088]0.941

0.006[0.088]0.939
-0.002[0.136]0.892
0.006[0.088]0.939

0.004[0.087]0.944
-0.002[0.135]0.888
0.004[0.087]0.944

0.002[0.087]0.946
0.035[0.270]0.989
0.002[0.087]0.946

0.003[0.087]0.955
0.030[0.274]0.989
0.003[0.087]0.955

0.001[0.069]0.956
0.009[0.233]0.978
0.001[0.069]0.956

0.002[0.070]0.952
0.020[0.229]0.979
0.002[0.070]0.952

0.057[0.469]0.940
0.020[0.245]0.946
0.052[0.420]0.940

0.068[0.421]0.938
0.022[0.245]0.944
0.064]0.407]0.938

0.021[0.231]0.938
0.008[0.179]0.944
0.021[0.231]0.937

0.030[0.242]0.941
0.018[0.187]0.933
0.028[0.240]0.941

-0.005[0.153]0.946

0.000[0.000]—

-0.005[0.153]0.946

0.006[0.150]0.953
0.000[0.000]—
0.006[0.150]0.954

0.002(0.105]0.960
0.000[0.000]—
0.002[0.105]0.960

0.001[0.107]0.952
0.000[0.000]—
0.001[0.107]0.952

0.017[0.343]0.945
0.000[0.000]—
0.016[0.341]0.944

0.027[0.341]0.952
0.000[0.000]—
0.025[0.337]0.952

0.005[0.231]0.945
0.000[0.000]—
0.005[0.231]0.943

0.002[0.231]0.946
0.000[0.000]—
0.001[0.229]0.946

-0.001[0.025]0.951
-1.000[0.000]—
-0.001[0.025]0.951

-0.001[0.025]0.945
~1.000[0.000]—
-0.001[0.025]0.945

-0.000[0.025]0.942
-1.000[0.000]—
-0.000[0.025]0.942

-0.000[0.026]0.942
~1.000[0.000]—
-0.000[0.026]0.941

-0.008[0.105]0.948
-1.000[0.000]—
-0.009[0.108]0.947

-0.010[0.104]0.947
-1.000[0.000]—
-0.010[0.104]0.947

-0.011[0.105]0.953
-1.000[0.000]—
-0.011[0.109]0.952

-0.008[0.104]0.951
-1.000[0.000]—
-0.008[0.108]0.951

“N2SLS” denotes the unrestricted N2SLS estimator and “N2SLS-r” denotes the restricted N2SLS estimator with

the restriction ¢ = 0 imposed. The three numbers in each cell are: bias[SE]CP. 810 =1 and f20 = 1.



The Monte Carlo results are reported in Tables A.5-A.11. The patterns are similar to those for model (21) with

a row-normalized spatial weights matrix.

Table A.5: Probabilities that the AGLASSO estimator selects the right model in model (A.1)

n =144 n = 400
CO =0 CO = (Oa 1, 1)/ CO = (07 0, 1)/ CO =0 CO = (Oa 1, 1)/ CO = (07 0, 1)/
R?=0.2, o =—0.2 0.982 1.000 1.000 1.000 1.000 1.000
R>=02, a0 =—1 0.986 1.000 0.995 1.000 1.000 1.000
R? = 0.8, ap = —0.2 0.972 1.000 0.961 1.000 1.000 0.995
R>=08, a0 =—1 0.978 1.000 0.941 0.999 1.000 0.991

The numbers denote the proportions of Monte Carlo repetitions where the AGLASSO estimate én =0
when ¢o =0, or {n # 0 when (o # 0. B11.0 =1, and Bi12,0 = 1 and B2 = 1.

B Low level conditions for Assumptions 3, 5 and 7

In Assumptions 3, 5 and 7, high level conditions are assumed for laws of large numbers on some terms related to
the exogenous variables X,,;, the endogenous regressors Z,, and the IVs F,. In this section, we discuss low level
conditions for them.

For spatial variables, it is appropriate to allow for spatial dependence. For generality, we assumed that observa-
tions of X1, Z, and F,, are near-epoch dependent (NED), as developed for spatial processes in Jenish and Prucha
(2012). NED processes are general and have several advantages (e.g., they include important classes of dependent
processes such as linear processes with discrete innovations and nonlinear infinite moving average random fields
under mild conditions). In addition to spatial dependence, it allows also heterogeneity. We first introduce some
notations and then give the definition of near-epoch dependence. Let M C R™,m > 1, be a lattice of (possibly)
unevenly placed locations in R™, and let H = {hp;,i € M,,n > 1} and € = {en;,7 € M,,n > 1} be triangu-
lar arrays of random fields defined on a probability space (£2,.#, P) with M,, C M.! Equip R™ with the metric
p(i, ) = maxi<i<m |j1—1|, where 4; is the {th component of i. Denote the cardinality of a finite subset U C M as |U].
Let hp;’s and €,;’s take values in R*» and R¥<, respectively. Assume that R¥» and R¥< are normed spaces equipped
with the Euclidean norm, denoted as || - ||z. Denote the L,-norm of any random vector Y as ||Y, = [E(||Y | z)?]'/?.
Furthermore, %#,;(s) = 0(en;;7 € My, p(i,7) < s) denotes the o-field generated by the random vectors ¢,;’s located
in the s-neighborhood of location ¢. As in Jenish and Prucha (2012), we make the following assumption to ensure
growth of the sample size as the sample region M,, expands, which is referred to as increasing domain asymptotics

in the literature.

Assumption B.1. The lattice M C R™, m > 1, is infinitely countable. The distance between any two elements in

M is at least pg > 0 from each other, i.e., p(i,j) > po for any i,j € M. We assume w.l.o.g. that po = 1.

1Each i is located as a point {(3) in My. i € My, is a simplified notation for I(i) € Mxy.
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Table A.6: Ratios of the SE when n = 144 to that when n = 400 in model (A.1)

a B11 P12 B2 Bs Ba

Go=0
R?=10.2, ap = —0.2 1.118[1.724]2.178 1.579[1.597]1.606 1.028[1.599]1.672 0.950[]—  1.005[ ]  1.782[ ]
R2=10.2,a0=—1 1.130[1.720]2.039 1.612[1.710]1.708 1.030[1.607]1.635 0.941[—]—  1.074[]—  1.772[]—
R? =08, ap = —0.2 1.195[1.733]2.246 1.643[1.704]1.706 1.039[1.588]1.617 0.975—]—  1.105]—  1.771—]—
R =08, a0 = —1 1.108[1.765]2.193 1.589[1.678]1.685 1.080[1.727]1.766 0.987[ ]  1.057[ ]  1.697[ ]
¢ = (0,1, 1)/
R?=0.2, a0 = —0.2 2.092[1.726]2.092 1.670[1.599]1.670 1.692[1.645]1.692 1.796]]1.796 1.928[]1.928 1.794]]1.794
R2=0.2,a0=—1 2.036[1.604]2.036 1.797[1.608]1.797 1.568[1.625]1.568 1.625[—]1.625 1.984[]1.984 1.812[]1.812
R? = 0.8, ap = —0.2 1.910[1.798]1.961 1.667[1.590]1.671 1.796[1.582]1.798 1.988]]1.988 1.897[]1.906 1.771]]1.773

( ( ( ]

R*=0.8, ap = —1 1.806[1.674]1.991 1.691[1.628]1.694 1.748[1.615]1.746 1.816[—|1.816 1.712[—]1.739 1.766[—]1.766

¢ = (0,0,1)’

R?=02, ap = —0.2 1.975[1.707]1.975 1.646[1.627]1.646 1.719[1.782]1.719 1.987[—]1.987 1.950[—]1.950 1.692[—]1.692
R?=02,a0=—1 2081[1.663]2.081 1.661[1.667]1.661 1.735[1.703]1.735 2.034[]2.034 1.973[]1.973 1.748]]1.748
R?2=08, ap = —0.2 1.611[1.756]1.556 1.685[1.562]1.697 1.396[1.587]1.470 1.215[—]1.243 1.545[—]1.477 1.820[—]2.138
R?=08, a0 =—1 1.685[1.712]1.592 1.762[1.688]1.780 1.523[1.602]1.671 1.470[]1.370 1.599[]1.405 1.805[]2.249

The numbers show the ratios of the SE when n = 144 to that when n = 400 in each case. The three numbers in each cell
correspond to: N2SLS[N2SLS-rfJAGLASSO. The ratios for the N2SLS-r estimates of 32, 83 and S4 are not reported, because
those estimates are restricted to zero. Si1,0 = 1 and fi2,0 = 1. The ratios for the AGLASSO estimates of 2, 83 and Sa

when (o = 0 are not reported either, because Table A.5 shows that those estimates are zero with very high probabilities.

Table A.7: Ratios of the RMSE when n = 144 to that when n = 400 in model (A.1)

o Bi1 B2 B2 B3 Ba
Go=0
R?=102, a0 = —0.2 1.359[1.784]2.233 1.574[1.507]1.606 1.070[1.620]1.699 0.948] ]—  1.091[]—  1.783[ ]
R2=102,a0=—1 1.327[1.778]2.092 1.594[1.709]1.708 1.067[1.642]1.668 0.935]——  1.127[]—  1.774[]—
R*=108, ap = —0.2 1.335[1.806]2.345 1.602[1.705]1.705 1.086[1.623]1.656 0.974[]—  1.144[]— 1771 ]—
R2=108,a0=—1 1.296[1.823]2.257 1.567[1.677]1.685 1.089[1.745]1.783 0.982[]—  L113[]—  1.696—]—
Co = (0,1,1)

R>=102, ap = —0.2 2.092[1.099]2.092 1.671[1.429]1.671 1.691[1.448]1.691 1.795[—]1.795 1.928[—]1.928 1.795[—]1.795
R?=02, a0 =—1 2.036[1.079]2.036 1.798[1.447]1.798 1.568[1.413]1.568 1.625[]1.625 1.986[]1.986 1.813[]1.813
R?2=08, ap = —0.2 1.911[1.033]1.962 1.667[1.064]1.671 1.798[1.020]1.800 1.990[—]1.990 1.897[—]1.906 1.771]—]1.773
R*>=108,a0=—1 1.814[1.030]2.002 1.692[1.080]1.695 1.749[1.025]1.747 1.816[ ]1.816 1.713[]1.741 1.764[ ]1.764

¢ =(0,0,1)’

R?2=02, ap = —0.2 1.974[1.709]1.974 1.645[1.627]1.645 1.719[1.783]1.719 1.987[—]1.987 1.951[—]1.951 1.693[—]1.693
R?=02, a0 =—1 2.080[1.664]2.080 1.662[1.667]1.662 1.735[1.707]1.735 2.036[]2.036 1.973[]1.973 1.749[]1.749
R?=08, ap = —0.2 1.797[1.817]1.750 1.705[1.561]1.713 1.407[1.610]1.479 1.214[—]1.248 1.583[—]1.531 1.821[—]2.137
R?=08, a0 =—1 1.837[1.747]1.769 1.776[1.689]1.789 1.537[1.614]1.679 1.467[]1.378 1.627[]1.467 1.805[]2.251

The numbers show the ratios of the RMSE when n = 144 to that when n = 400 in each case. The three numbers in each

cell correspond to: N2SLS[N2SLS-rJAGLASSO. $11,0 =1 and Bi2,0 = 1.



Table A.8: Biases, SEs and CPs when {y = 0 in model (A.1)

a B11 B12 B2 B3 Ba
n =144, R? = 0.2, ap = —0.2
N2SLS -0.118[0.120]0.946  0.064[0.158]0.951  -0.220[0.381]0.937  -0.010[0.193]0.922  -0.062[0.134]0.939  0.001[0.045]0.943
N2SLS-r -0.010[0.027]0.000  0.001[0.139]0.000  -0.042[0.165]0.930 0.000[0.000]— 0.000[0.000]— 0.000[0.000]—
AGLASSO  -0.012[0.034]0.930  0.002[0.140]0.906  -0.043[0.174]0.911 -0.001[0.016] -0.001[0.015] 0.000[0.012]
n =144, R2 = 0.2, ag = —1
N2SLS -0.110[0.124]0.950  0.064[0.166]0.945  -0.233[0.397]0.938  -0.000[0.203]0.910  -0.053[0.150]0.930  -0.002[0.046]0.938
N2SLS-r -0.010[0.026]0.000  0.001[0.147]0.000  -0.045[0.162]0.936 0.000[0.000]— 0.000[0.000]— 0.000[0.000]—
AGLASSO  -0.011[0.032]0.936  0.002[0.147]0.893  -0.046[0.166]0.918 -0.001[0.011]— -0.001[0.015]— -0.000[0.009]—
n =144, R> = 0.8, ag = —0.2
N2SLS -0.111[0.124]0.947  0.060[0.165]0.939  -0.226[0.388]0.930  -0.002[0.196]0.905  -0.053[0.145]0.936  0.002[0.186]0.930
N2SLS-r -0.010[0.027]0.000  -0.004[0.145]0.000  -0.045[0.167]0.937 0.000[0.000]— 0.000[0.000]— 0.000[0.000]—
AGLASSO  -0.013[0.036]0.937  -0.001[0.145]0.895  -0.047[0.170]0.916 -0.001[0.015]— -0.003[0.020]— 0.006[0.054]—
n =144, R> = 0.8, ag = —1
N2SLS -0.110[0.123]0.955  0.059[0.164]0.949  -0.212[0.393]0.940  -0.004[0.201]0.910  -0.054[0.146]0.939  -0.000[0.177]0.953
N2SLS-r -0.009[0.027]0.000  -0.002[0.145]0.000  -0.035[0.171]0.937 0.000[0.000]— 0.000[0.000]— 0.000[0.000]—
AGLASSO  -0.011[0.033]0.937  -0.000[0.146]0.898  -0.037[0.176]0.910 -0.001[0.022]— -0.002[0.022]— 0.005[0.041]—
n = 400, R2 = 0.2, ag = —0.2
N2SLS -0.062[0.107]0.918  0.041[0.100]0.951  -0.178[0.371]0.907  0.018[0.203]0.875  -0.023[0.134]0.900  0.000[0.025]0.955
N2SLS-r -0.004[0.016]0.000  -0.001[0.087]0.000  -0.016[0.103]0.942 0.000[0.000]— 0.000[0.000]— 0.000[0.000]—
AGLASSO  -0.004[0.016]0.942  0.000[0.087]0.934  -0.018[0.104]0.931 0.000[0.000]— 0.000[0.000]— 0.000[0.000]—
n =400, R? = 0.2, ag = —1
N2SLS -0.060[0.109]0.918  0.043[0.103]0.949  -0.194[0.386]0.907  0.024[0.215]0.872  -0.021[0.140]0.890  -0.000[0.026]0.945
N2SLS-r -0.004[0.015]0.000  -0.001[0.086]0.000  -0.017[0.101]0.944 0.000[0.000]— 0.000[0.000]— 0.000[0.000]—
AGLASSO  -0.004[0.016]0.944  -0.000[0.086]0.933  -0.018[0.101]0.941 0.000[0.000]— 0.000[0.000]— 0.000[0.000]—
n = 400, R? = 0.8, ag = —0.2
N2SLS -0.069[0.104]0.929  0.044[0.100]0.958  -0.178[0.373]0.919  0.010[0.201]0.893  -0.031[0.131]0.910  0.001[0.105]0.942
N2SLS-r -0.003[0.016]0.000  0.001[0.085]0.000  -0.017[0.105]0.937 0.000[0.000]— 0.000[0.000]— 0.000[0.000]—
AGLASSO  -0.003[0.016]0.937  0.002[0.085]0.935  -0.017[0.105]0.931 0.000[0.000]— 0.000[0.000]— 0.000[0.000]—
n =400, R2 = 0.8, ag = —1
N2SLS -0.063[0.111]0.912  0.041[0.103]0.949  -0.189[0.364]0.902  0.021[0.204]0.869  -0.023[0.138]0.888  -0.004[0.104]0.954
N2SLS-r -0.003[0.015]0.000  -0.003[0.087]0.000  -0.014[0.099]0.942 0.000[0.000]— 0.000[0.000]— 0.000[0.000]—
AGLASSO  -0.003[0.015]0.942  -0.002[0.086]0.930  -0.015[0.100]0.949 0.000[0.002]— -0.000[0.002]— 0.000[0.008]—

“N2SLS” denotes the unrestricted N2SLS estimator and “N2SLS-r” denotes the restricted N2SLS estimator with the restriction ¢ = 0

imposed. The three numbers in each cell are: bias[SE]CP. 811,0 = 1 and B12,0 = 1.



Table A.9: Biases, SEs and CPs when (o = (0,1,1)" in model (A.1)

a B11 B12 B2 Bs Ba
n =144, R? = 0.2, ap = —0.2
N2SLS 0.000[0.008]0.935  0.005[0.151]0.917  -0.001[0.252]0.937  0.001[0.043]0.936  0.000[0.066]0.933  -0.000[0.018]0.938
N2SLS-r -0.066[0.036]0.000  -0.335[0.760]0.000  -0.286[0.694]0.935 0.000[0.000]— -1.000[0.000]— -1.000[0.000]—

AGLASSO  0.000[0.008]0.935  0.005[0.151]0.918  -0.001[0.252]0.937  0.001[0.043]0.931  0.000[0.066]0.929  -0.000[0.018]0.935

n =144, R2 = 0.2, ag = —1

N2SLS 0.000[0.009]0.934  0.006[0.156]0.924  -0.001[0.242]0.951  0.000[0.041]0.951 0.003[0.069]0.940  -0.001[0.018]0.947
N2SLS-r -0.065[0.035]0.000  -0.321[0.767]0.000  -0.298[0.680]0.934 0.000[0.000]— -1.000[0.000]— -1.000[0.000]—
AGLASSO  0.000[0.009]0.934  0.006[0.156]0.924  -0.001[0.242]0.951  0.000[0.041]0.949  0.003[0.069]0.938  -0.001[0.018]0.945

n =144, R> = 0.8, ag = —0.2

N2SLS -0.001[0.019]0.938  0.002[0.179]0.931  -0.012[0.272]0.930  0.003[0.053]0.935  0.000[0.133]0.926  -0.002[0.070]0.941
N2SLS-r -0.233]0.043]0.000  -0.706[0.345]0.000  -0.704][0.195]0.937 0.000[0.000]— -1.000[0.000]— -1.000[0.000]—
AGLASSO  -0.001[0.020]0.937  0.002[0.179]0.931  -0.013[0.272]0.930  0.003[0.053]0.933  -0.000[0.133]0.924  -0.002[0.070]0.940

n =144, R> = 0.8, ag = —1

N2SLS -0.002[0.019]0.939  -0.005[0.183]0.916  -0.011[0.263]0.922  0.000[0.048]0.923  -0.005[0.126]0.937  -0.000[0.068]0.944
N2SLS-r -0.234[0.040]0.000  -0.714[0.346]0.000  -0.710[0.204]0.939 0.000[0.000]— -1.000[0.000]— -1.000[0.000]—
AGLASSO  -0.002[0.021]0.939  -0.006[0.183]0.916  -0.010[0.263]0.922  0.000[0.048]0.920  -0.007[0.128]0.933  -0.000[0.068]0.940

n = 400, R2 = 0.2, ag = —0.2

N2SLS -0.000[0.004]0.953  -0.001[0.090]0.938  0.005[0.149]0.950  -0.001[0.024]0.950  -0.000[0.034]0.942  -0.000[0.010]0.938
N2SLS-r -0.066[0.021]0.000  -0.335[0.475]0.000  -0.301[0.422]0.953 0.000[0.000]— -1.000[0.000]— -1.000[0.000]—
AGLASSO  -0.000[0.004]0.953  -0.001[0.090]0.938  0.005[0.149]0.950  -0.001[0.024]0.947  -0.000[0.034]0.940  -0.000[0.010]0.936

n =400, R? = 0.2, ag = —1

N2SLS 0.000[0.004]0.940  0.001[0.087]0.944  0.002[0.155]0.939  -0.000[0.025]0.937  0.000[0.035]0.943  -0.000[0.010]0.949
N2SLS-r -0.065[0.022]0.000  -0.321[0.477]0.000  -0.318[0.418]0.940 0.000[0.000]— -1.000[0.000]— -1.000[0.000]—
AGLASSO  0.000[0.004]0.940  0.001[0.087]0.944  0.002[0.155]0.939  -0.000[0.025]0.935  0.000[0.035]0.941  -0.000[0.010]0.947

n = 400, R? = 0.8, ag = —0.2

N2SLS -0.000[0.010]0.947  -0.001[0.107]0.939  -0.000[0.152]0.955  0.000[0.027]0.948  -0.000[0.070]0.946  -0.001[0.040]0.948
N2SLS-r -0.229[0.024]0.000  -0.706[0.217]0.000  -0.705[0.123]0.947 0.000[0.000]— -1.000[0.000]— -1.000[0.000]—
AGLASSO  -0.000[0.010]0.947  -0.001[0.107]0.939  -0.000[0.152]0.955  0.000[0.027]0.947  -0.000[0.070]0.946  -0.001[0.040]0.948

n =400, R2 = 0.8, ag = —1

N2SLS -0.000[0.011]0.938  0.002[0.108]0.927  -0.003[0.151]0.949  0.001[0.027]0.944  0.002[0.073]0.941  -0.002[0.039]0.948
N2SLS-r -0.229[0.024]0.000  -0.704[0.213]0.000  -0.710[0.126]0.938 0.000[0.000]— -1.000[0.000]— -1.000[0.000]—
AGLASSO  -0.000[0.011]0.938  0.002[0.108]0.927  -0.003[0.151]0.949  0.001[0.027]0.942  0.002[0.073]0.939  -0.002[0.039]0.946

“N2SLS” denotes the unrestricted N2SLS estimator and “N2SLS-r” denotes the restricted N2SLS estimator with the restriction ¢ = 0

imposed. The three numbers in each cell are: bias[SE]CP. 811,0 = 1 and B12,0 = 1.



Table A.10: Biases, SEs and CPs when ¢y = (0,0,1)’ in model (A.1)

a B11 B12 B2 Bs Ba
n =144, R? = 0.2, ap = —0.2
N2SLS -0.000[0.022]0.944  0.003[0.142]0.924  0.002[0.264]0.943  0.000[0.054]0.946  0.001[0.048]0.943  -0.001[0.043]0.941
N2SLS-r -0.003[0.047]0.000  -0.006[0.344]0.000  0.018[0.434]0.944 0.000[0.000]— 0.000[0.000]— -1.000[0.000]—

AGLASSO  -0.000[0.022]0.944  0.003[0.142]0.924  0.002[0.264]0.943  0.000[0.054]0.944  0.001[0.048]0.941  -0.001[0.043]0.939

n =144, R2 = 0.2, ag = —1

N2SLS -0.000[0.023]0.941 0.005[0.144]0.921  -0.005[0.264]0.940  0.003[0.056]0.943  -0.001[0.047]0.951  -0.002[0.044]0.945
N2SLS-r -0.001[0.045]0.000  0.002[0.351]0.000  0.033[0.419]0.942 0.000[0.000]— 0.000[0.000]— -1.000[0.000]—
AGLASSO  -0.000[0.023]0.942  0.005[0.144]0.921  -0.005[0.264]0.940  0.003[0.056]0.941  -0.001[0.047]0.949  -0.002[0.044]0.943

n =144, R> = 0.8, ag = —0.2

N2SLS -0.042[0.079]0.958  0.025[0.154]0.937  -0.070[0.286]0.976  -0.008[0.109]0.936  -0.023[0.103]0.935  0.010[0.185]0.939
N2SLS-r -0.018[0.046]0.000  0.006[0.211]0.000  -0.066[0.277]0.960 0.000[0.000]— 0.000[0.000]— -1.000[0.000]—
AGLASSO  -0.041[0.073]0.960  0.021[0.152]0.936  -0.063[0.267]0.971  -0.011[0.094]0.902  -0.024[0.088]0.901  -0.015[0.257]0.906

n =144, R> = 0.8, ag = —1

N2SLS -0.038[0.079]0.954  0.025[0.160]0.933  -0.069[0.318]0.981  -0.003[0.133]0.925  -0.020[0.104]0.928  0.008[0.183]0.944
N2SLS-r -0.016[0.045]0.000  0.001[0.222]0.000  -0.057[0.277]0.956 0.000[0.000]— 0.000[0.000]— -1.000[0.000]—
AGLASSO  -0.038[0.071]0.956  0.021[0.157]0.929  -0.056[0.283]0.975  -0.011[0.093]0.889  -0.024[0.079]0.892  -0.017[0.257]0.906

n = 400, R2 = 0.2, ag = —0.2

N2SLS -0.000[0.011]0.942  0.002[0.086]0.943  -0.000[0.154]0.944  0.000[0.027]0.946  0.000[0.025]0.944  -0.001[0.025]0.948
N2SLS-r -0.001[0.027]0.000  0.004[0.212]0.000  0.006[0.244]0.942 0.000[0.000]— 0.000[0.000]— -1.000[0.000]—
AGLASSO  -0.000[0.011]0.942  0.002[0.086]0.943  -0.000[0.154]0.944  0.000[0.027]0.944  0.000[0.025]0.942  -0.001[0.025]0.946

n =400, R? = 0.2, ag = —1

N2SLS -0.000[0.011]0.941  0.000[0.087]0.931  -0.004[0.152]0.942  0.000[0.027]0.947  0.000[0.024]0.951  0.001[0.025]0.946
N2SLS-r -0.001[0.027]0.000  0.001[0.210]0.000  0.009[0.246]0.941 0.000[0.000]— 0.000[0.000]— -1.000[0.000]—
AGLASSO  -0.000[0.011]0.941  0.000[0.087]0.931  -0.004[0.152]0.942  0.000[0.027]0.943  0.000[0.024]0.947  0.001[0.025]0.941

n = 400, R? = 0.8, ag = —0.2

N2SLS -0.008[0.049]0.953  0.004[0.091]0.936  -0.043[0.205]0.967  0.008[0.090]0.935  -0.001[0.067]0.943  -0.005[0.102]0.953
N2SLS-r -0.007[0.026]0.000  -0.006[0.135]0.000  -0.029[0.174]0.956 0.000[0.000]— 0.000[0.000]— -1.000[0.000]—
AGLASSO  -0.009[0.047]0.956  0.003[0.090]0.937  -0.038[0.182]0.967  0.005[0.075]0.930  -0.002[0.060]0.939  -0.008[0.120]0.947

n =400, R2 = 0.8, ag = —1

N2SLS -0.008[0.047]0.954  0.008[0.091]0.934  -0.036[0.209]0.971  0.006[0.091]0.940  -0.001[0.065]0.947  -0.004[0.102]0.957
N2SLS-r -0.007[0.026]0.000  -0.000[0.131]0.000  -0.029[0.173]0.958 0.000[0.000]— 0.000[0.000]— -1.000[0.000]—
AGLASSO  -0.009[0.044]0.958  0.008[0.088]0.936  -0.029[0.169]0.973  0.003[0.068]0.935  -0.003[0.056]0.942  -0.006[0.114]0.951

“N2SLS” denotes the unrestricted N2SLS estimator and “N2SLS-r” denotes the restricted N2SLS estimator with the restriction ¢ = 0

imposed. The three numbers in each cell are: bias[SE]CP. 811,0 = 1 and B12,0 = 1.
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Table A.11: Size and power of the distance difference and gradient tests in model (A.1)

distance difference test gradient test
size power size power
n @ & @ 6 (© nH @ & @ 6 (©

Wa, R%, oo n=144

queen, 0.2, —0.2 0.080 1.000 1.000 1.000 1.000 1.000 1.000 0.040 1.000 1.000 1.000 1.000 1.000 1.000
queen, 0.2, —1  0.070 1.000 1.000 1.000 1.000 1.000 1.000 0.040 1.000 1.000 1.000 1.000 1.000 0.999
queen, 0.8, —0.2 0.075 0.986 1.000 1.000 1.000 1.000 1.000 0.036 0.975 0.999 1.000 1.000 1.000 1.000
queen, 0.8, —1  0.084 0.981 1.000 1.000 1.000 1.000 1.000 0.049 0.974 1.000 1.000 1.000 1.000 1.000

n=400
queen, 0.2, —0.2 0.074 1.000 1.000 1.000 1.000 1.000 1.000 0.042 1.000 1.000 1.000 1.000 1.000 1.000
queen, 0.2, —1 0.087 1.000 1.000 1.000 1.000 1.000 1.000 0.050 1.000 1.000 1.000 1.000 1.000 1.000
queen, 0.8, —0.2 0.079 1.000 1.000 1.000 1.000 1.000 1.000 0.045 1.000 1.000 1.000 1.000 1.000 1.000
queen, 0.8, —1 0.074 1.000 1.000 1.000 1.000 1.000 1.000 0.034 1.000 1.000 1.000 1.000 1.000 1.000

For the power, (1), (2), (3), (4), (5) and (6) in the table mean that in the DGP {, = (0,1,0.5)", (o = (0,1,1)",
¢ = (0,1,1.5)', ¢o = (0,1,2), {o = (0,1,2.5)" and (o = (0, 1,3)’, respectively. f11,0 =1 and B12,0 = 1.

Definition B.1. Let H = {hy;,i € M,,n > 1} be a random field with ||hynll, < oo for some p > 1, let ¢ =
{€ni,i € Mp,n > 1} be a random field, where |M,| — oo as n — oo, and let ¢ = {cpi, it € My,n > 1} be an
array of finite positive constants. Then the random field H is said to be L,(c)-NED on the random field € if
|hni — E(hni| Fni(s)llp < cnif(s) for some sequence f(s) > 0 with lims_,o f(s) = 0. The f(s), which are w.l.o.g.
assumed to be non-increasing, are called NED coefficients, and c,;’s are called NED scaling factors. The H is said
to be L,-NED on € of size =\ if f(s) = O(s™") for some . > X\ > 0. Furthermore, if sup,, sup;c,s Cni < 00, then
H is said to be uniformly L,-NED on €. If f(s) = O(0®), where 0 < p < 1, then H is called geometrically L,-NED

on €.

Let the ith row of X1, Z,, and F;, be, respectively, X1, Zn; and F,;. We assume that X,1;’s, Z,;’s, Fp;'s

2

ni

and o2.’s, where o E(v2,|F,), are NED on some a-mixing random field e. The a-mixing coefficients employed

are defined below.

Definition B.2. Let &/ and & be two c-algebras of F, and let a(</,B) = SUP pcoy pes |P(AB) — P(A)P(B)].
ForU Cc M, and V. C M,, let 0,(U) = o(en; : @ € U) and a,(U,V) = a(0,(U),0,(V)). Then the a-mizing
coefficients for the random field € are defined as a(u,v,r) = sup,, supy v (., (U, V), |U| < u, [V] < v, p(U,V) > 1),

where p(U, V) = inf{p(i,j) : i € U,j € V'} is the distance between U and V.
Assumption B.2. {X,1,i € My}, {Zniyi € My}, {Fni,i € My} and {02,,i € M,} are uniformly L, bounded

for some p > 2, i.e., sup, sup;<;<,, E([|Anillg)? < oo for Api = Xini, Zni, Fni and a2, and uniformly and
geometrically Lo-NED on the a-mizing random field € = {€,;,1 € M,}, for which the a-mizing coefficients satisfy

a(u,v,r) < p(u,v)a(r) for some function o(u,v) which is nondecreasing in each argument and some &(r) such that
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S rmla(r) < .

Jenish and Prucha (2012) point out that SAR processes are NED under some weak conditions on the spatial
weights matrix. This also applies to the MESS process.

For Assumption 3, note that the (r,s)th element of 1II, = L1F'S, F, is 237" 62 f, i fnis. By Lemma
Al in Xu and Lee (2015), the random field formed by the product of two uniformly and geometrically Lo-
NED random fields is still uniformly and geometrically Lo-NED. Thus, {02, fu.irfn.is} is uniformly and geo-
metrically Lo-NED. Then the law of large number in Theorem 1 of Jenish and Prucha (2012) implies that
%Z?zl[afnfnmfn,is —E(02, frirfnis)] = op(1). Thus, %Hn — %E(Hn) = 0,(1). For Assumption 7, %F{anDn =
[LE W X L F W ey, s Fy W2 X, & FL W, Z,]. The (1, s)th element of £ Fp Wy Zy, is £ 370 frir(3 51 WnijZn.js)s
where Z?:1 W, ij2n,js 18 the (i, s)th element of W, Z,,. If {E;;l Wh,ij2n,js | 18 uniformly and geometrically Lo-NED,
then as argued above, %Z;;l fn,if’(Z?:1 Wn,ij%n,js) — %EZ?:I fTLJ?”(Z;L:l Wn,ij%n,js) = 0p(1). By Proposition 1
in Jenish and Prucha (2012), the uniform and geometric Ly-NED property of {Z?zl Wnij%n js} 1 guaranteed by

the follow condition.
Assumption B.3. sup, supi<icn 2. p(i.5)>s [Wnij| = O(0°) for some 0 < o < 1.

For the term 1 F/W2X,1 in 2F W, D,, as the random field formed by the rows of W, X, is uniformly and
geometrically Ly-NED under Assumption B.3, so is the random field formed by the rows of W?2X,,; under Assump-
tion B.3. Thus, 1 F’

Y mTn

W2X,1 — LE(FW2X,) = 0,(1). It follows that LF/W?2D, — LE(F,W?2D,) = 0,(1).
Assumption 5 states a law of large numbers that L F)e(@—e0)WnD, — LE(F/ele=20)Wap ) = ¢,(1) for any
« € [—n,n]. For this to hold, we may show that the random field formed by the rows of e(*=®0)Wr D, is uniformly

and geometrically Lo-NED under the following condition.

Assumption B.4. Only individuals whose distances are less than or equal to some specific constant dy may affect

each other. We assume that dy > 1 w.l.o.g.

This assumption is also adopted in Xu and Lee (2015). It simplifies that argument for the NED property of

ele=@0)Wn D Let abs(A) be the matrix formed by the absolute values of corresponding elements of a matrix A.

Lemma 1. Under Assumptions B.1, B.2 and B.4, Z;L Al (Q*O‘U)W"]ijdn_js} for 1 < s < kq is uniformly and

geometrically Lo-NED.

Proof. Note that [W'];; = 0 if p(i,) > mdy for m > 1. Then

. Jabs((a — ag)' W],
Y fabs(ele ey = S Y [abs (( “0) Wo)lig

jip(i,g)>mdo jip(i,j)>mdo 1=0

. [abs((a — ap)' W ij
B D S LA

j3:p(i,5)>mdo l=m+1

— i 3 [abs((or = a0)' W;)lij

I
I=m+1 j:p(i,5)>mdo
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Fei
高亮

Fei
高亮

Fei
高亮

Fei
高亮


= [abs((a — ) W)]ij
< 3 3o lobslo—on) )

l=m+1 j=1

<1
~ (m+1)!

(e — ap) W [t @m0 Waloe
< [3/(m + 1)) |(or — o) W, || el (@—00) Wlloo

<t

for any 0 < o < 1 and large enough m, as 3||(a — ag)W,||sel (@70 Wnllec/(m+1) /(1 1 1) converges to zero as m
goes to infinity, where the third inequality follows by the fact that m! > 2xm™+1/2e=mel/(12m+1) ~ ( /3)m
(Robbins, 1955). Thus, by Proposition 1 in Jenish and Prucha (2012), 3-7_, {[e(*=*)W=];;d,, ;.} is uniformly and
geometrically Lo-NED. O

We collect the results discussed above in the follow proposition.
Proposition B.1. (i) Under Assumptions 2, B.1 and B.2, 111, — L E(II,,) = 0,(1) in Assumption 3 holds;
(it) Under Assumptions B.1, B.2 and B.3, Assumption 7 that LF!W, D, — L E(F,W,D,) = 0,(1) holds;

(iti) Under Assumptions B.1, B.2 and B.4, Assumption 5 that L1 F!el@=0)WnD, — LE(Fele=a0)WuD, ) = o,(1)

for any « € [—n,n] holds.

C Lemma and proofs

Lemma 2. Let A, = (ani;) and B, = (by,ij) be n X n nonstochastic matrices that are bounded in both row and
column sum norms, and ¢, = (Cni), dn, = (dn;) and €, = (€5;) be nx 1 stochastic vectors such that % E(c),c,) = O(1),
LE(d,dy,) = O(1), sup,, sup;<; j<p B lenicn;|” < 00 for some 7 > 2, and €n;’s are independently distributed with

mean zero conditional on ¢,,. Then

(i) %C;’Andn = 0p(1), and %c%Aned"B"dn = %c;lAndn + 0,(1) for du, = 0,(1);

(it) if plim,,_, o Lc/, A, QAL e, exists and is nonzero, where Q,, = diag(E(€2,|cp), ..., E(€2,|cy)), then ﬁc;Anen 4
N(0,plim,, _, %c;AnQnA;cn);

(iii) L) Ane®Prd, is stochastically equicontinuous for |a| < n < oo, 2 E(c,A,e®Brd,) is uniformly equicontin-
wous for || < n, and Lc, Ape®Prd, — %E(c;AneaB"dn) = 0,(1) uniformly on [-n,n] if tc, Ape*Brd, —

%E(c’nAne"‘B"dn) = 0p(1) for each a € [—n,n)];

(iv) 1c,Ane*Bre, = o0y(1) uniformly in o € [—n,n] for a finite n > 0.

Proof. (i) By the Cauchy-Schwarz inequality, X |c/, And,| < \/%c;AnAgcn \/%d’ndn. For 1c/ A, Al c,, by the spec-
tral radius theorem, 1¢), A, Al c, < 2| A, AL llocChen < L[ Aplool| AL l|soChcn. By the Markov inequality, 1c/,c, =

—_ n

O,(1) and 1d},d,, = O,(1). Thus, 2¢/, A,d, = O,(1). Note that L¢), A,eBrnd,—Lc) A, d, = L, Ay (e Br—1,,)d,,,
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where [[e®"Bn — I,||oc = 0p(1) and ||e®B» — I,||; = 0,(1) by Lemma A.8 in Debarsy et al. (2015). By a similar
argument as for 1¢ A, d,, = O,(1), we have 2c/, A, (e%Pr — I)d,, = 0,(1).

(ii) Note that ﬁc;Anen = ﬁzlﬁ:l(em E?Zl . jiCnj). Consider the o-fields F,o = {0,Q}, and F,,; =
o(Cnty--yCnn) for 1 <i <n. Then {e,; Z?=1 (n,jiCnjs Fni, 1 <1 <mn,n > 1} forms a martingale difference array.
As a result,

1 n n 9 1 n n 9 1
n ; € jz::la’ JiCnj | =1 n Z Za’ .JiCnj (Enz‘c ) ncn nC

i=1 j=1

is the variance of ﬁc;Anen conditional on ¢,, which is assumed to have a nonzero probability limit. Since
n n n n
1 1 _ T
-~ > Eleni Y anjicnj - > E(E |anjil' 1/T|an7ji|1/7\emcnjl)
i=1 j=1 i=1  j=1
1 n n (7__1) n i
- E (E |an,ji|) g |an,ji| E |€nicn]
=1

i=1 j=1

T

IN

IN

=0(1),

where the second inequality follows by Hoélder’s inequality, ﬁc;Anen 4N (0,plim,,_, o ), A Al c,) by Theo-

rem A.1 in Kelejian and Prucha (2001).

(7i7) For any a1, ag € [—n, 1], by the mean value theorem, %c/nAnealB" dnf%c/nAneal’B" d, = %c;Aane&B" dp (a1 —

as), where & lies between o and ap. As in the proof of (i), %|c§LAane‘5‘B“ dy| < \/%chane&Bn edBn B! Al cp, \/%dﬁldn,
where %c;Aane&B"edB;B;A%cn < %HAnHOO||Bn||ooe””B”“‘”e”“B;LHoo 1B loc | AL locChcn = Op(1), and dd, =
O,(1) by the Markov inequality. Thus, %c’nAne"‘B" dy, is stochastically equicontinuous (Davidson, 1994, p. 339, The-
orem 21.10). Similarly, L E(c], A,,e*Pd,,) is uniformly equicontinuous. The uniform convergence of ¢/, A, e*B»d,, —
% E(c, A, e*Brd,) to zero on [—n,n] follows from the point-wise convergence and stochastic equicontinuity (David-

son, 1994, p. 337, Theorem 21.9).
(tv) This follows directly by (i) and (ii). O

For Section 2: N2SLS estimator

Proof of Proposition 2.1. For a given «, the N2SLS estimator for 3 is Bn(a) = (D! H,D,) D! H,e*"V"Y, where

H, = F,II'F!. Substituting B (c) into the N2SLS criterion function yields the function
Qn(e) =Y/ e*Vn[H, — H,D, (D, H,D,) "D H,]e"""Y,.

Let Q. (a) = E(K{e"VVf1 F) A, E(F!e®WnY,), where A,, = II,,! 11, ' E(F! D,,))[E(D!, F,)II;' E(F! D,)] "' E(D, F,)II;)},

with II,, = E(IL,). Note that 1F!e®W»Y, — LE(FleoWnY,) = L[FelemcoWnD, — B(Fel@=20)WaD,)]5, +

1
LFlelama0)Wny, By Lemma 2(iv), L F)e(@=20)Wn}, = o,(1) uniformly in o € [—n,7]. In addition, 2 [F},e(@=20)Wn D, —
E(F)el@=20)WnD, )] = 0,(1) uniformly in « € [—7, 7] by Lemma 2(iii) and Assumption 5, and 11T, — 111, = 0,(1)

under Assumption 3. Thus, 1F)e*"Y, — LE(Fe*""Y,) = 0,(1) uniformly in o € [—n,7], and 1[Qn(a) —
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Qn(a)] = 0p(1) uniformly in « € [—n,7n]. Notice that A4, = ,"/*B,1,'/?, where B, is the projection matrix

Then by the partitioned matrix formula, Assumption 6 implies that lQn () is uniquely zero at «q for large enough n.
In addition, %Qn( ) is uniformly equicontinuous as =+ E(F " e®WnY,,) is uniformly equicontinuous by Lemma 2(4ii).
The identification condition and the uniform equicontinuity of ;Qn(a) imply that the identification uniqueness con-
dition for L@, (a) holds. The consistency of &, follows from the uniform convergence and identification uniqueness
conditions (White, 1994, p. 28, Theorem 3.4). The consistency of f3,, can be seen by applying the mean value theorem

t0 fn = Bn(dn) = (D), HyDy) ™' D), Hpe® WY, and stochastic boundedness of sup,¢|_, ;i =F,Wpe®VnY,,. O

nn n

Proof of Proposition 2.2. The first order condition of the N2SLS estimation is G/, (6,)IT;, ' g,.(6,,) = 0. By the mean
value theorem, 0 = G, (0,)IL; 19, (0,) = G (0,)I1; [9n (00) + G (6,) (0, — 60)], where 6, is between 6, and 6.
Note that 1G,,(0) = LF![W,el@=20)Wn(D, By + V,,), —D,]. Since &, = ag + 0,(1), by Lemma 2(i) and Assump-
tion 7, 2F W,el@n—20)WuD = LE'W, D, + 0,(1) = L E(F,W,D,) + o0,(1). Similarly, 2 F,W,e(@n-c0)Wuy, —
LFEIWo Vi + 0p(1) = 0,(1). As £1I,, — L1I,, = 0,(1) under Assumption 3, and L+ F) D, — + E(F,,D,) = 0,(1) under
Assumption 6,

1
N

By the central limit theorem in Lemma 2(ii), ﬁgn(eo) \}FJLV 4, N(0,lim;, o ~11,,). Hence, Vn(0, — 6) 4,

Vil = 00) = =[G BT Go)] ' TG0 0 (00) = —( G Go) 7 = GlTLy g (00) + 0,(1).

N(O,limn_mo( GG ) 1), under the assumption that lim, ,., G, has full rank. Since II,, = E(F/.%,F},)
and Gy, = [E(F,W,.D,,)Bo, — E(F,D.,,)], GL11, G\, < E[(W,,D,,80, —D,,) 2 (W,,D,, 80, —D,,)] by the generalized
Cauchy-Schwarz inequality. The equality holds when F), is equal to ¥, ' E(W,,D,, 80, —D,|X,,), or equivalently, the
matrix formed by the independent columns of ¥ E(D,,, W,,D,,|X,,) or more compactly the independent columns

of U X WX, W2X,, B(Z,, W, Z,,|X,,)], ie., such a matrix provides the best IV’s. O
Proof of Proposition 2.3. By taking a third order Taylor expansion of the first order condition % = 0, because

Q% (w) is quadratic in 1, by eliminating higher order derivative terms with zero values as in Appendix A, we have

_ 1 Qp(wo) , 5 19%Q; (wo) 2
0 96 0o + 967 (¢n—¢o)+W(¢n ¢)+§ 963 (én — o)
83@1*1(“0) 7 184@( 0) 3 164@2(“’0) ¥ 1 2
+W(¢n—¢o)(¢ ¢0)+6T¢4(¢n_¢0) +§W(¢n—¢o)(¢n—¢o)
1 9°Qx (¢n) , - 19°Q; (wn) . 3
“!‘ﬁTﬁ(d)n ¢ ) +6 8¢481/1’ (wn _'(/}0)(¢n _¢0) )
(C.1)
and
_0Q5(wn)  0Q5(wo) | 9°Qp(wo) , - 9%Qr (wo) , - 18°Q5 (wo) , - 2
0= = = "oy T 9¢9u (¢n—¢o)+W(%—wo)+§ 95200 (¢n — ¢0) )
13*Qr () 4 3 '
gw(%*%) ,
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where &, lies between wg and @,, elementwise. Since the N2SLS estimator én is consistent, so is wy,. Let 0,(-) denote
terms with order smaller than those of some terms on the r.h.s. in the above equations. Using the consistency of
Wy, and @, and relevant orders of derivatives (Appendix A gives expressions of derivatives and their orders), by
keeping only possible leading order terms in (C.1), but dropping terms with surely relatively smaller orders into

0p(+), we have

~0Q;(wo) | 9°Q5(wo) , - 9%Qr (wo) , - Qs (wo) , .
0= 90 + 052 (0n _¢0)+W(¢n_¢0)+m(¢n — o) (¢n — d0) ©1)
4 N)x .
+ lw(én — ¢0)? + 0, (-),

6 O¢*
which follows because the fourth term on the r.h.s. of (C.1) is dominated by the second term, the seventh term is

dominated by the fifth term, and the last two terms are dominated by the sixth term. Furthermore,

1 9Q7(wo) +132Q2(w0)\/ﬁ ; 1 0°Q; (wo)

0= (%—%)4—2” 96200

Jn n ooy’
because the second term on the r.h.s. of (C.2) is dominated by the first term, and the fifth term is dominated by

the fourth term. Because (%%)*1 = 0p(1),

1Qsw0)) 1 1 0Qi(wn)  (10°Qslin) 1 1 0°Qfen)
n ooy N n oPoy 2n  0¢20

Substituting (C.3) into (C.1’), and by multiplying n~'/% on the whole equation, we have, after rearrangement,

a-1/20Qn(wo) _1ys 1 97Q; (wo) (162Q;(w0))_1[iac);(wo) +i33Q;§(wo)

Vilén — ¢0)* + (), (C.2°)

\/ﬁ(&n - 1/)0) = 7( \/ﬁ((ﬁn - (150)2 + (_)P(')' (CS)

= Y \0) T 2
a0y gy L PQulwo)  10°Qu(wo) (102Q5(wo) -1 1 9Q(wo)
(4, fbo){\/ﬁ 96 o 90200 (n 9000 ) NIRRT (C.4)
1 9'Qp(wo)  10°Q(wo) [ 19%°Qp(wo) -1 1 9°Q; (wo) ; A
i 06" n 96°00 \n duow ) n 95200 [ViGn = 07} + 000
Note that:

N 1/40Q% (wo) —1/4_1 9°Qh(wo) (1 9%Q%(wo)\~1 1 9Q%(wo) _ o —1/4 _ —1/4
§) nTVAES e = S () Tn e = 2 VWMDY, = Op(nm 1),

. _ 2 * w 2 x w —1 3 ) w _ _ _
i) o T (3 ) g o = n (WX b0 oW Vi + Op(n=*1) = O, (n”1/1),
8%Qr (w 3*Qr (w 8%Q7 (wo) \— Q) (w _
i) S Sl 1O Glen) (12 0ulu0) )1 4 00u0) — R, 4 O,(n~12), where Ry = (W2 Xn0)MpV,, =
0,(1), and
4 ) * 3 x 2 ~x 3
iv) g G5 = % e () o T = Snt Op(n” /%), where Sy = 1L (W2 Xodo) MpW i X do =
O(1).
Hence, (C.4) implies that
0= Op(n_1/4) + Op(n_1/4)[n1/4(¢3n —do))* + n1/4(¢En — ¢o)Rn + [n1/4(¢3n — $0)]>Sn + Op(*)- (C.4)

As S, > 0 for large enough n, n1/4(<13n — ¢p) cannot grow with a rate as an increasing function of n. This is because,
otherwise, S,,[n*/4(¢,, — $0)]> would be the dominating term of (C.4’) on the r.h.s., which grows to infinity. Hence,

(C.4") implies /1 (¢, — d0)? = O,(1). On the other hand, it follows from (C.3) that \/n(¢, — ) = O,(1).
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When R,, > 0, R, + Sp/n(¢n — ¢9)? > R, > 0. Thus, conditional on R, > 0, R,, + Spv/n(¢n — ¢0)? cannot
converge in distribution to a random variable with an atom of probability at 0 along any subsequence of n. Hence,
the equality (C.4) is possible only if n'/4(¢, — o) = 0,(1). Therefore, conditional on R,, > 0, /n(¢n—¢0)? = 0,(1).
Then, when R,, > 0, (C.3) becomes

10°Q5(wo), 1 1 0Q}(w)

Vn - = - 1) = Ln 1 )
where L,, = (1D} H, D,)~* ﬁD;HnVn. Note that L, % L by Lemma 2(4i), where L is the normal random vector

N(0,lim;,—, o0 [2 E(D}, F,)IL  E(F),Dy)) 7).
Next, when R,, < 0, we can prove that /n(¢, — ¢0)> = Jin + 0p(1), where J1,, = —S; ' R,,, by showing that
there exists no subsequence n’ of n such that n’ 1/ 4((,{3n/ — ¢o) converges in distribution to a random variable with
an atom of probability at 0. That is, if n’1/4(g5n/ — ¢p) 4, U, then for any § > 0, there exists an € > 0 such
that P(|U| > €) > 1 — §. We show this by contradiction.? Suppose that there exists a subsequence n’ such that
n't/ 4(g5n/ — ¢p) LU and P(U =0) =6 > 0. By a fourth order Taylor expansion and with the orders of derivatives
in Appendix A,
1 0Q; (wo) 4 1 2°Q; (wo)
N O 2n 020’

. 1 62 *
+ \/ﬁ(wn - Tﬁo)/% a?/}%(;i())

1 82 Q: (WO)
2y/n 0¢?

n(n — do)* + Op(n~'4).

\/’E(q;n - ¢0)2] \/ﬁ(’J)n - 77D0) + \/'E(an - ¢0)2

~ 1 8462;:((&10)
\/ﬁ(¢n - ¢0) + %T&

Qn (@) = Qplwo) = |

(C.5)

Note that the order 6,(-) in (C.3) is O,(n~'/*). Substituting the expression for \/n(¢, — 1) in (C.3) into (C.5)

yields

Q; (wn) - Q; (WO)
1 8@;‘1(000)(332Q2(w0))—1if9@2(w0)
STom ow ‘' aow ) Vi oy
: 1 Q5 (wo) 1 3Q(wo) 10°Q5(wo)\—1 1 Q5 (wo)
+\/ﬁ(¢n_¢0)2{{ G (ﬁ 31/)81/)’ ) %T}

ov/n 062 2n 04200
Vtd, — ou?} + 0007211

(C.6)

1 0'Q(wo) 1 9°Q;(wo) (l 0@y, (wo) )—1l 9@, (wo)
24n  O¢* 8n 0?20y ‘n Yoy’ n 9¢2oyY

= _VAPDVR + \/ﬁ(én - ¢0)2 [%Rn + iSn\/ﬁ(én - ¢0)2] + Op(n_1/4).

+

Since n’1/4(¢3n/ — ¢o) 4 U and P(U =0) =6 > 0, there exists a negative constant M such that for all € > 0,
Q:L' (@n/) - Q;/ (wo) > _V,/L/]P)Dvnl +eM

with probability converging to a number greater than §/2 along the subsequence. Note that (C.6) still holds if we
replace @, by any @, satisfying \/n(é, — ¢9)? = O,(1) and (C.3) with @, replaced by @,. In particular, if we let
V(¢ — ¢0)? = =S 'R, and define 1, according to (C.3) after ¢, is replaced by ¢,, in that formula, then

1. _
Q@) — Qi (wo) = =V Pp Vi, — an,lRi, + 0,(n~ %),

n

2Such an argument appears in Rotnitzky et al. (2000). We adopt the analysis for our model.
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Hence, by taking e small enough, QF, (@, ) — QF (0n) < —eM — %S;lRfL, < —%Sg,lRfL, < 0 with probability
converging along the subsequence to a strictly positive number. This is a contradiction since w,, is the N2SLS
estimator that minimizes Q% (w). Therefore, (C.4') holds only if v/n (¢, — ¢0)? = Jin + op(1) when R,, < 0, where
Jin = —S;'R,,. Then by (C.3), v/n(y — o) = Jan + 0,(1) when R,, < 0, where

2 —11
Jon = Ly, + (ZD;IH,LD,L) ED;LH,LW,ZLX,L(SOJM.

Alternatively, when R,, < 0, by (C.1") and (C.2’), we are essentially solving (8). Thus, the leading order term
of [Vn(dn — ¢0)%, vV(n — 00)') is Ju = (Jin, J3,) in (9). Under Assumptions 5 and 7, J, = J, + 0,(1). By
Lemma 2(ii), J, 4, J, where J = N(0,lim,, o A,,) with A,, being the covariance matrix of J,,.

We next calculate the statistic that asymptotically determines the sign of n'/ 4((;3” — ¢¢) conditional on R,, < 0.

By a fifth order Taylor expansion of Q% (&) at wy, we have with the orders of derivatives in Appendix A that

Qi (@0n) = Zn + Ky + 0p(n71/?),

where
= _ Q7 (wo) 10°Q;(wo) , 1 1 - ,0%Qr(wo)
—n — VanVn T 31// (wn - ) 2 T&((bn - ¢0)2 + §(wn - wO) W(wn - wO)
19°Q; (wo) ; 1 0'Qr(wo)
3 50200 95200 (n — 10)(dn — d0)” + QT&(% —p)?
= Op(l)’
and
0Q;, (wo) Q5 (wo) , 5 . 19°Q;, (wo)
Kn - 8¢ (¢n (bO) + W(wn - wO)(an (ZSO) + 6 8¢3 ((bn - ¢0)3
19*Q;(wo) . 1 9°Q; (wo) 5 C.7
6 06500 (n = %0) (P — d0)° +mT¢5(¢n—¢o) (C.7)
= Op(nfl/‘l).

Since the sign of n'/4(¢, — ¢¢) does not affect the value of Z,,, the sign of n/4(¢,, — ¢o) must be chosen to minimize

K,. Note that K, — ¢0)K,, + 0,(n"1/4), where

= (fn
b — 00)2\ [ [ 53= (Xnd0) (WS H, + 3W/2H,W,,)V,
K, = 2V, W}, H,V;, + ( ” )[(3\/5( o (W " ) )
V(i — —-2 D! H,W,V,
) H,

n
_ <61(W3X n00) Hn (=W X80, 2Dy, )) (\/ﬁ(én_¢0)2>:|
0 f(’([}n_wo)
—WIWLH,V + T, [(31" (o) WVt S0 W )V) - (61(W3X 90 Ha (=W Xndo, 2D Yo + ot
none 2D, H, W, V,, 0 T

Thus, P(n*/4(¢, — ¢0)K, < 0|R, < 0) — 1 as n — oo. BEquivalently, P(I(n'/*(¢, — ¢o) < 0) = I(K,, > 0)|R,, <
0) — 1 as n = oo. Using Uj,, and T;, for j = 1,2 defined above Proposition 2.3, we have K} in (10). Since U,
is uncorrelated with J,,, by Lemma 2(i%), (U}, J},) 4 (U', J"), where U = N(0,lim, o E(U,U},)) is independent

of J. Hence, K 4 K* As Jin = =S 'R, Ji, has a sign opposite to that of R,,. Therefore, the asymptotic

distribution of w,, in the proposition follows. O
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Proof of Proposition 2.4. As V,, = e®Wny, — D, B, = elén=0)Wn(D, By + V,,) — Dy = Vi + (el@n—a0)Wn _
In)Vn + (e(dn_ao)Wn - In)DnBO + Dn(BO - /8n>7 ﬁnz = Uns + An; + bni + Cni, Where Apg = e%i(e(dn_ao)wn - [n)V'ru
bni = e;i(e(d"_o“))w" — I,)DyBo, and ¢p; = €, D, (B0 — ,Bn), with e,; being the ith column of the n x n identity

matrix. Then the (r, s)th element of % = %Hn = %Fr’lﬁlnFn - %F,’LEnFn is
1 s ~2 2 1 = 2 2 2 2 2
E § fn,irfn,is (Uni - Unz‘) = E § fn,irfn,is[(vni - Uni) + 2anivni + zbnivni + QCnivni + Qi + bnz + Cri
‘ =
+ 2an7bn7 + 2bnicni + QCniani]a

where 02, = E(v2,|F,,). We shall show that every sample average over i of a product of fn,irfn,is with each term in
the square brackets of the above equation goes to zero in probability. Since v,;’s are independent conditional on F,,,
and E | fn,ip fris (02 — 02)| < (B f2 )Y 4E f1 )V E@WE — 02,)%]'/? < 0o by the generalized Holder’s inequality
and Assumption 9, 3" | £, i fnis(v2; — 02;) = 0,(1) by the martingale law of large numbers (Davidson, 1994,

p. 299, Corollary 19.8). We next show that 2 37" | f, i fnisa2; = 0p(1). By a fourth order Taylor expansion at ay,

1« 1 . 1< , 1 < ,
ﬁ Z fn,irfn,isayzy,i = E Z fn,irfn,isaglli) (an - 0[0)2 + E Z fn,irfn,isaii‘) (an - aO)S + E Z fn,irfn,isagi‘) (an - 040)4

i=1 i=1 i=1 i=1
n
1 @, 5
+ E Z fn,irfn,isani (an - Olo) )
=1

where a) = VI W/ eniel Wy Vi, ) = VIW,2epiel Wi Vi, &) = LVIW, 3,6l Wy Vi, + LVIW 2¢,,¢l W2V, and

a(4) V W’s (éen— ao)Wne e ( (n—ao)Wn _ T )V + iV/W’4e(('in—o¢o)WT/Le o »e(&”_()‘O)W"LW v
ni 60 n)Vn 19/n"n ni€ni V.
+ évéWT’LBe(dn—ao)W,ﬁ, eme;ne(dn—ao)wn ngm

with &, between ¢, and og. Let B,, = (b, ;) and Cy, = (¢p,i;) be n x n nonstochastic matrices which are bounded

in both row and column sum norms. We show the general result that % St Frirfnis Vi Brenien,Cn Vi = Op(1).

Note that
1 n 1 n n n
§ /
E E‘ fn’h‘fnvis n iCninVn| = ﬁ E’ E E E fn ir fn za n,jiUnjCn,ikUnk
i=1 i=1 j=1 k=1
1 e
= EZZ |b ,3iCn, Zk‘E|fn zrfn zs'UnjUnk|
=1 j=1

INA INA
3| SI=
= 1= 1
\eE HM:
B
EK
(7
$
Gl

<c2

for some finite constants ¢; and ¢y, where the second inequality follows by the generalized Holder inequality. Thus
LS frsirfnis Vi Breni€h;Cn Vi = Op(1) by the Markov inequality. Then, as &y, —ag = 0,(1), 2 37, fn,irfn,isagfi)(dn—
o)t = 0,(1) for j = 1,2,3. For % > fn,irfnyisagé)(o'zn —ay)?, notice that for any n x n matrix T}, %|VTQTHVR| <
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\/%VéTnTAVn\/%VAVn < \/%HTnllooHT’IIooV’Vn\/lV’Vn = 0p(1), if | Tafloc < o0 and [|T}[[c < oo. Thus,
SUPlgign %|a7(j,)| = Op(l)' Since 7| Zz 1 fn zrfn z.sagt) (an - a0)5| < %'an - a0‘5 ZZL:1 |fn,irfn,is| SuPlgiSn ‘agi)‘
where LS (£ i fuis| = Op(1) by the Markov inequality, and ¢v, — ag = Op(n=4), L0 £ fisal® (G —

a9)® = op(1). Hence, L 37" | fo i1 fn.isa?; = op(1). Similarly, we can show that 1 3" | f, i fristni = 0p(1) for

)

bni = 20niVni, 2bniVnis 2CniVnis b25, €250 2anibnis 2bpicni, and 2¢nian;. Thus, L - Yy frsir fris (02, — 02,) for any
r,s. It follows that %ﬁn = L1L, + 0,(1).

Since Q,(f) is quadratic in F/(e“""Y, — D,8) and %ﬂn — 110, = o,(1), the arguments in the proof of
Proposition 2.1 hold and the feasible N2SLS estimator 0, is consistent. Replacing IT,, by II,, in Q,,(#) and Q% (w)
does not affect the analyses for Propositions 2.2 and 2.3, because neither the orders of terms nor asymptotic
distributions for these propositions will change. Thus, Proposition 2.2 still holds if 6,, is replaced by én, and

Proposition 2.3 still holds if w,, is replaced by @,,. O

For Section 3: Testing for the irrelevance of the Durbin and endogenous regressors

Proof of Proposition 3.1. Let Py-1/2p/p = H,:l/zF,,’LDn(D;LH,LD,L)‘1D,;LFnHﬁl/2 be the orthogonal projector onto

the column space of I, Y 2FT'LDn. Similarly, let
PH—1/2F'(7WX50,X) = H;Ll/2F7IL(_Wan507 Xn) [(—Wan(So, Xn)/Hn(_Wan(SO; Xn)}71 (_Wan507 Xn)/FnH:Ll/Z

and Py pr(wexay. ) = W 2 FL(=W2 X80, Do) (= W2 X080, D) Ho (~W2X,,00, Dy)| ™ (= W2 X180, Dyy)' F 1L, /2.
Then HDD == FnHry_L 1/2 PH 1/2F1DH_1/2F/ ]ID(_WX5O7X) == FnHry_Ll/QPH—l/QF/(_WX(sO)X)Hy_Ll/QF,,/” and

P(,WZX(;O’D) - FTLH’r:l/2PH71/2F'(7W7%X7L50,D)H7:1/2F7/l'

Let the kf x (kz- + ky + k.) matrix [HﬁlmFT’l(—Wanéo,Xn),An] be a basis matrix for the column space of
11,/ F) D,,, where A, is an ky x (ky-+k.—1) matrix perpendicular to I, /*F/ (=W, X,,00, X,,). Then, Pry-1/2 iy =
Py-1/2pr(—wxs,,x) + Pa, where Py = A, (A}, Ap) "' A7, By (3.25) on p. 71 in Ruud (2000), Pr-1/2p/(—w2x6,,0) =
P12/ p + Pp, where Pp is the orthogonal projector onto the column space of B,, = MH—1/2F/DH;1/2F;LWT%X7160
with My-1/2pp = Ik, —Pr-1/2pp, and By, is perpendicular to Ay,. Thus, Pry-1/2pr(—w2xs,,0)—Pri-1/2 5/ (—w x 60, x) =

Pp + Py4. It follows that (15) becomes

Qn(0,) — Qn(6,) = I(R,, < 0)V,.F,II;/2(Pg 4+ PAILY2EV, + I(R, > 0)V. F,II; Y2 PAIL Y2 ELV, 4 0,(1).

By the central limit theorem in Lemma 2(v), H71/2F'V LN N(0,Iy,). Since R, fB;LH 12 g Y Vi, Qn( n) —
On(b,) % T, where T = Sk TR 02 () < 0) 4+ 3285 T 120 () > 0), with 7y, ..., 7. being i.i.d. standard normal
random variables. Because the probability density function of 71 is symmetric, 7" is a mixture of a x? (kg +k, — 1)

variable and a x? (k. + k.) variable with mixing probabilities equal to 1/2. O

Proof of Proposition 3.2. Note that Ml_yw x5, x) = FnH;1/2MH71/2F,(,WX50VX)H;1/2F,’Z, where My—1/2 pr(—w x50, x) =

I, — P12 p(—wxse,x) With P12 p/(_w x5,,x) being defined in the proof of Proposition 3.1. As in the proof
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of Proposition 3.1, II,, 2p 4N (0,Iy,;). Thus, the asymptotic distribution of the gradient vector in (16) holds.

Furthermore, by the partitioned matrix formula,
. 1 EES — — *%
rk(phm H(Wan 7Zn)/Fan1/2MH_1/2F’(7WX50,X)H7L1/2F7/L(Wan aZn))

n—r oo

=rk (plim

n—r oo

l(VVTLAX:;*, Zna 7Wan50, Xn)/Hn(WnX:L*; Zna 7Wan50a Xn))
n

1
— rk(plim,,_, oo — (=W X80, X) Hy, (— Wy X080, X,1))

n

=rk (plim

n— oo

1
*(WnX;:v Zn7 Xn)/Hn(WnX;a vaXn)) - ka: -1
n

= ke +ky — 1.

Similarly, rk(+ (W X5, Zn) My x5 x0) (Wn X3 Z0)) = tk(5(Wo X3, Zn, X)) Hy (Wi X35, Zy X)) =k —1. Thus,
w.p.a Ltk (2 (W X%, Zo) My x50 (Wa X 2%, Z)) = rk(plim,, oo 2(Wo X%, Zo) M—w xs0,x) (Wn X5, Z0)). By

n n—oo n

Theorem 1 in Andrews (1987), the result in the proposition follows. O

Proof of Proposition 3.3. The proof is similar to that of Proposition 2.3, thus we pay attention to the differences
brought by the drift in Assumption 10. Proposition 2.1 shows the consistency of the N2SLS estimator for model
(1) when the true parameter vector 6 is fixed regardless of the sample size n. Suppose that the true parameter

vector 6y, changes with n but still satisfies 6y, — 6y as n — co. Because

1 1
lim —[B(F.e®=*WnD )6, B(F.D,)] = lim —[BE(F.e WD, )é, E(F,D,)],

n—oo N n—oo N

%Qn(a) in the proof of Proposition 2.1 is uniquely zero at ag for large enough n under Assumption 6. Fol-
lowing almost the same argument as the proof of Proposition 2.1, Theorem 3.4 in White (1994, p. 28) applies
under Assumption 10, so the N2SLS estimator 6, = 6, + op(1). With the reparameterization w, we have
Wn — won = 0p(1). The derivatives of Q: (w) at woy, still have the same orders as in the case without the drift.
Then /(¢ — ¢on)? = Op(1), VA(thy — thon) = O,(1), and (C.1")—(C.4) with wy replaced by wp, hold. Note
that —=Z@awon) _ 1970, (wn,) (197 Qn(w0e) )1 L 2Qu(0n) — R4 O, (n~1/2), where R, = 2= (W2X,60)'MpV, =

N n_ 0¢20Yy’ \n 0Py’ N NG
9'Q;, (won 9°Q;, (won) (1 0%Qs (won) y—1 1 9°Q; (won -
0,(1), and & &plyon) 108y (on) (10 Guleon)y—1 L ORuloon) — g 1 0, (n~/2), where

1
S, = E(WELchSO)’MDWﬁXn(SO =0(1)
and S, > 0. Similar to the proof of Proposition 2.3, when R,, > 0, \/ﬁ((ﬁn — ¢on)? = 0p(1), and

2 )* ¥
EM)*LM +0,(1) = Ly, 4 0p(1),

n_ ovoy N

where Ly, = (2D} H, D)~ =D, H, Vi % L with L = N(0, (ln, e 2 E(D,F)IT; E(F,D,)) ™). For R, <0,
Ry + Sy /120 — don)? = Op(n~1/*) and thus /n(¢n — ¢on)? = Jin +0p(1), where Ji,, = —S;'R,,. Then by (C.3),

\/ﬁ(zﬁn — Yon) = Jon + 0p(1) when R,, < 0, where

\/ﬁ(/‘ﬁn - wOn) = _(

2 11
Jon = Ly, + (ED;HnDn) 15D;LH,,LW3X”5OJM.
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Alternatively, when R, < 0, by (C.1’) and (C.2), we are essentially solving (8) with wy replaced by wg,. Then
the leading order term of [v/n(¢, — don)?, vir(thn — Yon)'] is Jn = Jn + 0,(1), where J,, = (Jin, J3,)’ 4 J, with
J = (J1,J4) = N(0,lim,_,o0 E(J,,J,)). When R,, < 0, the sign of n'/4(¢, — ¢o,,) must be chosen to minimize K,
n (C.7) (with wy replaced by wo,). Note that K,, = (¢ — ¢on) Ky + 0p(n~/4), where
2(%
f( — Pon) (X,.00) (W/EH, + 3W/2H,W,)V,, + + (W2X7L50) H W, (W, X, Z,)k
(f (tn — Yon) ) K 2D, H, W, (L (W, X%, Z,,) V) )

(s s ) ()

K, = (Wo X%, Zo)k V)W,’LH,LVH

’%—’_ﬁ

= 2(-

+J)

(W X2 Zn)k + Vi) WLH,LV,

%\

—

( f(X o) (WEH,, + 3W2H W, )V, + -(W2X,00) H W, (WnX,*L*,Zn)m)
—2D; H, W, (2(W, X2, Z, )k + ﬁVn)
B <$1(W3X7L60)’Hn(—Wan60,2Dn)> Jn] op(1).
0
Thus, P(n'/4(¢n — dpon) Ky, < 0|R, < 0) = 1 as n — oo. Equivalently, P(I(n*/4(¢n — ¢on) < 0) = I(K,, > 0)|R,, <
0) — 1 as n — oo. Comparing the K,, above with that in the proof of Proposition 2.3, additional terms appear
due to the drift in Assumption 10. Accounting for those additional terms, the asymptotic distribution of @,, in the

proposition follows. O

Proof of Proposition 8.4. When R,, < 0, taking a fourth order Taylor expansion of QZ(JJn) at wg, we have

e Ay L 0Qn(wo) 1 9Qn(wo), (V(n — b0)?

Qe Qi) = ("G5 "5 ()
(ﬁ(én—W)’ e TG LS <\/ﬁ(¢?n—¢0)2> o
\/ﬁ('&n _¢0) 1 9°Q; (wo) 1 628?11%(12)’0) \/ﬁ(&n _wO) i

In 94209 n

1 *ok 4 1 *ok
= 7(W(WHXH s )k + Vn) P _w2xs,,0) (%(Wan Ik + Vn) + 0, (1);
when R,, > 0, we have

Qi (6) — @i (o) = Xl

1
:7(%

By the mean value theorem and (17), we have

0*Q; (wo)
oYy’
(W X2, Zo)ki + Vi) + 0p(1).

(J)n - 1/)0) + %(@[A}n - 1110)' (Jjn - d)O) + Op(l)

*ok 1
(Wn X, Zo)k + Vi) Pp (%

(Wa X35, Zn)b + Vi) P xso ) (

n)

— U
= (i i( W X025 Zy )k + V) + op(1)
= \/ﬁ \/7 n n y4 )
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where U, lies between W, and @n. Thus,
1 *k 4
%(Wan s Zn)k A+ Vi) (P—w2xs,,0) — P—wxso,x)) (
1
I(R, >0)(—
+I(R, > 0)( NG

According to the proof of Proposition 3.1,

1
Jn
(W X2, Zo)i + Vi) + 0p(1).

(WTLX:L*7 ZH)H + Vn)
1

(WX, Za)b + Vo) (Pp — P_wxs0,x)) ( NG

1

L
Vn
(WnX3", Zn)k + Vn) + 0p(1)

= I(Ry, < 0)[(—= (W X*, Zo)k + Vi) FuIl V2(Pp + Pa)IL, V2 FL (—= (W X2, Za)k 4+ Vi)

B

1

1
+I(Ry > 0) (== (Wo X2*, Z )k 4 Vi) FuIL Y2 PATL Y2 R (
n n

S

1 1
NG NG
Hk ! - - 1 *k

%(ann Zn)k + V) Fanl/QPAHnl/QF,’L(ﬁ(Wan Zn)k + Vi) + 0p(1),

where the second equality holds because B, IT, /> F! (W, X%, Z,,) = (W2 X,,80) Fulln /> My 1 /2 o pIn 2 FL (W X2, Z) =

= I(R, < 0)[V2F, V2 PRI V2RV, 4 (= (W X5, Z) 6 + Vi) Bl Y2 PATL Y2 B (—= (W X5, Zo)k + V)]

4 IRy > 0)(—

0. The expression for Qn(én) —Qy (én) is the same as that in the proof of Proposition 3.1 except for the additional

terms due to the drift J=r. Note that (W, X", Zn) Fally /> PaTly V2 B (W, X3, Zy) = (W X%, Z) Fully 2 (Pr-a/a prp—

VERL(Wa X3, Z0) = (WX Zn) Fdly V2 (L, —Pu1 2 (—wxag ) e 2 F(Wa X5, Z,) =

(Wa X5, Zn) M —w x50, x) (Wn X ¥, Z,,), where the second equality uses the fact that Pry—1/2 g/ pIl,

P12 p(—wxs,,x)) Hn
VR (WX, Zn) =
Hfl1/2F7'1(WnX:;*7 Zy,). Hence, the result in the proposition follows. O

Proof of Proposition 3.5. This proposition is proved in the main text in front of the proposition. O

Proof of Proposition 3.6. A first order Taylor expansion of W =0 at (g — n'/%,8)) yields

0Qn(¥y,0) 9Qn(ao — 14, 50,0)  9*Qun(co —n~14,80,0) (@ — ag +n'/4 +0,(1)
ov - ov BYNG bn — 8o PR

By using the derivatives in (4)—(5) and (22)—(24), and the definition of a matrix exponential,

0=

/ L 12112 / an — ag +n /4
0 = 2(Wo Xoo, = Xn) Ho (Vo= 30 /2 W2 X080) +2(= W X, Xo) H(~ Wi X, X,) o +0,(1).
n — Y0

Thus,

1

~ —1/4 1 B
ﬁ(an ~a0 tn ) = [ﬁ(_WanamXn)/Hn(_Wan(SO)Xn)] 1(_W7LX7L607X71)/H71(%

1 2
s Vi g Wi Xudo) 0, (1).

(C.8)

A first order Taylor expansion of %éé") at (ag —n~1/%,6),0) yields

A A _ o —1/4 2 A _ o —1/4 ~ -1/4
i@Qn( YL) — LaQn(OZO n 75070) + la Qn(QO n 55070)\/5 Qi NO[O +n +0p(1)
n 0C n oC n aCcov’ 6, — 0o
2 Kok / ozofn_l/4
= = (WX, Z) H(e! WeY, — Xndo)
5 i g, — —1/4
(WX, Z) o[~ Woe(®0 ! W"KL,Xn]\/ﬁ(a gao +5n ) +0p(1).
n — 00
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Substituting (C.8) into the above equation yields

ﬁgic = —2(W, X, ,Zn)’M(fWX%,X)(ﬁVn = 5, WaXndo) + op(1)

d . 1 $k . 4 *k *k
— N<phmn—>oo E(Wan 7Zn)/M(fWX6O7X)W»3Xn5Oa plim,,_, E(ann 7Zn)/M(7WX60,X)(Wan 7Zn)> :

Hence, the result in the proposition follows. O

For Section 4: AGLASSO estimator
Proof of Proposition 4.1. Let g,(6) = E[gn(0)]. By the definition of 6,
1~ 4 ~ A 1 . -

Note that +Qn(60) = 2 Vi Fu(1L,) " EFLV, = 0,(1). 1f Go # 0, as G = Co + 0p(1), AullGall ™ [10ll = Op(An) =
0,(1) under Assumption 13; if ¢y = 0, A, [|Cull™#|IColl = 0. As A, > 0 and Q,(6,) > 0, %Qn(én) = o0,(1) by
(C.9). By Proposition 2.4 and Assumption 3, %ﬁn — LE(,) = [%ﬁn — 1M0,] + [L1I, — L E(IL,)] = 0,(1), where
lim,, 00 £ E(II,,) is nonsingular. Thus %Qn(én) > C||%gn(én)||2 w.p.a.l., where C is a finite positive constant.
Then [ 2,(01)]| = 0,(1). Since | 1gu (@) = [ 25(0)] = g0 (00) = 1.(00)]| and suppee | £9a(6) — 27,(60)] =
Supgee |2 Flel@=20Wu D, By — LE(Flele=20)WuD, )3y + LFlele—a0)Wuy, — LIF' D, — E(F.D,)]8|| = op(1) by

Assumption 5 and Lemma 2, |2, (0n)[| = 0p(1). As [[£8.(0,)]| = | 2[E(F}e@=0Wn D) 8o, B(F, D)) (_5 ),
Assumption 6 implies that &, = ag + 0p(1). Then ||%’n(én)|| = || LE(F,D,) (B — Bn) 4 0p(1)]|. Assumption 6
further implies that Bn = Bo + 0p(1). Thus the result in the proposition holds. O

Proof of Proposition 4.2. With (o = 0, by the definition of O,

Qn(0) + MallGall Gl < Qa8 + Al 11oll = - Qn(00). (C.10)

3=

Note that A, > 0, nQn( n) > C’|\%gn(én)|\2 w.p.a.l. for some finite positive constant C, and

1 4 1 111
Then %gn(én) = 0,(n"1/?). 1t {, # 0, then the AGLASSO criterion function is differentiable at 6,, = (é,,d,,C.)’
and we have the following first order condition with respect to (:

f%(WX**Z)F(

n

11

1. - S s s
EH ) 7gn(9 )Jr/\annH MCnHCnH '=o0. (C'll)
Note that %(W X, Zy) Fy, = 0p(1). As QA‘,L # 0, there must be some component QA‘,U' of én = (fnl, . ,f,Lp)’, where
p is the length of ¢, such that |§n]\ = max{|Cux| : 1 < k < p}. Then |{Am\/||§n|| >1/y/p > 0. Under Assumption 14,

(C.11) cannot hold w.p.a.1., which is a contradiction to the first order condition. Hence the result in the proposition

follows. 0
Proof of Proposition 4.3. The first order derivative of the AGLASSO criterion function with respect to ¥ evaluated
at én is

ﬁn)*lﬁFg(eannyn — D,f3,) = 0.



With (p = 0, Proposition 4.2 shows that én = 0 w.p.a.1. Hence, the following equation holds w.p.a.l:

2 N
E(Wneanwnyna 7Xn)/Fn(

Lo 41, 4 .
—1II,) ' = F (e Wy, — Xn0n) = 0.
L) F (e Ty 0n)

This first order condition is exactly the same as the one derived from the corresponding N2SLS criterion function

by imposing the constraint ( = 0. Thus the oracle property becomes apparent. By the mean value theorem,

2 a 1. 11 a & N
0= E(Wne nWﬂyn, _Xn)/Fn(EHn) EFT/L[e OW"yn — Xndo + (Wne "W"yn, _Xn)(an - \I’O)L

where ¥,, lies between U, and ¥,. Thus,

\/ﬁ(\iln - \IIO)

1 & 1. .1 & 11 & 1~ .11
= *[ﬁ(Wne "W"yn, 7Xn)/Fn(ﬁHn) 1EF7:,(Wn€ "W"yn, 7Xn)] E(Wne nWﬂyvu 7Xn)/Fn(ﬁHn) %Févn
- [l(—Wando X,)'F (ln )’QF'(fW X0 Xn)]’ll(fwnxnao X, Eu(LT1) - PV, 4 0, (1)
n An00, An ) En - tn nln n<xn00, n An) Hnltn N n D

1 _ _
& N(0, lim —{E[(=W, X80, X,)' FuJ T, E[FL (=W, X80, X))} ),

n—oo nN

where the asymptotic distribution follows by Lemma 2(ii). O

Proof of Proposition 4.4. Note that

L) ) T L g(B) — gl (00) (- T1) g (0
= 19000 = 000 (5 T1) ™ [0 (00) = 90 00)] + = 90 (0) = g 00)) (1) Loul0) (C12)

1 . 1 | I 1 1
> Cl| =g0(0n) = =92 (00)||” = Cal| =90 (0) = ~9u (00) ||| =g (00)].

w.p.a.l., where C; and C5 are finite positive constants, and the inequality follows by Assumption 2 and the Cauchy-

Schwarz inequality. By the mean value theorem,

1 A 1 1 agn(GO) ) 1 8971(011) agn(HO) 2
290(0,) = 2gn(60) = ~E b, — 00) + — _E b, — 0, 1
where 6, lies between 6,, and 6. In addition, %6%"9(,0) - %%gé?") = [LFW2eWnY, (a — o), Ok, xk,) for some ay

between o and o, where %FAWTQLeO‘W"Yn = O,(1) uniformly in a neighborhood of oy by Lemma 2. Furthermore,

L9g:(00) _ L (99s00)y — [Lp'yW, D, By — LE(F\W,D,)B0 + LFLW, Vi, —2F/D, + LE(F,D,)] = 0,(1) by

n

Assumption 5 and Lemma 2. Thus, %[89%(?") - E(aggg?o))] = 0p(1). Since E(%aggié‘,go)) = O(1) has full rank when

¢o # 0 for large enough n, (C.13) implies that
~ 1 o ~
C3(1 = an)||0n — bo| < E”gn(on) = gn(00)|| < C3(1 + an)[| — 6o, (C.14)
where Cj is a finite positive constant, a,, > 0 and a,, = 0,(1). By (C.9),

1 A a A 1 . ~ A o a N
Egn(en) Hnlgn(en) - Egn(ﬁo)/ﬂnlgn(ﬂo) S A lGall ™ IColl = 16all) < AnllCall™#(16n — Goll < Cadnl|0n — ol

(C.15)
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w.p.a.1., where Cy is a finite positive constant, and the last inequality follows since ¢y # 0 and ¢, = (o + op(1).

Combining (C.12), (C.14) and (C.15) yields
CLC5(1 = a3)? |10, = Ool* = CoCs(1 + an)|6r — bo]| - %Ilgn(Go)ll < Cadnllfn — ol
The above inequality can be written as
16 — Boll - [C1C5(1 = an)?[|6n — fo]| — CoCs(1 + an)”%gn(ao)H — Cahn] <0.
As £9a(60) = Op(n™/%), 16 — b0l = Op(n™1/2 + Xn). O

Proof of Proposition 4.5. If (5 # 0, the first order condition of the AGLASSO criterion function with respect to 0

is:
20t = D) F (20 ™ 2 @) 4 Gl 16 () =0 (.16)

By (C.14), Proposition 4.4 and Assumption 15, Egn(ﬁn) = O,(n~%/?). Then the first term on the Lh.s. of (C.16)

1
n

has the order O,(n~'/2). As (o # 0, Cn = Co + 0,(1) = O, (1) and ¢, = (o + 0,(1) = O,(1). By Assumption 15, the

second term on the Lh.s. of (C.16) has the order o,(n~'/2). Hence, by the mean value theorem,

2 & 1. 1 1 1 & g ~
g(Wne 2Woy,—Dy) F, (ﬁn ) [%gn(ﬁo) + 5F7’1(Wne "W, =Dy )Vn(0, — 09)] + 0p(1) =0,
where &, lies between ag and &,,. If follows that

5 1 & & -1 1
\/ﬁ(en - 00) = - [E(Wne "W"ym _Dn)lHn(Wne nW"yn7 _Dn)}

T W, D) HaVi + 0p(1)

[%(W Do, ~Dn) Ho (Wi DB, ~Dy)] ™ f(W D Boy — D) Hp Vi, + 0p(1)
% N (0, Y { - BI(-W,. Dy o, Do) FoJI, B (-WoDofo, D))} ). .

Proof of Proposition 4.6. We consider the following two cases separately: (1) (o # 0, but (AA =0; (2) (o =0, but
{n #0.

Case 1: (o # 0, but (y = 0. Let 6, = (¥/,,0)’ be the restricted N2SLS estimator with the restriction ¢ = 0
imposed, where ¥,, = arg ming[(e*Vry,, — X,,6)'H,, (e*Vry, — X,,0)]. As (o #0, 8 = plim,, , 6, # 6y. Note that
%gn(ﬁn) = %gn(én)—i—op(l) = 15,(6)+0,(1), where the first equality follows since supgeg < [|gn (0)—Gn(0)|| = 0,(1) as
shown in the proof of Proposition 2.1, and the second equality follows by the mean value theorem. By Assumption 6,
lim,, 00 %gn(é) # 0. Then %Qn(én) 2, ¢ > 0 for a constant C. By the definition of 6, and the setting of Case 1,
hn(A) = %Qn(éA) -I, > %Qn(en) —TI',,. Thus, under Assumption 16, h,(A) > C/2 > 0 w.p.a.1l. Furthermore, by
Proposition 4.1, é;\n = 0y + 0p(1). Hence, %gn(é;n) = 13,(00) + 0p(1) = 0,(1) and %Qn(é;\n) = 0,(1). It follows
that h,(\n) = 0p(1). Therefore, P(inf, ¢y cn.co0. but &0} (N > hn(An)) = L as n — 0.

Case 2: ¢y = 0, but # 0. Under this setting, h,(\) = %Q (A ). By Proposition 4.2, P(CA;\TL =0) > 1as

n — oo0. Then w.p.a.l.,

nl/Z[hn()‘) — ha(An)] = n_l/QQn(éz\) - n_1/2Qn(é5\n) +n'/?T,
(C.17)

> n_l/QQn(én) - n_1/2Qn(éX7L) + ﬂ1/2rn,
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where 6, is the feasible N2SLS estimator (without penalty). By Proposition 2.4, 6, = 6y + O,(n~'/*) when
(o = 0. Then by the mean value theorem, n_3/4gn(§n) = n"3%g,(00) + %aggié?”)nl/‘l(én —0) = n3AEV, +
%aggié?")nl/“(én—eo), where 6, lies between 6o and 6,,. As in the proof of Proposition 4.5, %8957;?") =1 E(aggié,%))—i—
0p(1) = O,(1). Thus, n~3/%g,(8,) = O,(1) and n=/2Q,(0,) = O,(1). Since P(é;\n =0) - 1asn — oo,
n_1/2gn(é;\n) = n_1/2Fr’L(e‘3‘5nW"yn—Xn(§;\n) w.p.a.1l. By Proposition 4.3, \il;\n = Uo+0,(n"1/?). Then by the mean
value theorem, n='/2g, (05 ) = n~/2g,(0o) + %aggig")nlm(\i/;\n — W) =n"2EV, + %aggig”)nlm(\i/;\n — ) =
O,(1), where 6, lies between fy and 05 . Thus, n='/2Q, (05 ) = op(1). Since n'/?T,, — 0o as n — oo under

Assumption 16, (C.17) implies that P(iane{AeA:co:O. but 620} m(A) > ha(An)) = 1 as n — oo.

Combining the results in the above two cases, we have the result in the proposition. O
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