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Abstract

This paper considers closed-form root estimators for spatial autoregressive models with spatial
autoregressive disturbances (SARAR model). We first derive a simple consistent closed-form estimator.
Then we construct feasible moment conditions that are quadratic in the spatial lag and spatial error
dependence parameters separately, which generate root estimators with closed forms. We consider
both the cases with homoskedastic and unknown heteroskedastic disturbances. In the homoskedastic
case, the root estimator can be asymptotically as efficient as the quasi-maximum likelihood estimator
(QMLE); in the heteroskedastic case, it can be asymptotically as efficient as a method of moments
estimator (MME) that sets adjusted quasi-maximum likelihood scores to zero, where the adjusted
scores have zero means at the true parameters. The root estimators and their associated standard
errors can avoid the computation of any matrix determinants or inverses, so they are computationally

simple without iterations, especially valuable for big data where the sample size is large.
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1 Introduction

The spatial autoregressive (SAR) model with spatial error (SE) is known as an SARAR model, which is
popular in empirical studies. This paper considers efficient root estimators for the SARAR model, which
generalizes those in Jin and Lee (2012) of the SAR or SE models. The root estimators have closed-form
expressions and are computationally and asymptotically efficient.

For the SARAR model, the quasi maximum likelihood (QML) estimator is consistent, but computa-

tionally intensive with large sample sizes. When disturbances are normal, it is the maximum likelihood
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estimator (MLE) and thus asymptotically efficient.! Kelejian and Prucha (1998) propose a generalized
spatial two-sage least squares estimator (GS2SLSE) for the spatial lag parameter and coefficients of regres-
sors, but quadratic moments that capture spatial correlation are not used. The GS2SLSE is less efficient
than the QMLE. Lee (2007a) and Liu et al. (2010) propose a generalized method of moments estimator
(GMME), which uses both linear and quadratic moments. Based on concentration, Lee (2007b) proposes
a GMME that reduces the estimation to only the spatial lag parameter. With properly chosen moments,
the GMMESs can be asymptotically as efficient as the MLE for normal disturbances, and asymptotically
more efficient than the QMLE for non-normal disturbances. Although relatively simpler in computation,
the above GMMESs have no closed forms and searching over a parameter space is needed. Jin and Lee
(2012) propose a root estimator for the SAR model, which is computationally simple since it has a closed
form.?

The approach in Jin and Lee (2012) cannot be applied to the SARAR model, since it generates two
nonlinear moment conditions with two unknown parameters, which do not have simple attractive closed-
form solutions. However, a sequential GMM approach in Jin and Lee (2020) can be applied and can
generate simple closed-form root estimators. We estimate the spatial lag and spatial error dependence
parameters separately by using properly estimated quadratic moments. We specify conditions on selecting
the consistent root from the two roots of quadratic moments. With homoskedastic disturbances, the
root estimator can be asymptotically as efficient as the QMLE; with heteroskedastic disturbances, it is
asymptotically efficient as a method of moments estimator (MME) that sets jointly the adjusted QML
scores to zero, where the adjusted scores have mean zero at the true parameter values (Liu and Yang,
2015). The root estimator and its standard error can avoid the computation of any matrix inverse. Our
computationally simple root estimator for the SARAR model can be useful, in particular with big data.

Section 2 considers a simple initial consistent estimator. Section 3 investigates root estimators. Monte

Carlo (MC) results are reported in Section 4. Section 5 concludes. Proofs are in an online supplementary
file.

2 Initial consistent estimator
Consider the SARAR model:
Yn = AOI/Vnyn + Xnﬂ(] + Up, Up = pOMnun + €n, (21)

where ¥, is an n x 1 vector of observed dependent variables, X,, is an n X k, matrix of exogenous
variables, W,, and M,, are n x n zero-diagonal spatial weights matrices, which may or may not be the
same, \g and po are scalar parameters, [y is a k, x 1 vector of coefficients, and €, = [en1, ..., €nn) is

an n x 1 vector of independent disturbances with zero means and finite variances. Let 02, = E(€2,) and

1

!The MLE for the SAR model has been considered in Ord (1975). Lee (2004) and Jin and Lee (2013) provide asymptotic

properties of the QMLE for, respectively, the SAR and SARAR models.
20rd (1975) introduced a root estimator for the SAR, model, but no theoretical analysis was provided.



Y, = diag(c2,,---,02 ) be a diagonal matrix of o2.’s. When ¢,;’s are homoskedastic, 02, = ¢2 and
nl» » Y nn ni ’ Yng 0

Y = U%In.

A consistent estimator 7 of n9 = [Ao, )]’ can be a 2SLSE, as in Kelejian and Prucha (1998).
Let the IV matrix for Z, = [Wyyn, X,] be @, e.g., a matrix consisting of independent columns of
(X, Wy X0, W2X,,]. The 2SLSE with Q, is 1 = [Z,Qn(Q4Qn) ' Q@ Zal " ZLQu(Q@n) " Q-

To derive an initial estimator of pp, we consider a root estimator as in Ord (1975) and Jin and Lee
(2012). With a zero-diagonal n x n matrix P,, E(e, Pye,) = tr(P,X,) = 0. A zero-diagonal P,, can be
M, or M2 — diag(M?), where diag(A) denotes a diagonal matrix formed by the diagonal elements of A.
The @, = yn — Zp7) is an estimate of u,. Denote A®) = A + A’ for any square matrix A. We consider

roots of the quadratic equation:
0= ﬂ;Z(In - pMn)IPn(In - PMn)an = anp2 + bnp =+ ¢Cn, (2-2)

where a,, = u, M) P, My, b, = —ﬁ%Pés)Mnﬂn, and ¢, = @, P,t,. Under regularity conditions, #b,% -

Lancy = (92)2 + 0,(1), where dy, = @, (I, — poM;l)PT(LS)Mnﬂn. The consistent root estimator p of pyg is:

—by — /b2 — dayc, 1 —bp + /b2 —4dapc, .. .. 1
n ” 2ntn g plim —d,, > 0; and p = VO~ Aane if plim —d,, < 0. (2.3)

2an, n—oo 1 2an, n—oo 1

p=

Since nl—Qb% - %ancn = ()24 0,(1), b2 —4anc, > 0 with probability approaching one if plim,,_, ., 2d,, # 0.

by

In finite samples, if b2 — 4a,c, < 0, it is proper to set p = — -

As %dn involves pg, one may use a consistently estimated pg to determine the consistent root. A
possible way is to compute the roots for two elected P, say Py and P;*. Let the roots corresponding

to Py be pj and p3, and the coefficients of that quadratic equation be a}, by, and c;;. Similarly, with

**’
)

, p3Y, ars, b and ¢, Then we compute |7 — pj

P*, we have pJ*

191 — p571, 195 — Pl and |p3 — 37|
A consistent root p can be either one of the two roots corresponding to the difference with the smallest

absolute value. The limits of the four absolute values are 0, | — plim,,_, ., 2—*} —2pol, | —plim,,_, o Z*%i —2pol,
and | plim,,_, Z—ZL — plim,,_, Z*%H, where the first one corresponds to two consistent roots. This method

tr(R;l_lp;:(s)Mnerlzn) 7é

tr(Ry, "M/, P} My, Ry, 15,,)
1—1 prx(s) —1

lim,, o tt((f;’j i p**ﬁﬁ"—é’fy which would hold generally. The P and P'* can be, e.g., M, + kM2 +

K2M3 — diag(M,, + kM2 + k*M?2) for k = 0.2 or 0.6 in our experience.

. . b . b .o
can locate a consistent root as long as plim,,_, . o # plim,,_, o Le, limy, o0

We maintain two assumptions for the y/n-consistency of 7 and p.

Assumption 1. (a) Either (i) €n;’s are i.i.d. (0,03) and E(|eu|**) < oo for some ¢ > 0, or (ii) €n;’s
2.’s, and sup,, sup; <;<,, B(|eni*T*) < 0o for some v > 0.

(b) Wy, and M, have zero diagonals, S, and R, are invertible, and {Wy}, {M,}, {S; 1} and {R;'} are

bounded in both row and column sum norms. (c) Elements of X,, are uniformly bounded constants, and

are independent with mean zero and variances o

lim,, 00 %X{IX” s nonsingular.

Assumption 2. (a) Elements of Q,, are uniformly bounded constants, lim,, %Q;Qn and lim,, s~ %Q%Zn

have full column ranks. (b) {P}} and {P}*} are bounded in both row and column sum norms. (c) For P, =



. _ _ . (R PO ML R E,) tr(Ry P M, RyYS,)
P* or P**, lim L tr(R*M’'P,M,R-'% . (d) lim n_Pn MnRy Sn Py MRy S)
n n ’n—mnt (R My P My Ry, ") # 0 ()nﬁmtr(RirlM;P;:MnR;lzn) 7 n—yootr(Ry, ' M} Pi* My Ry 'S )

(¢) limy, o0 % tr(PY M, Ry 1S,) # 0 for B, = P or P2,

Assumption 1 contains typical regularity conditions in spatial econometrics in Kelejian and Prucha
(1998, 1999, 2001, 2010), Lee (2004) and Lin and Lee (2010). Assumption 2(a) is a familiar condition on
2SLSEs. As P and P;* are constructed from M, it is reasonable to impose Assumption 2(b). Under
Assumption 2(c), the moment equations involving Py and P;* are quadratic in p. Assumption 2(d)
guarantees that a consistent root estimator p of py can be located. Assumption 2(e) is needed for the

V/n-rate of convergence of p.

Theorem 1. Under Assumptions 1-2, 7j = 19 + Op(n™"/2) and p = po + Op(n=1/2).

3 Root estimator

Our root estimator for ¢g = [Ao, po, Bj]" is based on the scores. The quasi log likelihood function of (2.1),
as if €,;’s were i.i.d. normal, is
1
InL,(6) = =5 In(2m0?) + 1 [Sy(N)] + 1 [Ra(0)] — 5 56, ($)en(d).
where ¢ = [\, p, B, 0 = [¢,02), Ru(p) = I, — pMy,, Sp(\) = I, — AWy, and €,(¢) = Rn(p)[Sn(N)yn —
X,.3]. The first order derivatives of In L,, () are

alnaLAn(e) = — WS, (V)] + %Gk(sb)Rn(p)Wnyn, (3.1)
5”“8/3;(9) = — tr[M. Ry ()] + %e;((ﬁ)Mn[Sn()\)yn X8, (3.2)
DLl X enlo), 53
Oln Ln 0 n 1 ,

802() = 307 tggaen(@enl@). (3.4)

By (3.3), for given v = [, p|’, the QMLE of 3 is
B(7) = [XL R (p) Ru(p) Xn] ™' X1, R, (0) R (9) S (N s (3.5)

by (3.4), for given ¢, the QMLE of 02 is 62(¢) = L€/, (¢)en(¢). We shall derive a root estimator 4 of

Y0 = [Ao, po]/, then evaluate 3(7) at 4, and finally evaluate 62().

Substituting 62(¢) into (3.1)-(3.2), we derive the nonlinear moment vector
M (¢) = [M1n(9), m2n (), ms, ()], (3.6)

where m1,(¢) = €,(0)Rn(p)Wayn — %E;L((Zs)%(qﬁ) tr[WnSgl(/\)], Man (@) = €,(¢) Mp[Sn(N)yn — XnB] —
Lel (9)en (o) tr[Mn Ry (p)], and msn(¢) = X, R, (p)en(¢). To derive a simple root estimator of p, we
investigate my,(¢) at ¢o, which suggests a modified moment vector. Since y, = S, ' X80 + S, ' R, ‘e,
Mn(¢0) = [€),Gnen + €, RaWnS: 1 X0 B0, €, Trén, €, Ry Xy]', where G, = R,W,S; 'R — %tr(WnSgl)In



and T, = M,R;* — Ltr(M, Ry )1, Let ¢ = [\, 5,5), Ry, = Ru(p) and S, = S,,()). Denote Gyq =
Rang,lele — %tr(angl)In and T,y = Mn}?gl — %tr(MnRgl)In if €,;’s are homoskedastic; and
Gpa = Rang,;lRle—diag(Rang,le;l) and T,y = Mnf%;l—diag(MnR,jl) if €,,;’s are heteroskedastic.

We consider the modified moment vector:

1 (0) = [€,(0)Graen(8) + €, (8) R Wi Sy ' X3, €1,(0) Trden(9), € (¢) RnXon)'- (3.7)

The plim,,_, %mn (o) is zero, because é’nd and Tnd have zero traces for the homoskedastic case, and zero
diagonals for the heteroskedastic case. Since énd and Tnd play the role of quadratic matrices for moments
in €,(¢), the initial estimates X and p in Gra and T,g will not affect the asymptotic distribution of an
MME derived from m,(¢). Neither will the estimated IVs RanS’g 1X,,3 and R,X,. For a very large n,
e.g., n = 10%, computing S’; Vand T —1 even once can be demanding. We suggest to use Zf:o S\WﬁL and
Zf:o pM? for some natural number k to approximate, respectively, Sg L and T,; 1. In general, we consider

root estimators based on the moment vector:

gn(9) = [%(‘Z’)énd,ken(é) + Eg(é)Rangngnéa 6;(¢)Tnd,k6n(¢)a 6;1((1)).[—:3an]/, (3.8)

where énd’k and Tnd,k are derived by replacing the involved S’; Land Tn_ Lin énd and Tnd with, respectively,
Zf:o S\Wfl and Zf:o pM:.3 When k = oo or is sufficiently large, gn(¢) = ().

A root estimator of pg

Let g1n(Ple) = 6%(¢)Tnd,k€n(¢) and an(paT/) = [E;z(gb)énd,ken(d)) + 6%(¢)}~2an5'ng”5~, 6;1(¢)Ran],a
where n = [\, 8']’. The moments ¢1,(p,n) and g2,(p,n) are subvectors composing ¢, (¢), which are the
derivatives of the quasi log likelihood function with respect to p and 7. To focus on the estimation of pg,

we consider roots of the C'(«)-type moment:

Gn(p, 1) = g1n(p, 1) — énpg2n(07 n) = alnPQ + binp + c1n =0, (3.9)

~ b 5,7i) /O 5,77) \ — - ~ ~ ~ B ViNe. - . ~ I ol
where Cp,, = glgéf’ n)( g257§f’ 77)) L ayn, = @), M} Tha x Myt —Chy (“nMnG%dka"“”> with 4, = Spyn— X0,

i =) ~ A [ EMLGE) i, M) Ry Wi St X
bl - _u, M/T(s) u —|—C Un Vin S g, Un “nn nWnon n
n n-"n"nd,k“n np X{lR’nMnﬂn ,

!, G, kln+ily Ra Wy Snt X
X! R iin
totic impact of 77 on the GMM estimator of py from (3.9), since the derivative of G, (p,n)/n with re-

and ¢y, = ﬁ%fnd’kﬂn — énp ( > The moment G, (p, ) eliminates possible asymp-
spect to n at (po,7m0) converges to zero in probability. The consistent root estimator of py derived
from (3.9) will be asymptotically as efficient as the (joint) GMM estimator of py derived from solving
(91 (P, M), g5, (p, )] = 0, since the number of moments in g, (p,n) is equal to the number of parameters

in 7 (Jin and Lee, 2020). By an analysis similar to that in the last section, the consistent root estimator

3For S’{l in RanS';anB, we do not replace it with Ef:o S\W,’f, since the vector gngnB can be efficiently computed

using Gaussian elimination.



p of pg is

—by, — /b2 — 4 1 1
In In — 2UnCIn 56 Sl Zdy, > 0; and p = if plim —dy,, < 0,
2a1p n—oo 1 2a1p, n—oo 1
(3.10)

—b1, + b%n —4daincin

p=

- ~ - = ~ ~(s) . ~ ~
where dy, = u, M), T(S)ken — Chyp (“%Mrllind,ken> with €, = R,,tn,.

n=nd,

A root estimator of )\

Denote 7 = [p, B]'. Let g1n(\,7) = eg(qﬁ)énd’ken(gb)—l—eg((;S)RangngnB and go, (A, 7) = € (&) Trapen(9),
¢! (¢)RnX,) be components of g,(¢) in (3.8). We consider roots of the C'(a)-type moment

gln(A7 7:) - énkQ?n(Ay 7:) = a2n>\2 + b2n)\ + cop = 0, (311)

where Gy, = 6915‘9,?) (89239,?))71, Aoy = (Wnyn)’R;@nd,kﬁanyn — O ((Wnyn)/ég%d,kRanyn> , by, =

~ o~ ~ ~ ~ o~ ~ ~ ~ 15 7(8) B _ 3
*(Wnyn)/RLLGgg’kRn(yn*Xnﬁ)*(Wnyn),R%RanSrthnB+Cn)\ <(Wnyn)£n};ﬂj~{’k$(5n Xnﬁ)) 5 and ¢z, =

(9 = X0 B) B, Gt R = XaB) + (g = X0 BY R R Woi 71008 = Gy (50l =050 )

The consistent root estimator \ of Ao is

< —boy — /D2 — dazncan 1 < —bon + /02— dazncan
A= 2 2n — 20200 e i Ty, > 0: and A = —o2n V0 — 202nC2

1
if plim —do, < 0,

2a9y, n—oo 1 2a9y, n—oo 1
(3.12)
_ 17 Ai(s) oy Gy A Wayn) BLTS) ,
where do, = (Wyyn)' R,G, €0 + (Whyn) R, R, W, S, X 8 — Ch g . With the root
’ nttnttn nYn

estimator 4 = [), p]’, an estimator of 8y can be 8 = 3(%) in (3.5).

We provide regularity conditions for the consistency and asymptotic normality of 45 = [5\, 0, B’ |’ below.
Replacing the estimated parameters in énd’k and Tnd’k by their true values yields the matrices G4 and
Tnik. Denote Dy = RyWiSy ' RyY, Hy = Iy — RuXo(X,R,RaX,) "X, RY, By = tr(GY), GraSn) +

3 3 _ tr(G)  TnaSn) tr(T8), GraSh)
(RanSn anﬁO)/Hn(RanSn an/BO)a \I’n = on — L ) L y
(%) TnaSn)

af, = tr(Ry M) Tg oM Ry ) — t0(TL5), ) tr( Ry M), Gra Mo Ry, ' 50) =, (3.13)

a;n — (RanSEIXnﬁo),Gnd,k(RanSngnBO) + tr(D;—LGnd,anEn)
—t0(G)  TaSn) 1 (T TnaSn) [(Ra Wi Sy X0 B0) Tk (R WSy, L X o) + tr(Dly Tk D S)].
(3.14)

Assumption 3. (a) |A\oW,| < 1 and ||poMy,|| < 1. (b)lim, %X;R;Ran is nonsingular, lim, %En +
0 and lim,, o %tr(TéZ)’andZn) #0. (¢) limy_00 %a“{n #£ 0 and lim,,_ %agn #0. (d) limy,— s %\I/n #0.

Under Assumption 3(a), Gpar = Gnpg and Thqr = Tpq when k = oco. Assumption 3(b) guar-
antees the existence of C‘np and C’m for large enough n. When ¢,;’s are homoskedastic and k£ =
00, tT(T,(LZ),andEn) = %%tr(TTEZ)TT(LZ)) > 0 and tr(GS}’andEn) > 0. As H, is a projection matrix,
(RoW,n S, X0 80) Hn(RaWy, S, X, 80) > 0. Under Assumption 3(c), the moment equations (3.9) and

(3.11) are quadratic in their unknown parameters. Assumption 3(d) guarantees the nonsingularity of the



gradient of g, (¢) at ¢ for the asymptotic distribution of the root estimator. When k = oo and €,;’s are
tr(G) ) TnaSn) tr(T5) ) GraSn)

tr(T.5)  ToaSn)

in ¥, is non-negative by the Cauchy-Schwarz

homoskedastic, tr(fod)’andZn) —
inequality.
We compare our root estimator of ¢g with the QMLE in the homoskedastic case, and with the MME
derived by solving h,(¢) = 0 in the heteroskedastic case, where
hn(9) = [, (0)Rn(p) Wy — €,(¢) diag(Rn(p)Wn S, (MR, (p))en(9),
eln((ﬁ)Mn(Sn(A)yn - Xnf) — G;L(d’) diag(Manll(p))en(gzﬁ), fn(d’)Rn(P)Xn]lv

with E[hn(d0)] = 0. When ¢,;’s are homoskedastic, let 3 = E(e3,), s = E(e+;), and ¢* be the QMLE of
¢o; when €,;’s are heteroskedastic, let ¢* be the MME derived from solving h,(¢) = 0.

Theorem 2. Under Assumptions 1-3, \/ﬁ(qg — o) LN N(O, lim,,—s 00 P;dlk(Qnd,k + And’k)f‘;_dlk), where

tr(GY) 4 GrnaSn) + (RaWa Sy X Bo) (RaWa Sy Xfo)  t1(GL)  TnaSn)  (RaWn Sy X0B0) R X

ik =~ (T35 Gran) (1), Tuasn) 0
X! R Ry WS X, fo 0 X' R Rp X,
) D, (G B TnakSn)  (RuWaSy ' X0Bo) SR X
Qnai =~ (L) S GranSn) (T S0 T Sn) 0 :
X! R ¥, R, W,,S 7t X, Bo 0 X' R YRy X,

with ®,, = tr(GSCg’kEnGnden) + (RyWn S X0 80) S (R W S5t X0 Bo), Apngr = 0 in the heteroskedastic

case, but in the homoskedastic case,

(:U’4 - 303) Z?zl gidk,ii + M3(RanS;1XnBO), VeCD(Gnd,k) * *
Ang e = ” (14 = 300) D01y Gndkiitndk,ii + #3(RaWnSy ! XnBo) veen (Thak) (14 — 300) Yoy tagy i
,ng;LR;L VeCD(Gnd,k) ,U,3X7,1R;1 vecp (Tnd,k) 0

where Grg k= [Gndk,ij); Tndk = [tndk,ij], and vecp(A) is the column vector formed by the diagonal elements
of a square matriz A. When k = oo and Assumption S.1 for the QMLE and MME in the supplementary

file also holds, /(¢ — ¢o) = v/n(¢* — do) + 0,(1).

This theorem shows that the root estimator gZA) with & = oo is asymptotically as efficient as the QMLE
of ¢ in the homoskedastic case, and as the MME ¢* from solving h,(¢) = 0 in the heteroskedastic case.
AsT'q involves R, Land S, 1 when the sample size is large, it is computationally demanding to use Lnak

for inference purposes. Since limy, ;o I'ngx is the probability limit of —%aggé?o), I'nar can be estimated

by —%8%"7(1)(?). In the homoskedastic case, if €,;’s are normal, A4 = 0 as uz = 0 and py — 3061 = 0. In the

€2 ~2

heteroskedastic case, I'yq; and €4 can be estimated by replacing ¥,, in them with diag(é;,,. .., €,

) as

in White (1980), and replacing other true parameters with their root estimates.

4 Monte Carlo

We implement some MC experiments on our root estimators. The settings are described in the supple-

mentary file. Our root estimators have similar performance to the QMLE and MME in terms of biases



Table 1: Computational time of estimates

Homoskedastic case Heteroskedastic case
)\0 = 0.2, PO = 0.2 )\0 = 0.57 PO = 0.5 )\0 = 0.2, PO = 0.2 )\0 = 0.5, PO = 0.5
MLE RE RE5 MLE RE RE5 MME RE RE5 MME RE RE5

n=10% 1.4(22.7) 20.1 0.2 2.3(37.9) 25.6 0.2 1558.3 20.7 0.2 44974 24.1 0.2
n = 10° 41.2 - 2.7 64.6 - 24 - - 2.4 - - 2.4
n =108 455.7 - 25.1 772.5 - 25.3 - - 25.0 - - 25.0

The table reports the average time in seconds for computing each estimate once. Each estimate has been
computed 5 times. For the QMLE with n = 10*, numbers in parentheses are the time for computing both
the QMLE and its standard error. The results are from Matlab 2019b on a desktop computer with an Intel
Core (TM) I7-8700 CPU and 16 gigabyte memory.

and dispersions, as seen from the supplementary file. Here we report the computational time of estimates
in Table 1. RE denotes the root estimator with the quadratic matrices G’nd and Tnd, and RE5 denotes
the root estimator with (N}nd’5 and Tnd’5. Although the inverses 5‘5 I and R; I only need to be computed
once for RE, it takes most time. As the moment function of MME involves matrix inverses with unknown
parameters, MME takes much longer to compute than MLE, RE and RE5. With n > 10, matrix in-
verses would not be computable on a desktop computer with 16 gigabyte memory. By using algorithms
for sparse matrices in Matlab, the MLE can be computed relatively efficiently without using derivatives
that involve matrix inverses. But the standard error of the MLE involves matrix inverses, which need to
be computed. RE5 can be computed very fast. With n = 10%, RE5 takes about 25 seconds to compute,
while the MLE takes more than 7 minutes and the standard error of MLE would not be computable on

a desktop computer.

5 Conclusion

This paper proposes simple closed-form root estimators for the SARAR model in both the homoskedastic
and unknown heteroskedastic cases. We derive a simple initial consistent closed-form estimator and
investigate closed-form root estimators. Our root estimator can be asymptotically as efficient as the
QMLE in the homoskedastic case. Our Monte Carlo results show that our root estimators perform well

in finite samples. They are computationally much faster than the QMLE and MME.
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