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Abstract

This paper considers the generalized method of moments (GMM) estimation of a spatial
autoregressive (SAR) model with SAR disturbances, where we allow for endogenous regressors
in addition to a spatial lag of the dependent variable. We do not assume any reduced form
of the endogenous regressors, thus we allow for spatial dependence and heterogeneity in
endogenous regressors, and allow for nonlinear relations between endogenous regressors and
their instruments. Innovations in the model can be homoskedastic or heteroskedastic with
unknown forms. We prove that GMM estimators with linear and quadratic moments are
consistent and asymptotically normal. In the homoskedastic case, we derive the best linear
and quadratic moments that can generate an optimal GMM estimator with the minimum

asymptotic variance.
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1 Introduction

Spatial autoregressive (SAR) models are popular spatial econometric models in empirical research.

Various estimation methods for SAR models have been considered, including, among others, the
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two stage least squares (2SLS) (Lee, 2003), the quasi maximum likelihood (QML) (Ord, 1975;
Lee, 2004), and the generalized method of moments (GMM) (Lee, 2007). QML is relatively com-
putationally intensive, since it involves the computation of the determinants of square matrices
with their dimensions equal to the sample size. GMM can employ both linear moments charac-
terizing instrumental variables (IV) and quadratic moments capturing spatial dependence, which
are motivated from the QML estimation. Thus, GMM estimators are generally more efficient
than 2SLS estimators. They are also computationally simpler than QML estimators, because they
avoid the computation of determinants. The generalized spatial two stage least squares (GS2SLS)
in Kelejian and Prucha (1998) is a multiple-step method specially designed for SAR models with
SAR disturbances (SARAR models). It is computationally simple, but parameters in the equation
for the dependent variable are estimated using only linear moments. When innovations in SAR
models are heteroskedastic with unknown forms, the GMM and GS2SLS estimators are studied in,
respectively, Lin and Lee (2010) and Kelejian and Prucha (2010). Liu and Yang (2015) propose
a modified QML method, where QML first order conditions are modified to be valid under un-
known heteroskedasticity and consistent estimators are derived by solving the modified first order
conditions.

SAR models that allow for endogenous regressors in addition to spatial lags of the dependent
variable have also been studied in the literature. Fingleton and Le Gallo (2008) and Drukker et al.
(2013) investigate the GS2SLS estimation, Liu (2012) considers the limited information maximum
likelihood (LIML) estimation, Liu and Lee (2013) study the 2SLS estimation, and Liu and Saraiva
(2015) propose the GMM estimation. As for SAR models without endogenous regressors, likelihood
based methods are relatively intensive in computation, and GMM can be computationally simple
and relatively efficient asymptotically. Gupta and Robinson (2015) and Gupta (2019) have also
considered the 2SLS estimation of SAR models with endogenous regressors, in the context of
increasingly many parameters or stochastic spatial weights matrices.

We note that Liu and Saraiva (2015) assume a linear reduced form for endogenous regressors
when considering GMM estimators.! The reduced form excludes any spatial dependence and
heterogeneity in the endogenous regressors, which might arise for spatial variables. It also excludes
any nonlinear relation between the endogenous regressors and their IVs. As the reduced form is
used to form moment conditions, if it is misspecified, then the GMM estimators will no longer
be consistent in general. Fingleton and Le Gallo (2008) and Drukker et al. (2013) have not
assumed reduced forms for endogenous regressors when they consider the GS2SLS estimation, but
the GS2SLS estimator is asymptotically less efficient than the GMM estimator that employs both

linear and quadratic moments, as mentioned above.

LA reduced form is also assumed in Liu (2012) when the LIML estimator is considered. It is needed to form a

proper likelihood function.



In this paper, we consider the GMM estimation of an SARAR model with endogenous regres-
sors, by employing both linear and quadratic moments. Firstly, we do not impose any reduced
form of endogenous regressors. Secondly, we study both the cases with homoskedastic and het-
eroskedastic model innovations. Thus, our paper extends the study on SAR models with unknown
heteroskedasticity to the case with both unknown heteroskedasticity and endogenous regressors.
We prove that GMM estimators are consistent and asymptotically normal under regularity con-
ditions. Lastly, in the homoskedastic case, among a class of GMM estimators with linear and
quadratic moments, we derive the best one with a minimum asymptotic variance. The best GMM
estimator can guide our selection of linear and quadratic moments.

This paper is organized as follows. Section 2 studies large sample properties of our proposed
GMM estimators, Section 3 reports some Monte Carlo results on the finite sample performance of

our GMM estimators, and Section 4 concludes. Proofs are collected in an Appendix.

2 GMM estimation

We consider the following SAR model with SAR disturbances and endogenous regressors:

where n is the sample size, Y, is an n x 1 vector of observations on the dependent variable,
W, and M, are n x n spatial weights matrices with zero diagonals, Z, is an n X k., matrix
of observations on endogenous regressors, X,, is an n X k, matrix of observations on exogenous
regressors, €, = [€u1, ** , €nn) 1S an n X 1 vector of independent disturbances with zero means, A
and p are scalar spatial dependence parameters, v is a k, x 1 parameter vector, and §is a k, x 1
parameter vector. The exogenous variable matrix is assumed to be nonrandom for simplicity,
and Z, is stochastic. The spatial weights matrices W,, and M,, may or may not be the same in
practice. We shall consider both the case where €,,’s are i.i.d. with mean zero and variance o3, and
2

the case where €,,;’s are independent with mean zero but they may have different variances o;,’s.

Let 0 = [\, p,7, '] and 0y = [N, po, Vg, Bo) be the true value of 6. Denote S,(\) = I, — AW,
R.(p) = I, — pM,, S, = S,(N\o) and R, = R,(po), where I,, is the n x n identity matrix.? Provided
that S, and R, are invertible, Y,, = S 1 (Z,v0 + X..50 + R 'e,).

Fingleton and Le Gallo (2008) and Drukker et al. (2013) have considered the GS2SLS estimation
of model (1) with homoskedastic €,;’s. The GS2SLS estimation has several steps, which makes
the computation easy, but the derivation of the joint asymptotic distribution of final estimators
is relatively complicated. For the estimation of the parameters A\, v and § in the equation for Y,,,

only linear moments are used, but quadratic moments are not.

2A list of notations is provided in Appendix A for convenient reference.



Liu (2012) and Liu and Saraiva (2015) consider the estimation of model (1) with no SAR
process on u,, where u, = €, and Z, contains a single endogenous regressor. They assume that

Z, has a reduced form
Zn = F,0 + v, (2)

where [}, is an n X k; matrix of exogenous variables, ¢ is a ky x 1 vector of coefficients, and
v, is a vector of ii.d. disturbances which may correlate with €, in (1). The reduced form (2)
specifies a fixed and restrictive linear relation between Z, and F),. It does not allow for spatial
dependence in Z,, unless variables in F;, show spatial dependence. The i.i.d.disturbances also
exclude heterogeneity in Z,. With (2) imposed, Liu (2012) considers the LIML estimation, and
Liu and Saraiva (2015) consider the GMM estimation with moment conditions that are linear and

quadratic forms of [€/,v/]" at the true parameter values. Thus, if (2) is misspecified, then their

estimators will be inconsistent in general.
We consider the estimation of model (1) without imposing a reduced form of Z,,. As no reduced
form is imposed, a likelihood or quasi likelihood function might not be formulated. We investigate

a GMM estimator with the following moment vector:

1

gn(9> - n [e;(H)Pmen(Q), T EZ(H)PkanTL(e)? €;L<0)Qn],7 (3>

where €,(0) = R,(p)[Sn(N\)Y, — Z,yv — X,.5], Pjn’s are n X n matrices, and @, is an n X k,
IV matrix. The total number of moments k;, = k, + k, is non-smaller than the total number
of parameters kg = 2 + k., + k. In the homoskedastic case, Pj,’s are required to have zero
traces, as E(e, Pj,e,) = of tr(Pj,); in the heteroskedastic case, Pj,’s are required to have zero
diagonals, as E(€], Pj,e,) = tr(P;,%,) is a weighted sum of the diagonal elements of P;,,, where 3J,, =
diag(o2,,...,02,) is a diagonal matrix of 02,’s. The P;,’s can be, e.g., W,,, M,,, W2 — I, tr(W2)/n
and M? — I, tr(M?)/n in the homoskedastic case, and they can be W,, M,, W? — diag(W?2)
and M? — diag(M?) in the heteroskedastic case, where diag(A) for a square matrix A denotes a
diagonal matrix formed by the diagonal elements of A. The quadratic moments for SAR models
are motivated from the QML estimation, which may significantly improve the estimation efficiency
for SAR models (Lee, 2007; Lin and Lee, 2010). If Z, has an IV F,, then the IV matrix @, can
be the matrix formed by the independent columns of [X,,, F,,, W,, X,,, W, F,,, W2X,,, W2F,]. The
GMM estimator Oy Wwith the moment vector gn(0) and a weighting matrix a,a,, has the objective

function

min g0, (0) a5, 00,9, (6), (4)

where © is the parameter space of ¢, and a, is a k, X k, matrix with a limit ay by design. Here
the row dimension k, can be greater or non-greater than &, for generality.

Some basic regularity conditions are summarized in the following assumptions.



Assumption 1. Fither (a) €,;’s in €, = [n1, - - -, €nn) are i.i.d. (0,02) and the moment E(|e;|*™)
exists for some v > 0, or (b) €,’s are independent with mean zero and variances o2,’s, and

SUD,, SUP; <<, B([eni] ) < 00 for some ¢ > 0.7

Assumption 2. The W, and M, have zero diagonals, and {W,}, {M,}, {S;'} and {R;'} are

bounded in both row and column sum matrix norms.

Assumption 3. Elements of X,, and E(Z,,) are uniformly bounded constants, and lim,, ., %X;Xn

exists and is positive definite.

Assumption 4. Elements of Q),, are uniformly bounded constants, and {P;,} for j =1,...,k, are

bounded in both row and column sum matriz norms.
Assumption 5. The parameter space © of 0 is a compact subset of R¥e .

In Assumption 1, the existence of moments of disturbances with an order higher than four
is for the applicability of a central limit theorem for linear and quadratic forms in Kelejian and
Prucha (2001). In Assumption 2, the diagonal elements of W, and M,, are required to be zero
to exclude self-influence. The boundedness condition on spatial weights matrices, originated in
Kelejian and Prucha (1998, 1999), is a standard condition in the spatial econometric literature
that limits the degree of spatial dependence to be manageable. Since the analysis involves the
matrix inverses S, and R, !, they are also assumed to be bounded in both row and column sum
matrix norms. In Delgado and Robinson (2015) and Gupta and Robinson (2018), the consistency of
relevant estimators is proved under the assumption of boundedness in the spectral norm of related
matrices, although asymptotic distributions are still proved under the assumption of boundedness
in the row and column sum norms. Since the spectral norm is non-greater than the row and
column sum norms, their assumption is weaker. We also provide in Appendix D a proof of the
consistency of our GMM estimator under the weaker assumption. As in Lee (2004), elements of
X, are assumed to be nonstochastic for simplicity in Assumption 3. In Assumption 4, elements
of (), are also assumed to be constants, as (),, can be functions of X,,, W,,, M, and other IVs;
and the boundedness condition on Pj,’s is similar to that on W,, and M,, as P},’s relate to W,
and M,,. The compactness of the parameter space in Assumption 5 is standard for an extremum
estimator.

We now discuss the identification condition for lim,,_,~ E[g,(0)] to be uniquely zero at 6 = 6.
Denote Z, = E(Z,) and Z,, = Z, — Z,. Due to the endogeneity of Z,, cov(Z,,e,) # 0. Using
Y, =S, Y (Zu0 + Xufo + R, 'e,), we have

E[Q;ﬁn(e)] = Q;En (9), (5)

3In the homoskedastic case, as pointed out by an anonymous referee, we may omit the subscript n of €,;’s, e.g.,

denote €, = [e1, - ,&,]". But in the heteroskedastic case, we need the subscript n for €,;’s, in order to show that

€ni can have different variances for different n.



Ele, (0) Pinen(0)] = &,(0) Pinén(0) + E[€,(0) Pjnén(0)), (6)

n

where

En(e) = Rn(p)[()‘o - )‘)Tn(Zn’YO + Xnﬁo) + Zn('VO - 7) + Xn(ﬂo - 5)]7 (7>
€.(0) = Ru(p) [R;len + (Mo — A)Tn(ZnVO + R;1€n> + Zn('YO -7l (8)

with T, = W,,S;1. When ()\,7,8) = (Ao,70,50), as €,(0) = 0, E[Q)e,(0)] = 0 for any p, so the
linear moments alone are not enough to identify the parameter py in the disturbance process. But
it is possible to identify other parameters from the linear moments. If lim,,_, %Q;Rn(p) [T,(Znyo+
XB0), Zn, Xp) has full column rank for any p in its parameter space p, then the linear moment
part of lim, . E[g,(0)] = 0, ie. lim, o + E[QL€,(0)] = 0, implies that (X, v, 8) = (Ao, 70, 50)-
It is possible that lim,, . %Q;Rn(p) [T, (Znyo + X0nf0), Zn, Xy has reduced column rank for some
p € p, then the identification of some parameters in (A, vy, ) would reply on the quadratic moments.
Sufficient conditions for lim,,_, E[g,(#)] to be uniquely zero at 6 = 6, is presented in the following

assumption.

Assumption 6. Either (i) lim, o +Q Ry (p)[T0(Z0v0 + X0B0), Zn, Xy] has full column rank for
any p € p, and (C.2) or (C.3) holds; or (i) lim,_ e +Q), R,(p) X, has full column rank for any
p € p, and (C.4) holds.

Lemma 1. Under Assumption 6, for 0 € O, lim,,_,o E[g,(0)] is uniquely zero at 6 = 6.

The identification conditions in Assumption 6 can be compared with the corresponding As-
sumptions 7-8 in Drukker et al. (2013). The estimation in Drukker et al. (2013) is carried out
in several steps, where the parameters (\, v, ) are estimated by 2SLS and the parameter p is
estimated with moments quadratic in residuals computed using the first step estimate, thus their
identification conditions are more similar to the conditions in Assumption 6(7), where (\,~, 8) is
identified from the linear moments and p is identified from the quadratic moments. Since our GMM
approach estimates p jointly with (A, v, 8), unlike that in Drukker et al. (2013), our rank condition
on lim,,_, %Q;Rn(p) [T,,(Znvo + X0nfo), Zn, X, involves p € p. Assumption 8 in Drukker et al.
(2013) is in terms of the minimum eigenvalue of a relevant matrix, while our corresponding condi-
tion (C.3) requires some matrices to have full rank in the limit, which seems to be more explicit.
Furthermore, as (A,7, §) is estimated jointly with p in our approach, some of the parameters in
(A, 7, 8) can be identified from the quadratic moments, thus we have the identification condition
in Assumption 6(ii).

While Assumption 6 guarantees lim,,_,, E[g,(0)] to be uniquely zero at 6 = 6y, it is necessary
but may not be sufficient for lim, . a, E[g.(6)] to be uniquely zero at § = 6,. Note that the

dimension of a, is k, X k,, where k, can be smaller than k,. For example, [k — ko, 7 — 1) = 0

6



implies that [k, 7] = [Ko, To], but (k —kg) + (7 —70) = 0 does not have the implication. If lim,,_, ay,
has full column rank, where k, > k,, then Assumption 6 is sufficient for lim,,_,, a,, E[g,(8)] to be
uniquely zero at 6§ = 6y. As we would like to consider a general class of GMM estimators with
the weighting matrix a,a, and investigate the optimal choice of a} a, as in Hansen (1982), the

following assumption is imposed.
Assumption 7. lim, . a, E[g,(0)] is uniquely zero at 6 = 6.

The following assumption contains some technical conditions needed for the consistency of the
GMM estimator éGMM.

Assumption 8. 2Q! A, Z, = 0,(1), and for eachj =1,. 1T;PJSHA Zn = 0,(1),
1Z;LB1/1‘P]STLA Z . E(Z;LB;’L‘P]STLA Z) - OP( ) nC;LP)]SnA Z E(EnC;LP)]SnA Z) = OP(]'>7
1E(ZT’LB;ZPJSHA Z,) = O(1) and ~ E(e,C) P Ay Z) = 0(1), where Y,, = [YT1,, M, T1,] with

Y1 = [TnZn, Tn X0, Zny X,]; An and B, are either I,, M,, T, or M,T,; and C, = I,, H,,
T.R' or M,T, R .

If the endogenous regressors Z, have the reduced form (2), it is straightforward to verify
Assumption 8. Since we do not assume a reduced form of Z,, we impose the convergence and
order conditions in Assumption 8. As mentioned above, we may allow for spatial dependence and
heterogeneity in Z,,. In those situations, the conditions in the above assumption can be verified by
the law of large numbers for spatial near-epoch processes, which are processes with weak spatial
dependence developed by Jenish and Prucha (2012). Based on spatial near-epoch processes, the
supplementary file of Jin and Lee (2018) provides some primitive conditions for orders of terms
similar to those in the above assumption. Thus, we maintain the relatively high level assumption

above for simplicity. The consistency of éGMM holds under the above assumptions.
Proposition 1. Under Assumptions 1-5 and 7-8, the GMM estimator QAGMM 18 consistent.

As usual, to derive the asymptotic distribution of éGMM, we require 0y to be in the interior

int(O) of the parameter space O.
Assumption 9. 0, € int(0).

The variance matrix ,, of \/ng,(fy) can be derived by, e.g., Lemma 2 in Jin and Lee (2012) on
the covariances of linear and quadratic forms. For any square matrix A, let A°* = A + A’, vec(A)
be the vectorization of A, and d4 be a column vector formed by the diagonal elements of A. When

€ni S are i.i.d., €2, has the expression

(9)

0.4
1 ((,u40 — 308w ywnd + Lawn uaow;dczn>
n

Q, = -
M30Q;1wnd USQ%Qn
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where fi30 = E(Eiz‘)7 Hao = E(én‘)? Wnd = [dpy,, " vdean and w, = [vec(Py,), - 7V€C(Pkspn)];

when €,;’s are heteroskedastic, as Pj,’s have zero diagonals,

1 (i, w,
Q, = — [ 2 : (10)
n Q720 Qn

where wy, = [Vec(ZimpfnZ,l/z), e ,Vec(Ei/QP,fan,l/z)} with £/? = diag(op1, ..., 0nn). Astr(AB) =
vec'(A") vec(B) for two conformable square matrices A and B, the (j, k)th element of w/w, is
tr(P5, Pg,), and the (j, k)th element of w; ,wny is tr(X, P, X, Fy,).

The gradient matrix G,, = E(agg—é?o)) has the following expression:

B(e, Py BnGn) E(e, Pi, Huen)  E(e,Pi,RuZ,) 0
1 : : : :

Gn = —— -~ Y (11>
" E(dzpksannCn) E(e%P,ﬁannen) E(E;zplfannZn) 0

where ¢, = T(Zyv0 + R;'en). For Oeany tO be \/n-consistent, lim,, ., a,G, needs to have full
column rank, for which a necessary condition is that lim,,_,., GG,, has full column rank. The following

Assumption 10 guarantees that lim, ., GG,, has full column rank. Let

1
Gipn=—— : : : : (12)
E(e, P RnCn) E(€, P, Huen) E(€,Pf  RnZy)

kpn

Assumption 10. In the case of Assumption 6(i), lim, % E(e, P: Hpen) # 0 for some 1 < j <

n* Jn

ky,; in the case of Assumption 6(ii), lim, . Gin has full column rank.

In the case that lim,, . + Q% R () [T0(ZnY0+X050), Zn, X, has full column rank for any p € p,
which is a condition in Assumption 6(i), the above assumption excludes the second situation in

(C.3), where each lim,, % E(e, P;, Hnen) is zero.

Proposition 2. Under Assumptions 1-5 and 7-9, if lim,,_.o a,,G,, has full column rank, the GMM

estimator éGMM has the asymptotic distribution

A~

V(O — bo) o N(Ov lim (G,na,nanGn)_IG/nCL;LCLnQna/nCLnGn(G/nCL;LCLnGn)_1>'

n—oo

The gradient matrix G, in (11) involves the correlation between Z, and €, with an unknown

form, thus the explicit expression of G,, cannot be used to estimate (G,, using a plug-in approach.

However, GG,, can be estimated by W. Since each element of g,(#) is a polynomial function
of 6, by the proof of Proposition 2, W is a consistent estimator of lim,,_,, G,,.

8



As in Hansen (1982), the optimal weighting matrix a/,a, is the matrix inverse ;! of the
variance matrix. To formulate an optimal GMM (OGMM) estimator, lim, . €2, needs to be
invertible, which implies that €2, is also invertible for a large enough n. Let £ = ‘/75(%9 —1-— ’2‘—%)1/ 2

Ps, o = §diag(P;,) +[P5, —diag(Py,)] and wye = [vec(Py, (), - - ,Vec(P,fpn’g)].4 By Jin et al. (2020),

2, in (9) in the homoskedastic case can be rewritten as

(13)

n

0 — l (MBO ndwnd+ anwng M30wndQn>
M30annd UOQ;LQn

Then the following assumption guarantees that lim,, ., €2, is positive definite.

Assumption 11. In the case of Assumption 1(a) with homoskedastic disturbances, lim,, lQ’ Qn
2"‘30

and lim,,_,~ 1{ Wl — Qn(QLQn) Q) ]wnd—l—wngwng} are nonsingular; in the case of Assump-

tion 1(b) with heteroskedastzc disturbances, 1im,,_, %Q; n@Qn and lim,, . %thwnh are nonsingu-

lar.

For a block matrix £ = (4 B), where A and D are square matrices, if D is invertible, then

I —BD'\ (A B I 0\ (A-BD'C 0 o
0o I ¢ p)\-bp'c 1) 0 D) (14)

Thus, if D is invertible, then E is invertible if and only if A — BD~!C is invertible. In Assumption

11, for the homoskedastic case, as the condition that lim,_,. €2, is positive definite implies that

lim,, 0o %Q;Qn is nonsingular, we can see by (14) that the nonsingularity of lim,, ., %{ QZ g’o w1 —
Qn(Q)Qn) Q" Jwna + wpewne § implies that of lim,, o (2,. Furthermore, (14) implies that the non-
singularity of lim,, wnd[[ —Qn(Q)Q,) 7 Q! Jw,q is guaranteed by that of lim,, .. %[Qn, Wna' [@n, Wnal-
Thus, in the homoskedastic case of Assumption 11, when psy # 0, either (i) the nonsingularity of
lim,, 00 %[Qn, Wna|'[@n, wnal or (77) the nonsingularity of both lim,, %Q;Qn and lim,,_, %wggwng
guarantees the nonsingularity of lim,,_, €2,; when pzo = 0, (i7) is required. In the heteroskedastic
case, as (1, is block diagonal, the conditions in Assumption 11 are straightforward. By the defini-
tions of wyq, wpe and wyy, if Pj,’s are linearly dependent, then wyq, wype and wy,;, do not have full
column rank and Assumption 11 is not satisfied. Thus P;,,’s should be linearly independent under
Assumption 11.

Let Qn be a consistent estimator of lim,,_,, £2,,. In the homoskedastic case, Qn can be obtained
by plugging consistent estimators of involved unknown parameters into {2,,; in the heteroskedastic
case, as in the approach of White (1980), )., can be obtained by replacing each ¥, in {2, with the di-
agonal matrix 3, = diag(e2, (Oeam); - - - » €2,, (B ) ), Where €,;(6) is the jth element of e, (6). Lin and

Lee (2010) prove the consistency of a White-type variance estimator in the heteroskedastic case for

*As (a0 — 0g)og = E[(e2; — 03)*] - E(€2;) > 3o by the Cauchy-Schwarz inequality, 2% — 1 — ’;—%’ > 0.

nt 0

9



SAR models with no endogenous regressors. For SAR models with endogenous regressors, the proof
is similar. With €, the feasible OGMM estimator Gogun i Gocun = arg mingeeg 92(9)52; 1g9,(0). Un-
der regularity conditions, Bocan is consistent and asymptotically normal, and its objective function

can be used to test for over-identification.

Proposition 3. Under Assumptions 1-6 and 8-11, if Q, = Q, + 0p(1), the feasible OGMM

estimator GAOGI\,IM 1s consistent and follows the asymptotic distribution

Vi (Bogu — 00) 2 N(0, lim (G, Q'G,) ™).

n—oo
BeSZd&S’, ng':‘b(éOGMIW)Q;lgTL(éOGI\ﬂW) i) X2(k:g - ka).

Our results above are based on a given set of linear and quadratic moments. When disturbances
are homoskedastic, there is an issue on the best selection of linear and quadratic moments (Liu
et al., 2010).> We use the analytical method in Jin et al. (2020) to derive the best linear and
quadratic moments. In their method, the variance matrix €2,, is rewritten in a form %A;An and
the gradient matrix is rewritten in a form —%A’nl“n, where I',, is properly reformulated, so that
the Cauchy-Schwarz inequality can be applied to derive a lower bound for the asymptotic variance
(G,Q-1G,)™! in Proposition 3 and the lower bound can be attained by using some IV matrix
()» and quadratic matrices Pj,’s. Let V¥, = RnTn(Zn’yo + X,.00), I, be an n x 1 vector of ones,
anp = Q — %lnl;an for any n x 1 vector a,, B,.; be the jth column of an n x k, matrix B,,
Cin = Ry E(Cue) — L tr[R, E(Cu€)]/n, Cop = H,, — L tr(H,)/n, and Coyj, = Ry E(Z, j€) —
I tr[R, B(Z, ;¢/)]/n for j = 1,... k.. Note that the sum of all elements in @, is zero, and Cj,,’s

have zero traces.
Proposition 4. Suppose that Assumptions 1(a), 2-6 and 8-11 are satisfied.

(a) The best Q,, and P;,’s that can generate an OGMM estimator with the minimum asymptotic

variance are

Q* — \Ijn — &d + IU’30 \Ijna d02n7

n 5204 2&2
2 e~
H30 ,ugo = 130 130 >
R Zn 1 — 52 chn 2§2 GR Z ce ,RnZn,-kz — 52?dckfrz’n + 2520'8 RnZn,-ch;
1130 1130
Ranfl + 52 6R X e 7Ran,~k;c 252 R Xn ke |

SWhen disturbances are heteroskedastic, the best selection of linear and quadratic moments might exist (see
Debarsy et al., 2015, for the theoretically best moments of the matrix exponential spatial specification and SAR
models with no endogenous regressors), but a best GMM estimator would not be feasible due to the unknown 3,
(Lin and Lee, 2010).

10



[Cln—dlag(Cln)]+ diag(Cy,)— 52 e dlag( ) Py = [Cy— dlag(CQn)]+ diag(Cy,),
Pz*ﬂn = [Coyjn — diag(Coyjn)] + 5% diag(Cotjn) — 555% dlag(Ran.j) for 3 =1,..., k., and

2¢202
PQ*JrkZJr] n dlag<Ran,]) forj - ]., ey kx

(b) The OGMM estimator with the above QF and P* 5,8 denoted by GB(,MM, has the asymptotic
distribution /1 (Opea — 00) 4 N(0, limn_mo(zfilfn)* ), where

" - — s [vee(diag( R, X)), -+, vee(diag( R X ,))]
%[ana On><17 RnZn] iI%n)(n

with

1 M30 4. =
I = [vec (Csn — — diag(¥,, ),Vec Csni/e)s
11 \/503 In,1/¢ 50(2) g(¥,) (C3 ,1/5)

—_—

S lu30 . ~ s
vec (Csn,1/5 — @ dlag(RnZn7_1)>, e, vec <Ckz+2,n,1/§ dlag(RnZn kz))} .
(c) When psy = 0, the IV dg,, is redundant and the quadratic matrices diag(R/}n/.j) for 7 =
1,...,k, are redundant, so Q* reduces to QY = [V, R,Z,, R, X,] and P;’s are P, =
[C}, — diag(Cjn)] + 5% diag(Cj,) forj=1,... k, +2.

(d) For Q;, and P;,’s in (a), if we use the IVs in each column of Q;, and the quadratic matrices
in each P}, separately, then Q;, = V,., RnZn, Ru Xy, dey, - - - ,dckz+27n,ln],7 and P;,’s are

Cjn —diag(Cy,) forj =1,... k. +2, diag(Cjy) forj =1,..., k. +2, diag(¥,,), diag(R,Z,..;)
forj=1,... k., and diag(R, X, ;) for j=1,... k.

When pzg = 0, Q% = [V, R,Z,, R, X,], and P:’s are P, = Cj, — diag(Cjy,) for j =

m

ke +2, and Py, = diag(Cyy,) forj=1,... k. +2.

Proposition 4(a) gives the best combined IVs and quadratic matrices, and Proposition 4(b)
provides the corresponding asymptotic distribution. Note that the asymptotic variance is given
by (IT,)~' and we do not need to compute it with the sandwich form (G,,Q,'G,)" as in
Proposition 3. The combined IVs and quadratic matrices in Proposition 4(a) are more complicated
than those separate IVs and quadratic matrices in Proposition 4(d), but they avoid the use of more

moments. Generally, the presence of endogenous regressors Z,, affects both the best IV matrix

For this estimator, in Assumptions 4, 6, 8, 10 and 11, @,, and Pj, become, respectively, Q} and P7,. Some
of the assumptions can be directly verified, e.g., some elements of @)}, can be shown to be uniformly bounded, but

some are not, e.g., the orders of terms involving Z,.
"When X,, contains [, as a column, which corresponds to the intercept term, and M,, is normalized to have row

sums equal to one, R,X, generates a column of constants. In this situation, /,, should be removed from @} to

avoid multicolinearity.
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@y, and the best quadratic matrices P},’s. But when pusg = 0, the endogeneity of Z,, i.e., the
correlation between Z, and ¢, does not affect the best IV matrix Q. although it affects the best
quadratic matrices. While Z,, and the correlation between 7, and e, are unknown, we can choose
IVs and quadratic moments according to the implications of the above proposition. If we have an
IV matrix F, for Z,, the 2SLS estimate of Z, is Z, = F,(F F,)"'F' Z,, which is an estimate of
Z,. By Proposition 4(a), as ¢, = Tn(Zuyyo + Ry 'e,) and W, = R, T0(Zuo + Xnfho), Pin’s can be

taken as

tr(7},) H30 . =

1) — diag(1l,),
)1 - e oy
Hn) —_—— —_——

1 t > A
H, — diag(H,) + & diag(H, — r(T[n), diag(R,Zp.1), - -+ ,diag(RnZn k. ) (15)

diag(Rﬁl), oe ,diag(Rnfkam)a

~

where 11,, = R, T,,(Z,70 + Xnfo), and the IV matrix @,, can be taken as

2
o2 [RyTu R Y — diag(Ra T, R:Y)] + % diag(R, T, R;" —

2
H30 H30

I, — =—d 11 amym T mm sy AH,— I, tr(Ho) /ns

[ 22 “BaTu R =l n(T) n T 9258 tr(Hn)/

2
A MBO N N MBO ~
R,.Z,. — R, Zna, Ry Z,. R, Z, k., 16
’1+25208 1 ,kz+2€208- ks (16)
IU%O o M%O o
R, X,. —— R, X, 1, -, R, X,. R, X,. ]
’1+2§208 1 ,kz+2£2ag i

When pu39 = 0, the quadratic matrices diag(Ran.l), s diag(RnZAn,.kz), diag(R/n}i.l), s diag(R;)\(:kI)
in (15) are redundant, and the IV dy, _;, tr(#1,,)/n in (16) is redundant. The unknown parameters in
Pj,’s and @), can be replaced by their consistent estimators, which will not affect the asymptotic
distribution of the corresponding OGMM estimator, as in Liu et al. (2010) for SAR models without
endogenous regressors.

Model (1) nests the special case of an SARAR model with no endogenous regressors, for which
the best IV matrix @), and the best P;,’s can be deduced from Proposition 4. We can see that the
results are the same as those in Lee and Liu (2010) for the SARAR model. Another special model
of interest nested in model (1) is the SAR model with endogenous regressors and without SAR
disturbances. We present the best linear and quadratic moments for such a model in Appendix B.

Note that & = 1 when puzp = 0 and pug = 30], e.g., when ¢,;’s are normally distributed.
In such a situation, by Proposition 4(c), Q¥ = [V, R,Z,, R,X,] and Prs are P = Cj, for
j=1,... k,+2.

3 Monte Carlo

In this section, we conduct some Monte Carlo experiments to study the finite sample performance

of the proposed GMM estimators.
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We first generate data from model (1) with no SAR process on disturbances and with one

endogenous regressor in Z,, i.e.,
Y, =W, Y, + Z,v+ X,.0 + €, (17)

where elements €,;’s of ¢, are independent, W,, is a block diagonal matrix with each block being
a row-normalized matrix for the study in Anselin (1988) on crime activities in 49 districts of
Columbus, OH, X,, contains a variable randomly drawn from the standard normal distribution,
Ao = 0.5, 7 =1, and Sy = 1. The endogenous regressor Z,, in (17) is generated from the following
model:

Zn = kWyoZ, + F,0 + vy, (18)

where F,, and v,, = [Up1,. .., U] are independent, elements of F,, and v,, are random draws from
the standard normal distribution, 6 = 1, and & is either 0 or 0.5. Each element ¢,; of €, in (17) is
equal to %vm- + \/Tng', where 7,;’s in the homoskedastic case are randomly drawn from either the
standard normal distribution or the gamma(1,1) distribution with its mean adjusted to be zero,
which has unit variance, skewness 2 and excess kurtosis 6; and 7,;’s in the heteroskedastic case are
further multiplied by /c,;, where c,; is proportional to the number of nonzero elements in the ith
row of W,, and the mean of ¢,;’s is 1. Thus, the mean of €,;’s variances is 1.

We consider three OGMM estimators in the homoskedastic case: the first estimator BGMM
is the theoretically best GMM estimator with linear and quadratic moments, with moments given in
Corollary 1(a); for the second estimator GMM?2, the IV matrix is [X,,, Fy, W, X, W, Fy,, W2X,,, W2F},],
and the quadratic moments have square matrices W,, and W?2 — I, tr(W?) /n; and for the third es-
timator GMM3, the square matrices for quadratic moments and the IV matrix are in, respectively,
(B.2) and (B.3), which are implied from the theoretically best P;,’s and @,,. In the first steps of
BGMM, GMM2 and GMM3, identity matrices are used as weighting matrices in the GMM ob-
jective functions. BGMM provides a basis for comparisons. For GMMS3, the unknown parameters
in @, and P},’s are replaced by their first step estimates for GMM2, and the redundant IVs and
quadratic matrices in the case of normally distributed 7,,;’s are excluded. In the heteroskedastic
case, the quadratic moments with diagonal quadratic matrices are removed, and the quadratic ma-
trices for other quadratic moments are modified to have zero diagonals. Corresponding to GMM2,
the GMM estimator in Liu and Saraiva (2015) with the same IV matrix and quadratic matrices
is computed for comparison purposes, which is denoted by GMM2-LS. The moment conditions in
Liu and Saraiva (2015) at true parameters are linear and quadratic in €, and v,,, so there are 2 lin-
ear moments corresponding to each IV and 4 quadratic moments corresponding to each quadratic
matrix. We also report results on the 2SLS estimator, for which the IV matrix is the same as that
for GMM2. The sample size is either 196 or 392, and the number of Monte Carlo repetitions is
5, 000.
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Table 1 reports the estimation results for the case with homoskedastic disturbances €,;’s. Note
that GMM2-LS is consistent when x = 0, but it is not when x = 0.5. We observe that all estimators
have relatively small biases when x = 0, but GMM2-LS has relatively large biases when x = 0.5
and the biases do not decrease as the sample size doubles from 196 to 392, while other estimators
still have small biases for the case with x = 0.5. When 7,;’s are normally distributed, BGMM,
GMM2 and GMM3 have similar standard deviations (SD); when 7,,’s are gamma-distributed,
BGMM and GMMS3 have similar SDs, which are smaller than those of GMMZ2. In particular, with
gamma-distributed 7,;’'s, BGMM and GMM3 show very significant efficiency improvement upon
GMM2 for the parameters v and 5. For all estimators, as the SDs dominate biases, the root mean
squared errors (RMSE) are similar to the SDs. For the case with k = 0, GMM2-LS does not always
have smaller SDs and RMSEs than GMM2. This is the case since GMM2-LS also estimates the
parameter s in the reduced form of Z,, although GMM2-LS employs more moment conditions.
2SLS has significantly larger SDs for the spatial dependence parameter than other estimators. It
also has the largest SD for 5, and the second largest SDs for +, which are only smaller than those
of GMM2-LS. As the sample size increases from n = 196 to n = 392, the SDs and RMSEs of
BGMM, GMM2 and GMM3 decrease.

Table 2 reports the estimation results for the case with heteroskedastic disturbances. GMM2-
LS still has relatively small biases when x = 0 and relatively large biases when x = 0.5, while
other estimators have smaller biases for both kK = 0 and x = 0.5. BGMM, GMM2 and GMM3
have similar SDs and RMSEs.® The patterns for the performance of 2SLS are similar to those in
the homoskedastic case.

We also generate data from model (1), where the spatial weights matrix M,, is based on the
queen criterion and normalized to have row sums equal to one, the true pg is 0.2, and other settings
are the same as those for model (17). For the theoretically best GMM estimator BGMM with
linear and quadratic moments in the homoskedastic case, the moments are given in Proposition
4. For the second estimator GMM?2, the IV matrix is [X,,, F,, W,, X,,, W,, Fy,, W2X,,, W2F,], and
the quadratic moments have square matrices W,,, W2 — I, tr(W?2)/n, M,, and M? — I, tr(M?)/n.
For the third estimator GMMS3, the square matrices for quadratic moments and the IV matrix
are in, respectively, (15) and (16), and the involved unknown parameters in the square matrices
and IV matrix are replaced by their first step estimates for GMM2. GMM2-LS is not considered
since it has not taken into account the SAR process in disturbances and thus it is not expected
to perform well. The GS2SLS estimator in Drukker et al. (2013) is also considered, which uses

8Note that BGMM in the heteroskedastic case is no longer the theoretically best GMM estimator with linear
and quadratic moments. In the heteroskedastic case, BGMM uses moment conditions modified from the best linear
and quadratic moments for the homoskedastic case, where the IV matrix is the same and the quadratic matrices

are modified to have zero diagonals.
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Table 1: Estimation results of model (17) with homoskedastic disturbances
A v B

n =196

Normally distributed 7,,’s, k =0 BGMM  -0.002[0.042]0.042 -0.002[0.072]0.072 -0.003[0.071]0.071
GMM?2 0.003[0.042]0.042  0.010[0.070]0.071 -0.004[0.071]0.071
GMM2-LS  0.004[0.038]0.039 -0.006[0.075]0.075 -0.002[0.062]0.062
GMM3  -0.002[0.042]0.042 -0.002[0.072]0.072 -0.003[0.071]0.071
2SLS 0.003[0.072]0.073  0.002[0.072]0.072  -0.004[0.072]0.072

Normally distributed 7,,’s, £ = 0.5 BGMM  0.001[0.037]0.037 -0.000[0.071]0.071 -0.002[0.073]0.073
GMM2 0.000[0.038]0.038  0.006[0.070]0.070 -0.002[0.072]0.072
GMM2-LS  -0.065[0.038]0.075  0.048[0.079]0.092  0.011[0.065]0.066
GMM3  -0.000[0.038]0.038 -0.003[0.073]0.073 -0.003[0.072]0.072
2SLS 0.000[0.062]0.062 -0.000[0.074]0.074 -0.002[0.073]0.073

Gamma-distributed 7,,’s, k =0 BGMM  -0.001[0.039]0.039 -0.003[0.062]0.062 -0.002[0.060]0.060
GMM?2 0.002[0.042]0.042  0.009[0.072]0.073 -0.003[0.073]0.073
GMM2-LS  0.003[0.039]0.039 -0.007[0.077]0.077 -0.002[0.063]0.063
GMM3  -0.001[0.040]0.040 -0.003[0.062]0.062 -0.002[0.060]0.060
2SLS 0.002[0.075]0.075  0.002[0.074]0.074 -0.003[0.074]0.074

Gamma-distributed 7,,’s, s = 0.5 BGMM  -0.002[0.035]0.035 -0.001[0.060]0.060 -0.003[0.061]0.061
GMM2  -0.000[0.038]0.038  0.008[0.071]0.071 -0.003[0.073]0.073
GMM2-LS  -0.066[0.039]0.077  0.051[0.080]0.094 ~ 0.011[0.066]0.067
GMM3  -0.001[0.036]0.036 -0.001[0.061]0.061 -0.003[0.061]0.061
2SLS 0.000[0.061]0.061  0.002[0.074]0.074 -0.003[0.074]0.074

n = 392

Normally distributed 7,,s, s =0  BGMM  -0.001[0.029]0.020 -0.001[0.050]0.050 -0.002[0.051]0.051
GMM?2 0.002[0.029]0.029  0.005[0.050]0.050 -0.002[0.051]0.051
GMM2-LS  0.002[0.026]0.026 -0.003[0.051]0.051 -0.001[0.044]0.044
GMM3  -0.001[0.028]0.028 -0.001[0.050]0.050 -0.002[0.051]0.051
2SLS 0.002[0.051]0.051  0.001[0.051]0.051 -0.002[0.052]0.052

Normally distributed 7,,’s, & = 0.5 BGMM  -0.000[0.026]0.026  0.000[0.050]0.050 -0.002[0.051]0.051
GMM2  -0.001[0.026]0.026  0.003[0.050]0.050 -0.002[0.051]0.051
GMM2-LS  -0.066[0.027]0.071  0.052[0.056]0.076 ~ 0.011[0.046]0.047
GMM3  -0.001[0.026]0.026 -0.002[0.051]0.051 -0.002[0.051]0.051
2SLS -0.001[0.043]0.043  0.000[0.053]0.053 -0.002[0.051]0.051

Gamma-distributed 7,5, k =0 BGMM  -0.001[0.027]0.027 -0.001[0.043]0.043 -0.001[0.043]0.043
GMM?2 0.001[0.020]0.029  0.004[0.051]0.051 -0.001[0.052]0.052
GMM2-LS  0.001[0.026]0.026 -0.004[0.052]0.053 -0.001[0.045]0.045
GMM3  -0.001[0.027]0.027 -0.001[0.043]0.043 -0.001[0.043]0.043
2SLS 0.001[0.0500.050  0.001[0.052]0.052 -0.001[0.052]0.052

Gamma-distributed 7,,’s, & = 0.5 BGMM  -0.001[0.024]0.024 -0.002[0.042]0.042 -0.000[0.043]0.043
GMM2  -0.001[0.027]0.027  0.004[0.050]0.050 -0.002[0.051]0.051
GMM2-LS  -0.067(0.027]0.072  0.052[0.056]0.077  0.012[0.046]0.048
GMM3  -0.001[0.024]0.024 -0.002[0.042]0.042 -0.001[0.043]0.043
2SLS -0.001[0.044]0.044  0.001[0.052]0.052 -0.001[0.051]0.051

The three numbers in each cell are bias[SDJRMSE. [\, 70, 0] = [0.5, 1, 1].
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Table 2: Estimation results of model (17) with heteroskedastic disturbances

A ~y %]
n = 196
Normally distributed 7,,;’s, Kk = 0 BGMM -0.002[0.041]0.041 -0.002[0.072]0.072 -0.003[0.073]0.074
GMM2 0.003[0.041]0.041  0.010[0.071]0.072 -0.003[0.074]0.074
GMM2-LS  0.004[0.036]0.036 -0.006[0.074]0.074 -0.003[0.064]0.064
GMM3 -0.002[0.040]0.040  -0.002[0.072]0.072 -0.003[0.073]0.073
2SLS 0.003[0.070]0.070  0.002[0.072]0.072 -0.003[0.073]0.074

Normally distributed 7,,;’s, & = 0.5 BGMM 0.000[0.036]0.036  0.001[0.071]0.071 -0.002[0.072]0.072

[ ] [
GMM2 -0.000[0.036]0.036  0.008[0.071]0.071 -0.002[0.073]0.073
GMM2-LS -0.064[0.036]0.074  0.046[0.080]0.093  0.012[0.065]0.067
GMM3 -0.001[0.036]0.036  -0.002[0.072]0.072 -0.002[0.072]0.072
2SLS -0.000[0.058]0.058  0.001[0.074]0.074 -0.001[0.073]0.073

Gamma-distributed 7,,;’s, K =0 BGMM -0.002[0.039]0.039  -0.002[0.073]0.073  -0.004[0.072]0.072

[ ] [
GMM2 0.002[0.040]0.040  0.010[0.071]0.072 -0.004]0.071]0.071
GMM2-LS  0.003[0.035]0.035 -0.007[0.076]0.076 -0.003[0.063]0.063
GMM3  -0.002[0.039]0.039 -0.002[0.073]0.073 -0.004[0.072]0.072
2SLS 0.0040.069]0.069  0.002[0.073]0.073 -0.005[0.072]0.073

Gamma-distributed 7,;’s, = 0.5 ~BGMM -0.000[0.036]0.036  0.001[0.070]0.070  -0.004[0.073]0.073

[ ] [
GMM2 -0.001[0.036]0.036  0.008[0.070]0.070 -0.004[0.072]0.072
GMM2-LS -0.064[0.037]0.074  0.046[0.080]0.092  0.009[0.066]0.067
GMM3 -0.001[0.036]0.036  -0.002[0.072]0.072 -0.004[0.072]0.072
25LS -0.000[0.059]0.059  0.001[0.074]0.074 -0.004[0.073]0.073
n = 392
Normally distributed 7,,;’s, K =0  BGMM -0.001[0.028]0.028 -0.001[0.051]0.051 -0.002[0.050]0.050

[ 10 [
GMM2 0.002[0.028]0.028  0.005[0.051]0.051  -0.002[0.050]0.050
GMM2-LS  0.002[0.025]0.025 -0.004[0.052]0.052 -0.001[0.044]0.044
GMM3 -0.001[0.028]0.028 -0.001[0.051]0.051 -0.002[0.050]0.050
28LS 0.002[0.048]0.048  0.001[0.051]0.051 -0.002[0.051]0.051

Normally distributed 7,,;’s, £ = 0.5 BGMM 0.000[0.025]0.025  0.001[0.050]0.050 -0.001[0.051]0.051

[ I [
GMM2  -0.000[0.025]0.025  0.004[0.050]0.050 -0.001[0.052]0.052
GMM2-LS  -0.065[0.026]0.070  0.050[0.057]0.076  0.013[0.046]0.048
GMM3  -0.000[0.025]0.025 -0.001[0.051]0.051 -0.001[0.051]0.051
2SLS -0.000[0.041]0.041  0.001[0.052]0.052 -0.001[0.051]0.051

Gamma-distributed 7,,;’s, K =0 BGMM -0.001[0.028]0.028  0.001[0.051]0.051 -0.002[0.052]0.052

[ ] [
GMM2 0.001[0.028]0.028  0.007[0.050]0.051 -0.002[0.051]0.051
GMM2-LS  0.002[0.025]0.025 -0.002[0.052]0.052 -0.001[0.045]0.045
GMM3 -0.001[0.028]0.028  0.001[0.051]0.051 -0.002[0.051]0.051
25LS 0.001[0.048]0.048  0.003[0.051]0.051 -0.002[0.052]0.052

Gamma-distributed 7,,;’s, « = 0.5 ~BGMM -0.000[0.025]0.025 -0.001[0.050]0.050 -0.002[0.050]0.050

[ ] [
GMM2 -0.001[0.026]0.026  0.003[0.049]0.049 -0.002[0.050]0.050
GMM2-LS -0.065[0.026]0.070  0.047[0.057]0.075  0.012[0.045]0.047
GMM3 -0.001[0.025]0.025 -0.002[0.051]0.051 -0.002[0.050]0.050
25LS 0.000[0.040]0.040  -0.001[0.052]0.052 -0.002[0.050]0.050

The three numbers in each cell are bias[SDJRMSE. [\, 70, 0] = [0.5, 1, 1].

16



the same quadratic moments as those of GMM2 in estimating the spatial dependence parameter
in disturbances. It corresponds to the 2SLS estimator for model (17). Tables 3-4 report the
estimation results in the homoskedastic and heteroskedastic cases respectively. We observe similar
patterns for BGMM, GMM2 and GMM3 as those in Tables 1-2 for model (17). GS2SLS is observed
to have the largest SDs and RMSEs.

In sum, our proposed GMM estimators perform well in finite samples for both homoskedastic
and heteroskedastic cases, while the 2SLS or GS2SLS estimator has larger SDs and RMSEs, and
the GMM estimator in Liu and Saraiva (2015) can have a bad performance if the endogenous
regressors have a reduced form different from the assumed one. In the homoskedastic case, the
feasible moments implied by the theoretically best linear and quadratic moments can generate a
GMM estimator that has similar performance to that of the theoretically best GMM estimator.
When the disturbances follow a distribution with nonzero skew and nonzero excess kurtosis, this
feasible best GMM estimator can have significant efficiency improvement upon the GMM estimator
with some linear and quadratic moments that are commonly used in the literature. We thus suggest

the use of this feasible best GMM estimator in practice.

4 Conclusion

This paper considers the GMM estimation of SAR models with SAR disturbances and endogenous
regressors. We do not assume any reduced form of the endogenous regressors, thus we allow
for spatial dependence and heterogeneity in endogenous regressors, and also allow for nonlinear
relations among endogenous regressors and their instruments. Both linear and quadratic moments
are employed for estimation. We prove that GMM estimators are consistent and asymptotically
normal in both the homoskedastic and heteroskedastic cases. In the homoskedastic case, we derive
the best linear and quadratic moments that can generate an OGMM estimator with the minimum

asymptotic variance.
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Appendix A List of notations

I,, is the n x n identity matrix, S, (A) = I, — AW,,, R,(p) = I, — pM,, S, = Sn(No), Rn = Ru(po),

Zn =E(Zn), Zn = Zn— Ziny Tp = W,S;Y, Hy = MRy, Q, = var[y/ng.(6p)] and G,, = E(22W0)),
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Table 3: Estimation results of model (1) with homoskedastic disturbances

n =196

Normally distributed 7,;’s, k =0  BGMM -0.002[0.044]0.044 -0.001[0.127]0.127  0.003[0.072]0.072 -0.003]0.072]0.072
GMM2  0.003[0.045]0.045 0.001[0.131]0.131  0.014[0.070]0.072 -0.003[0.071]0.071
GMM3  -0.003]0.044]0.044 -0.008[0.127]0.127 -0.001[0.072]0.072 -0.003[0.072]0.072
GS2SLS  0.003[0.076]0.076  -0.002[0.141]0.141  0.002[0.073]0.073 -0.004[0.072]0.072

Normally distributed 7,,;’s, s = 0.5 BGMM  -0.000[0.039]0.039 -0.004[0.133]0.133  0.000[0.071]0.071 -0.002[0.072]0.072
GMM2  0.000[0.040]0.040 -0.002[0.133]0.134  0.010[0.071]0.071 -0.003[0.072]0.072
GMM3  -0.001[0.040]0.040 -0.010[0.130]0.130 -0.003[0.073]0.073 -0.003[0.072]0.072
GS2SLS  0.001[0.065]0.065 -0.002[0.145)0.145 -0.001[0.075]0.075 -0.002[0.073]0.073

Gamma-distributed 7,,;’s, kK = 0 BGMM  -0.000[0.042]0.042  0.004[0.131]0.132 -0.000[0.061]0.061 -0.003[0.061]0.061
GMM2  0.004[0.045]0.045 -0.002[0.130]0.130  0.013[0.072]0.073 -0.004[0.073]0.073
GMM3  -0.000[0.042]0.042  0.004[0.130]0.130 -0.000[0.062]0.062 -0.003[0.061]0.061
GS2SLS  0.005[0.077]0.077 -0.003[0.145]0.145  0.001[0.074]0.074 -0.004[0.074]0.074

0.060 -0.002[0.061]0.061
0.072 -0.002[0.073]0.073
0.062 -0.002[0.062]0.062
0.075 -0.002[0.073]0.073

Gamma-distributed 7,,;’s, k = 0.5 BGMM -0.002[0.038]0.038  0.000[0.133]0.133  0.000[0.060
GMM2  -0.000[0.040]0.040 -0.004[0.132]0.132  0.013[0.070
GMM3  -0.001[0.039]0.039  0.000[0.132]0.132  0.000[0.062
GS2SLS  -0.000[0.065]0.065 -0.004[0.143]0.143  0.002[0.075

n =392

Normally distributed 7,;’s, Kk = 0 BGMM  -0.000[0.030]0.030  0.001[0.091]0.091  0.001[0.051]0.051 -0.001[0.051]0.051
GMM?2 0.002[0.031]0.031  0.001[0.092]0.092  0.007[0.050]0.051 -0.001[0.051]0.051
GMM3  -0.001[0.030]0.030 -0.003[0.091]0.091 -0.001[0.051]0.051 -0.001[0.051]0.051
GS2SLS  0.001[0.054]0.054  0.000[0.100]0.100  0.001[0.051]0.051 -0.001[0.052]0.052

Normally distributed 7,,;’s, x = 0.5 BGMM  -0.000[0.027]0.027 -0.003[0.092]0.092  0.001[0.051]0.051 -0.002[0.050]0.051
GMM2  -0.000[0.027]0.027 -0.001[0.092]0.092  0.006[0.051]0.051 -0.002[0.051]0.051
GMM3  -0.001[0.027]0.027 -0.005[0.090]0.091 -0.001[0.052]0.052 -0.002[0.050]0.051
GS2SLS  -0.002[0.044]0.044  0.000[0.098]0.098  0.001[0.053]0.053 -0.002[0.051]0.051

Gamma-distributed 7,;’s, Kk =0 BGMM  -0.000[0.028]0.028  0.004[0.092]0.092  0.001[0.042]0.042 -0.001[0.042]0.042
GMM2 0.002[0.031]0.031  0.001[0.092]0.092  0.008[0.051]0.052 -0.001[0.050]0.050
GMM3  -0.000[0.029]0.029  0.004[0.091]0.091  0.001[0.042]0.042 -0.001[0.042]0.042
GS2SLS  -0.000[0.054]0.054  0.001[0.099]0.099  0.002[0.052]0.052 -0.001[0.051]0.051

0.042  -0.001[0.042]0.042
0.051 -0.001[0.051]0.051
0.042 -0.001[0.042]0.042
0.053 -0.001[0.052]0.052

Gamma-distributed 7,;’s, K = 0.5 BGMM -0.001[0.025]0.025 0.002[0.091]0.091  0.000[0.042
GMM2  -0.001[0.027]0.027 -0.001[0.091]0.091  0.007[0.050
GMM3  -0.000[0.025]0.025  0.002[0.090]0.090  0.000[0.042
GS2SLS  -0.001[0.044]0.044 -0.000[0.097]0.097  0.002[0.053

The three numbers in each cell are bias[SD]RMSE. [Xo, po, Y0, o] = [0.5,0.2,1, 1].
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Table 4: Estimation results of model (1)

with heteroskedastic disturbances

A p gl B
n =196
Normally distributed 7,;’s, k =0  BGMM -0.001[0.042]0.042 -0.002[0.128]0.128  0.005[0.074]0.074 -0.003[0.073]0.073
GMM2  0.003[0.043]0.043  0.000[0.131]0.131  0.017[0.073]0.075 -0.003[0.073]0.073
GMM3  -0.002[0.043]0.043 -0.009[0.127]0.128  0.001[0.074]0.074 -0.003[0.073]0.073
GS2SLS  0.002[0.073]0.073 -0.003[0.143]0.143  0.005[0.074]0.074 -0.003[0.074]0.074
Normally distributed 7,,;’s, K = 0.5 BGMM -0.001[0.038]0.038 -0.003[0.134]0.134  0.003]0.071]0.071 -0.001[0.072]0.072
GMM2  -0.001[0.039]0.039  0.000[0.133]0.133  0.013[0.071]0.072 -0.001[0.073]0.073
GMM3  -0.002[0.038]0.038 -0.009[0.130]0.130 -0.001[0.073]0.073 -0.001[0.072]0.072
GS2SLS  0.001[0.060]0.060 -0.001[0.143]0.143  0.002[0.074]0.074 -0.001[0.073]0.073
Gamma-distributed 7,;’s, Kk = 0 BGMM  -0.000[0.043]0.043  0.011[0.130]0.131  0.006[0.072]0.072 -0.004[0.072]0.072
GMM2  0.003[0.043]0.043  0.003[0.132]0.132  0.015[0.071]0.072 -0.005[0.072]0.072
GMM3  -0.001[0.044]0.044  0.005[0.130]0.130  0.001[0.072]0.072 -0.004[0.072]0.072
GS2SLS  0.005[0.071]0.071 -0.003[0.143]0.143  0.003[0.073]0.073 -0.004[0.073]0.073
Gamma-distributed 7,,;’s, kK = 0.5  BGMM -0.000[0.038]0.038  0.008[0.132]0.132  0.002[0.070]0.070 -0.003[0.073]0.073
GMM2  -0.001][0.038]0.038 -0.001[0.131]0.131  0.011[0.070]0.070 -0.002[0.072]0.072
GMM3  -0.001[0.038]0.038  0.003[0.128]0.128 -0.001[0.072]0.072 -0.003[0.073]0.073
GS2SLS  0.001[0.060]0.060 -0.004[0.141]0.141 -0.001[0.074]0.074 -0.003[0.073]0.073
n =392
Normally distributed 7,,;’s, k =0  BGMM -0.000[0.029]0.029 -0.000[0.092]0.092  0.001[0.050]0.050 -0.003]0.051]0.051
GMM2  0.002[0.030]0.030  0.001[0.093]0.093  0.007[0.050]0.051 -0.003[0.052]0.052
GMM3  -0.001[0.029]0.029 -0.004[0.092]0.092 -0.001[0.050]0.050 -0.003[0.051]0.051
GS2SLS  0.001[0.051]0.051 -0.001[0.100]0.100  0.000[0.051]0.051 -0.003[0.052]0.052
Normally distributed 7,,;’s, Kk = 0.5 BGMM -0.000[0.026]0.026 -0.002[0.094]0.094  0.002[0.049]0.049 -0.002[0.050]0.050
GMM2  -0.000[0.027]0.027  0.000[0.094]0.094  0.007[0.049]0.050 -0.002[0.050]0.050
GMM3  -0.001[0.026]0.026 -0.005[0.092]0.093  0.000[0.050]0.050 -0.002[0.050]0.050
GS2SLS  -0.001[0.042]0.042  0.000[0.100]0.100  0.002[0.051]0.052 -0.002[0.050]0.050
Gamma-distributed 7,;’s, Kk = 0 BGMM  0.001][0.029]0.029  0.003[0.092]0.092  0.004[0.050]0.050 -0.003[0.052]0.052
GMM2  0.002[0.029]0.029 -0.002[0.092]0.092  0.009[0.050]0.051 -0.003[0.052]0.052
GMM3  0.000[0.029]0.029  0.000[0.092]0.092  0.001[0.050]0.050 -0.003[0.052]0.052
GS2SLS  0.002[0.050]0.050 -0.004[0.099]0.099  0.002[0.051]0.051 -0.003[0.053]0.053
Gamma-distributed 7,,;’s, K = 0.5 BGMM -0.001[0.026]0.026  0.003[0.092]0.092  0.001[0.050]0.050 -0.001[0.050]0.050
GMM2  -0.001[0.026]0.026 -0.002[0.092]0.092  0.006[0.050]0.050 -0.001[0.050]0.050
GMM3  -0.001[0.026]0.026  0.000[0.091]0.091 -0.001[0.051]0.051 -0.002[0.050]0.050
GS2SLS  -0.001[0.042]0.042 -0.003[0.098]0.098 -0.000[0.052]0.052 -0.001[0.051]0.051

The three numbers in each cell are bias[SD]RMSE. [Xo, po, Y0, o] = [0.5,0.2,1, 1].
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For a square matrix A, diag(A) is a diagonal matrix formed by the diagonal elements of A;

for a vector a, diag(a) is a diagonal matrix formed by the elements of a. o2, = E(¢2,) and
¥, = diag(o?,, - ,02,).

For any square matrix A, A* = A+ A’, d, is a column vector formed by the diagonal elements
of A, and vec(A) is the vectorization of A.
wy = [vec(Py,), -, vee(Py )], wna = [dpy,, 1 dpy ], w2 = diag(op1, -+ Onn), and wy, =
[vee(Si/ 2P, 0), -+ vee(SH 2Py, 5/,
In the case that €,;’s are i.i.d., 02 = E(€2,), uso = E(€3;), a0 = E(e},), € = ‘[(‘;—? —1- ’;380)1/2
P5, e = Eding(P) + [P5, — diag(P3,)], wne = [vec(P, g), -, vec(PE o)
(o = Tn(anyO + Rte,), U, = R.T.(Znvo + XnBo), L is an n x 1 vector of ones, and @, =

ay — %lnl;an for any n x 1 vector a,,.

Appendix B Best linear and quadratic moments for a spe-

cial model with no SAR disturbances
In this section, we consider the best linear and quadratic moments for the following model:
Y, = \W,Y, + Z,v+ X,.0 + €,, (B.1)

where elements of ¢, are i.i.d. with mean zero and variance o7, and the notations are the same as
those in the main text. Model (B.1) is a special model nested in model (1). The GMM estimation
of (B.1) still has the objective function (4), where the moment vector g,(0) has the form (3),
but 6 reduces to [A,7, 8] and €,(0) = S,(A)Y, — Z,v — X,5. The best linear and quadratic
moments for model (B.1) are presented in the following Corollary 1. Let ®,, = T,,(Z, Y0 + Xn/0),
5o = T Zuyo + €n), Crn = E(ue) — I tr[E(sn€l)]/n, and Ciyj, = B(Zps€.) — I tr[E(Z, j€.)] /n
for j=1,... k..

Corollary 1. The following results hold for the GMM estimation of model (B.1) with i.i.d. dis-

turbances.

(a) The best Q,, and Pj,’s that can generate an OGMM estimator with the minimum asymptotic

variance are

2
¥ H30 H30 %
Q, = |:(I)n d(Cln 6 o,

" §204 252
Zn1 — 52 d(CQn + 252 6Zn Ay ek, — 52_‘761 Chotin T 252 GZn ks
M30 Nso ¥ o
Xn ; T Xn . X” : ’
1t 26258 ! ke T 26200 sk
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= [Cy, — diag(Cy,)] + i diag(@ln) — 252333 diag(é ), Pr i = [Cryjm — diag(Cryjn)] +
édiag(@lﬂm) — 555”—%d1ag( ) forj =1, ks, and Py ., = dlag(N) for j =

(b) The OGMM estimator with the above QF and Pj*n s, denoted by éBGMM, has the asymptotic
distribution \/ﬁ(éBGMM —bp) LN N(0, hmn%o(%rgirn)—l), where

r, = ( Fn711 ) f{ 1 [VGC(dl&g( n,-l))v to 7V€C(diag(Xn,-kz))}>
Uio[q)’rw 0n><17 Zn] O-LOXTL
with
1 1430
i =—— [V@C( n diag(® )
11 \/502 in,1/¢e — €02 ) g(®n)
vec (C2n 16 — ,u_g(; diag(il)), -, vec ((CinanJ/5 — ,u_302 diag(va.kz)ﬂ .
§og §op

(c) When puso = 0, the quadratic matrices dlag(N) for g =1,... k, are redundant, so @},
reduces to Qf = (@, Zy, X,,] and P}, ’s are P, = [Cj, — dlag(Cjn)] + 5% diag(Cj,) for j =
Sk, + 1.

(d) For Q;, and P}, s in (a), if we use the IVs in each column of Q;, and the quadratic matrices
in each P, separately, then Q) = (D, Zp, X, doy, s -+ ydey 100 ln], and Pr’s are C]n —
diag(C;,) for j = 1,..., k. + 1, diag(C;,) for j = 1,... k. + 1, diag(®,), dlag(Zn’.]) for
j=1,... k., and diag(X,,) forj =1,... k.

When sy = 0, QF = [®,,, Z,, X,.], and Py, ’s are P, = Cj, —diag(Cy,) forj =1,... k. +1,
and Pfyy o, = diag(Cy,) forj=1,... k., + 1.

If we have an IV matrix F, for Z,, the 2SLS estimate of Z, is Z, = F.(F'F,)"'F' Z,, which
is an estimate of Z,. By Corollary 1(a), as <, = Tp(ZnYo + €,) and &, = T,,(Z,y0 + X, f0), P in’S

can be taken as

od tr(7),)
= 0 diag (T

]"> 2?230 dlag(f[n), (B.2)

—_~— —_—

diag(ZAnfl), ,diag(ZAm.kz), diag(X,.1), -+, diag(Xn 1, );

(T, — ding(T)] + ¢

—_— —~—

where I1I,, = Tn(ZAn% + X,.0), and the IV matrix @, can be taken as

2 —~—
30 ,Ugo - 2 N30 - H30
I, — €202 2 5T, L, (T m T 26208 5261 Zn,1 26208 6Zn a5 Dk 25206Zn7‘kz
0
(B.3)
M30 N30 ]
X, Xn e X Xn .

P

When p30 = 0, the quadratic matrices diag(Zn,.l) ., diag(Zp.1.), diag(jf\n:), .., diag(Xp, .k, ) in
(B.2) are redundant.
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Appendix C Proofs

Proof of Lemma 1. The discussion in the main text shows that, if lim,_, %Q;Rn(p) (T3, (Znyo +

X.00), Zn, X,] has full column rank for any p in its parameter space p, the linear moment part

of hmn—)ooE[gn(e)] =0 1mphes that ()\7’775) = ()\07’70750)- With ()‘77aﬂ> = ()\0770aﬂﬂ)7 by
(6), Ele,(0)Pnen(0)] reduces to Ele, R, 'R, (p)PinRa(p) R, €,]. Then a sufficient identification

n

condition for pg is that?

1
lim — E[e,R R (p)PinRu(p)R;, 'e,] = 0 for j = 1,...,k, have a unique solution at

p = po for p € p.

This identification condition corresponds to that of a pure SAR process u,, = pM,u,, + €, as if u,
were observable, which is the same as that in Liu et al. (2010). Let H,, = M, R, ', and = = [E;]

be a k, x 2 matrix with Z;; = limn_,oo%E(e;anHnen) and Zjo = lim,_, %E(e;H;Pjannen)

for j = 1,...,k,, where A°* = A+ A’ for any square matrix A. Since E(e], Pj,€,) = 0 and
R.(p) = Rn+(po—p)M,, is linear in p, lim,, o E[€}, R, 'R, (p) PjnRa(p) Ry e,] =0 for j = 1,.. .k,
1
po—p)/2
second column of =. Then (C.1) is equivalent to the condition that

can be written as (pg — p)E(( ) = 0. Let Z; and =5 be, respectively, the first column and the

Po—p

=+ =y # 0 when p € p and p # po. (C.2)

If = has full column rank, then (C.2) holds. Even if = has reduced column rank, the linear

combination Z; + 2525, may still be nonzero for any p € p and p # po, since the combination
21 + 2722, may be only zero for some p € p.'° We may derive some sufficient conditions for (C.2)
to hold in the case that = has reduced column rank. If =; = 0, then =, # 0 is sufficient; if =, = 0,

then =; # 0 is sufficient. Thus, the following condition is sufficient for (C.2):

Either (7) = has full column rank; or (i4) =, = 0, and Zx9 # 0 for some k; 3

or (i) =;1 # 0 for some j, and =5 = 0. (©3)

If lim,, 00 %Q;Rn(p) [T.(Z 0 + Xnf0), Zn, Xp] has reduced column rank for some p € p, as Q,
usually includes X,,, we maintain in Assumption 6(ii) that lim, . @, R,(p)X,, has full column
rank for any p € p. Assume that lim, %Q;Rn(p) (T,,(Znvo + X0nfo), Zn, Xy,] has column rank
(ky +ko) for some 0 < ko < k,+1. Let Z,, = [Z1, Zay)], where Zy,, is n x (k, — ko) and Zy, is n x k.

Without loss of generality, assume that lim,, %Q%Rn(p) [Zan, X,] has full column rank for any

9For an n x n matrix A, note that E(e/, A,¢,,) = 0 tr(A,,) if €,;’s are homoskedastic, and E(e}, A,€,) = tr(A4,%,,)

if €,;’s are heteroskedastic. We keep the expectation in (C.1) for simplicity.
10We thank an anonymous referee for pointing out this.
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p € p.t! Then, for a large enough n, there is some (k,+kq) x 1 vector ¢; and some (k,+ko) x (k. —ko)
matrix ¢, such that T,,(Z,70 + X.60) = [Zon, Xule1 and Z1,, = [Zon, Xnca. Denote v = [y}, 4],
where 7y is (k. — ko) x 1 and g is ko x 1. Correspondingly, denote v = [71g, V50)'- Thus,

E[Qnen(0)] = QnRn(p)[Z2n, Xa] [(Mo = Ner + ea(10 — 1) + (505 ) -

Hence, lim,, o + E[Q},€,(0)] = 0 implies that (Ag — A)er + c2(y10 —71) + (504 ) = 0, and thus
€,(0) = 0. Then, as long as Ao and ;9 are identified, 799 and [y are identified. The identi-
fication of Ay and 739 can be from the quadratic moments. As €,(f) = 0 for a large enough
n, Ele) (8)Pjnen(0)] = E[€,(8)Pjné,(0)]. Therefore, we have the following sufficient identification
condition:

1

lim — E[€ (0)Pj,én(0)] =0 for j =1,...,k,, have a unique solution at

Tim = B¢, (6) P (0) ' o
(A 0:7) = (Xos pos Y0) for 0 € O.

Since €,(0) is linear in each element of #, we can expand each E[é,(0)P;,é,(0)] as a polynomial
function of § — fy. Correspondingly, (C.4) can be written in an equivalent way where each element

is a polynomial of 6 — 6. O

Proof of Proposition 1. We first prove that g,,(6) —E[g,(0)] = 0,(1). With &,(f) in (8), £Q,€,(0) —
5 ElQnen(0)] = 5@Q6n(0) = 1 QL Ra(p)[R 6 + (Mo — NTuR,en] + Q1 Ru(p)[(Mo — N Zuo +

Zn(70 — 7)]. For simplicity, we abbreviate “bounded in both row and column sum matrix norms”
as UB. By Lemma A.4 in Lin and Lee (2010), under Assumptions 1 and 4, +Q/ K¢, = 0,(1),
where K, is an n X n UB matrix. Thus, with R,(p) = I,, — pM,, we have 1Q! R, (p)[R, €, +
(Mo — AT, R, Y€, = 0,(1) under Assumptions 1, 2 and 4. By Assumption 8, 1Q/A,Z, = 0,(1)
for A, = I,,, M,,, T,, and M,T,. Thus, %Q;Rn(p)[()\o — N0 Zwyo + Zn(vo — )] = 0p(1). Hence,
LQLen(0) — 2 E[Qle,(0)] = 0,(1), where £ E[Q)6,(0)] = 2Q/,&,(0) = O(1) under Assumptions 2-4.

With €,(0) in (7) and &,(0) in (8), ’

B0 Pue(®)] = - @, (0)Pueal6) + 5 0P, (C)
el (6)Prucal0) = ~ BIE,(6) Pruca 0)] = ~2,(0) Pl (6)
" " " (C.6)
45L& (6)P5,e0(8) — BIE,(6)Phen 0)]),

where L€ () Pj,€,(0) = O(1), and

L 0)P2.6.(0) = 110 — M, (o — N (0 — 1) (Bo — BYTan Piaen(0)

n n

"UWe may permute the columns of [T},(Z,v0 + Xn0), Zn] to derive a new matrix A,, and assume that the
submatrix formed by the last (k, + ko) columns of lim,, %Q’HR" (p)[An, X,] has full column rank for any p in its

parameter space. Then the argument below is similar.
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— 2[00 = A o = N (0 =)' (B — BT, ML Py (6)

with Y1, = [T 70, T X0, Zn, Xp). By an argument similar to that for —Q’ €n(0) — E[Q’nen(Q)] =
0p(1), +&,(0)P;,€.(0) = 0,(1). By (8),

énw) = [Rn + (Po - p)Mn] [R;len + <)‘0 - )‘)Cn + Zvn('VO - '7)]
= én + (po — p)Hnen + (Mo — A) RnGo + (p0 — p) (Mo — A) MG, (C.7)
+ RnZn(Y0 — ) + MnZn(70 — 7)(p0 — p).

where ¢, = T,(Zno + R, 'en) and H, = M,R;'. Then we may expand 18, (0)Ps,n(0) as a
multivariate polynomial of 6. Under Assumption 1, for an nxn UB matrix K,, = (e, K,¢,) = O(1)
and %e;Knen— % E(e/,K,€e,) = 0,(1) by Lemma A.3 in Lin and Lee (2010). Let A, and B, be either
I,, M,,, T,, or M,/ T,,; and C,, be either I,,, H,, T, R;* or M, T,,R;'. Under Assumption 8, terms
with the forms 12! B! Ps A,Z, and e/ C! Ps A,Z, in the expression of 1¢ W (0)P5,€,(0) satisfy

n—n" jn n—n-gn

EBLBLP AZ) = (1), EBIGCLP Au) = O, S A = BB Au ) =
op(1) and Le/ C! Ps A, Z, — (enC;LanA Zn) = 0,(1). Hence, as ¢, = Tn(Znyo + R;'e,), by
(C.7), L El6.(0)P;,én(0)] = (1) €, (0)P},6n(0) — 1 B[€,(0) P,én(6)] = 0,(1). Therefore, by
(C.5)~(C.6), L E[e,(0) Pinen(0)] = ( )and 1 (0) Pjnen(0) — £ Bl (0) Pjnen(0)] = 0,(1). Tt follows
that E[g,(0)] = O(1) and g¢,(0) — E[g.(0)] = 0,(1). Note that ¢,(f) is linear in each element of

0 and g,(0) is quadratic in €,(6). Then, as the parameter space © of § is compact, we have the
uniform convergence supgeg ||9n(6) — E[gn(0)]]| = 0,(1). It follows that supycg |4, (0)al,angn(0) —
Elg,.(0)]ay,a, Elg.(0)]]] = 0p(1).

The identification condition for lim,, . a, E[g,(6)] to be uniquely zero at § = 6, is maintained
in Assumption 7. As each element of g,(f) is a polynomial function of #, under Assumption
8, E[g,(0)] is uniformly equicontinuous. So is E[g.,(6)]al,a, E[g.(6)]. Hence, the identification
uniqueness condition holds. With a compact parameter space O, the consistency of 6 follows from
the uniform convergence that supycg |/9.,(60)a,a,9,(0) — E[g,,(0)]a),a, E[gn(0)]]] = 0,(1) and the
identification uniqueness condition (White, 1994). O

Proof of Proposition 2. The first order condition of T D;L(HAGMM)a;Langn(AGW) = 0, where

D, (0) = agg@@. By the mean value theorem, 0 = D/, (Boun ), an[gn(00) + D (0)(eam: — 0o)], where

0 lies between HAGMM and 6y. Thus,

~

\/E(HGMM - 90) = _[D;L(éGMM)af/nanDn(é)}71D;(éGMM)a;~ban\/ﬁgn(e())' (CS)

As each element of g,(0) is a polynomial function of 6, so is each element of D, (#). In addition,
every coefficient for the polynomial functions of D,,(6) is O,(1), and is o0,(1) if its mean is deducted

from it, by the proof of Proposition 1. Since Ogu = 6y + 0,(1) by Proposition 1, D,(f) =
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D, (6o) + 0,(1) = G,, + 0,(1), where G,, = E[D,,(6y)]. Since 868"—0(,9) = —[R, ()WY, My, (S,(N) Y, —

Znﬁ)/ - Xnﬁ)> Rn(p)Zna Rn(lO)Xn] and Yn = S;1<Zn70 + Xnﬂo + Rglen)a we have

E<5€%(90)Pjnfn(90)>

5 = —El€, P}, RuGn, €, P Hn, €, P5 Ry Ziy, 010, ], (C.9)

nt jn n- jn

where ¢, = Th(Znyo + Ry'e,), and E(Q, 220y — — Q! [R.T0(Zuo + Xn0), Onx1, RnZny RuXy).
Thus, G,, has the expression in (11). We next prove that lim,_,., G, has full column rank un-
der Assumption 10. Let a; and as be scalars, as be a k., x 1 vector, and a4 be a k, x 1
vector. In the case of Assumption 6(i), the last k, elements of lim, . G,lon, a9, af, o)) = 0
are — lim,,_,o %Q%Rn[Tn(ZH’)@ + X0B0), Zn, Xn)lon, af, 4]’ = 0, which implies that (ay, az, ay) =
(0,0,0), under the assumption that lim,, %Q;Rn (T, (Zn o+ X0 f30)s Zn, Xp) has full column rank
in Assumption 6(z). Then the first k, elements of lim,_,. G,[o1, ag, a5, o] = 0 become

1
— lim —[E(e, Py, Hpen), ..., E(€, P Huep)]'ag = 0,

n
n—oo M

which implies that as = 0 if, for some 7, lim,,_, % E(e, P, Hnen) # 0. In the case of Assumption
6(ii), the first k, elements of lim,,_,o G,[a1, g, a4, o)) = 0 are lim,,_,o, G1,[a1, o, o] = 0, where
G1p is in (12). As lim, o G1,, has full column rank by Assumption 10, (aq,ag,a3) = (0,0,0).
Then the last k, elements of lim,_,o, Gylaq, a2, af, o] = 0 become —lim,, o %Q;Ranoq =
0, which implies that a4 = 0 as lim,_ %Q;Ran has full column rank under Assumption
6(i7). Hence, lim,,_,o, G, has full column rank under Assumption 10. As lim, .. a,G, has
full column rank, lim, . G)a,a,G, is invertible. It follows by (C.8) that \/ﬁ(éGMM —by) =
—(Glal,a,G,) Gl alan\/ngn(0o) + 0,(1). By the central limit theorem for linear and quadratic
forms in Kelejian and Prucha (2001), v/ng, (6o) 4 N(0,$2,), where Q,, = nE[g,(00)g,(0y)]. There-

fore, the asymptotic distribution in the proposition follows. ]

Proof of Proposition 3. With €, = Q,+0,(1), the proof is similar to that for the OGMM estimator
of SAR models with no endogenous regressors in Proposition 2 of Lee (2007), thus we omit the

proof. O]

Proof of Proposition 4. This proof follows the analytical approach in Jin et al. (2020) for the
derivation of best linear and quadratic moments for spatial econometric models. The €2, in (13)

can be written as

1
Q,=-AlA,, (C.10)
n
where ,
%0 n 0
A, = (/g“’ ¢ ) . (C.11)
U_OWnd UOQn
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From (C.9),

€y, (00) Pjnen (o)
)
—[tr(P5, Ry E(Ce,)), 0p tr(P5, Hy ) tr(P5, Ry, E(Z,.1€))),. .. (P, R E(Zp 1.€)), 01xk.]
1 S S S S
= _E[tr<Pjncln) : tr(P C. +2, n)s O1xk, |,

(C.12)

n]n)

L tr[R, E(Z, ¢.)]/n for j = 1,..., k., and the second equality in (C.12) holds because P, has
zero trace so that tr(Ps,C) = 3 tr(Ps Cs) = 5 tr[P5,(Cs — I, tr(C5) /n)] for any n x n matrix C,.

in~n

where C1,, = R, E((u€l,)— L tr[ R, B(Cue)] /1, Con = 02[Hy— 1, tr(H,) /n],*2 Cjrop = Ry E(Z
(C.1

For any two n x n matrices A, and B,,, and constants a and b,
tr{ [a diag(A,) + (4, — diag(A,))] [bdiag(B,) + (B, — diag(B,))] }
= tr{abdiag(A,) diag(B,) + (A, — diag(A,)) (B, — diag(B,)) }.
Thus,
tr(P;,Cry) = tr{ [diag (Pj,) + (PS — diag(Pj, ))] [diag((],fn) + (B,‘jn — diag((],jn))”
= tr{diag(P;},) diag(C%,,) + [P}, — diag(P},)][C},, — diag(Cy,)]}

= tr(P}, Chn1/e)
= vec' (P}, ¢) vec(Cr1e);

(C.13)

S
where P7 . =

§diag(P;,) + [P, — diag(P;,)]. By (11), (C.12) and (C.13),

Gn — _l %w:"bé [VeC(Cfn 1/5) T VeC(Cif; +2,n,1_/§)7 On2><kx] . <C14)
n Q/ [ n( nY0 + XnﬁO) nx1l, Zna Xn]

For simplicity, let the jth column of R,[T,(Zny0 + X0nfo)s Onxi, Zn, Xu] be Kj,. Denote f(jn =

K, — %lnl;an, which is a vector with the sum of its elements equal to zero. Note that, as P;,’s

have zero traces so that d’Pg ln —~ 0, we have vec (]%Sns)vec(diag(f(jn)) = tr(PJSn5d1ag([~(jn)) =
¢ tr(diag(P;, ) diag(Kj,)) = fd’ . =&d] s Kjn = 2¢dp, Kjy. Thus, by (C.11) and (C.14),
1
G,=——AT,, (C.15)
n
where
r, = < i Lo ) _\/%?;g [vec(diag(Kx. +3,)), - »VeC(diag(Kkz+kx+2,n))])
UioRn[Tn(Zn’YO + Xnﬁ[)); 0n><17 Zn] U_loRan

(C.16)

12When defining the best moments later, the constant 02 can be removed. The Csy,, in this proof has an extra o2

compared with that in Proposition 4.
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with [, 1 = [Vec(f CY e — \/%Z(;g diag(K1y,)), - - - >Vec(\f2+,(z;ciz+z,n,1/g \[#204 diag (K. 12.))].
Hence, by (C.10) and (C 15), GG, = STLA(ALA,) AT, < LT1T, by the Cauchy-Schwarz
inequality, and G’ Q. 1G,, = %F;Fn if each column of I',, lies in the column space of A,,. As I, does
not depend on @, and P},’s, limn_,oo(%F;an)*l is the lower bound for the asymptotic variances
of OGMM estimators in Proposition 3.

We next investigate the selection of @, and Pj,’s so that the lower bound lim,Hoo(%F;an)_l

can be attained. Let o, ..., ay, be constants and o be a k; x 1 vector. By (C.11),
Luit vec(P?
Aplag, - a,,d] = V2 ( n,g) ; (C.17)
l;ioodpn + O'OQnOé

where P, = ka1 a;Pj,. For 1 < j <k, + 2, letting (C.17) be equal to the jth column of I, in

(C.16) yields 2 i

% vec(P; ;) _ vec(—\/%gg Coonge = —\/‘5‘2‘;3 diag(K;,)) (C.18)
’;—?dpn + o0Qnc 0—10an

This is possible when

2
% diag(P;) =

dl 8(C5,) — \/gz(;4 diag(K;,),
0

\/_
P2 — diag(P)] = —a—[Ch, — ding(Cy)
—|P; —diag(P;)| = iag(C? )],
V2 f ’
1
@dPn + OOQna - Kgn
0o 0o
Wemay let o =--- = ;1 =0, a; = %,aﬂl = =q, =0, and take Pjsn to be
0
P = (03, — diag(C3,)] + — diag(C2,) — 22 diag(K,,)
n in g Jn 52 g In 52 g n)-
The jth column of @, can be taken as ()7, = Kj, — 52 fondo,, + 252 6an Alternatively, we can

use the square matrices in P} separately, so that we have the square matrices C7, — dlag(C]‘?’n),
diag(C%,) and diag(K;,), because P;; is a linear combination of these matrices. If we use the IVs
in Q;‘n separately, then we have the IVs K, d¢;, and f(jn. As f(jn = Kj, — %lnl;an, we can use
the IVs K, dg,, and [,, equivalently.

For k, +3 < j <k, + k, + 2, letting (C.17) be equal to the jth column of I, in (C.16) yields

( j/_givec(Pi,g) > _ < \/&204vec(diag(f(jn))> _ (C.19)

K30
U_odP" —+ O'()QnOé

This is possible when

¢ot
V2

diag(P?) = ——£2 diag(K ),



1
@dpn + UOQna = _an~
0o 0o

We may let a1 = -+ = ;1 = 0, o = —5?—38,%“ =+ =aqp, =0, and take Pjn to be ij*;f =
2 diag(f(jn). The jth column of @, can be taken as @}, = Kj, + %f(jn. Alternatively, if we use
the IVs in @}, separately, then we have the IVs Kj, and [,,.

As K, is the jth column of R,[T(Z,0 + Xnf0); Onx1s Zn, Xn], we have, in particular, Q3, =
— 5‘5?0 dc,, , which can be taken as d¢,, equivalently, and is redundant when sy = 0. In addition,

when p30 = 0, the square matrices diag(Kj,) for quadratic moments, where k,+3 < j < k,+k,+2,

are redundant, since they are from (C.19). Therefore, the results in the proposition follow. O]

Appendix D Proof of Proposition 1 under weaker assump-

tions

Let || A|| be the spectral norm of a square matrix A, i.e., the square root of the largest eigenvalue
of A’A. We replace Assumptions 2 and 5 with the following two weaker assumptions respectively,

and show that Proposition 1 still holds under the weaker assumptions.

Assumption D.1. The W,, and M,, have zero diagonals, and {W,}, {M,}, {S,;'} and {R,'} are

bounded in the spectral norm.

Assumption D.2. Elements of Q. are uniformly bounded constants, and {P;,} for j =1,...,k,

are bounded in the spectral norm.
We first prove the following lemma.

Lemma D.1. Let {A,} be a sequence of n xn nonstochastic matrices such that sup,, ||A,| < oo, by,

be an n x 1 vector of constants that are uniformly bounded, and €, = [€n1,- - , €nn]’, where €,;’s are
independent with mean zero. Then (i) b, Ale, = 0,(1) and b, Ane, = 0,(1), if sup,,, E(e2;) <

ni

o0o; (i) = E(e,Ane,) = O(1) if sup;, E(el;) < oo; and (i) ~e, Ane, — = E(e, Anen) = 0p(1) if
sup;, B(e,;) < o0.

Proof. (i) Denote 3, = diag(c?,,--- ,02,), where 02, = E(e?,). Let A’ A, = T,A,I", be the spec-
tral decomposition of Al A,,, where I', I/ = I,, and A,, is an n x n diagonal matrix of the eigenval-
ues of A/, A,. The variance of 10/ Al e, satisfies var(20), Ale,) = 50, Al 5, Ab, < SV, Al ALb, =
S0, Dn A by <507 by Amax (A7, An) = O(%), where ¢ is a constant and Apax (A, A,) denotes the
largest eigenvalue of A A,. Thus, L0/ Ale, = 0,(1). Similarly, the variance of +b/ A, satisfies
var(20), Anen) < 50000 Amax(AnAL) = S0 bpAmax (AL A,) = O(L). Thus, 10, A€, = 0,(1).

(i7) Let A,, = [ay;5]. We have |% E(e, A€, = |% tr(A,2,)| = |% Yo A ii02] < %ZLI | ii| <

VDI ap ;, where ¢ is a constant and the last inequality follows by the Cauchy-Schwarz
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inequality. Then, [+ E(e,Ane,)| < c\/% Syt = oy wtr(AnA,) < cfJA,|l. Thus,
L BE(e, Anen) = O(1).
(441) By Lemma 2(3) in Jin and Lee (2012), the variance of €], A, €, is var(e, Aye,) = >0 a2 ;;[E(e
3ob ]+ tr[2, A2, (A, + AL)]. Thus,
- 1
var(e, Anen) < €1 @i+ 5 052 (A + A) S0 (An + A5/
i=1
< ney + estr[BY2(A, + AL)(A, + A)EL?
= ney + e tr[(A, + A, (A, + A))]

< ney + eqtr[(An + Ay) (A, + A

IN

ney + neql| A, + A;H2

< ney + ney(||Anll + 1 471)* < nes,

where ¢;’s are constants, and the last inequality uses ||A,| = ||A}||. Hence, var(e, A,e,) = O(n)
and %e’nAnen — %E(e;Anen) = 0,(1). O

As can be seen from the proof of Proposition 1 in Appendix C, replacing Assumptions 2 and
5 by Assumptions D.1-D.2 only affects the terms with the forms in the above lemma. Since the

above lemma shows that the orders of those terms do not change, Proposition 1 still holds.
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