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Note: This supplement includes

(1) sufficient identification conditions for the GMM and GEL estimation;

(2) sufficient conditions for the gradient matrix Ḡn in Assumption 9 to have full rank in the limit;

(3) sufficient identification conditions for the spatial J test;

(4) proofs of lemmas;

(5) some expressions for the proof of Theorem 3.4.

(6) Monte Carlo results for the SARAR(1,1) and SE models.

A Sufficient identification conditions for the GMM and GEL estima-

tion

In this section, we provide sufficient identification conditions for the GMM and hence GEL estimation of the

SARAR(p,q) model. In the homoskedastic case, the conditions are similar to those in Liu et al. (2010) for the

SARAR(1,1) model and in Lee and Liu (2010) for the SARAR(p,q) model. Our moment conditions include the

variance parameter σ2 but theirs do not, so we need to take into account this difference. In the heteroskedastic

case, the conditions are modified from those in the homoskedastic case by involving different variances.
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A.1 Homoskedastic case

The leading order term of the empirical linear moment 1
nQ
′
nVn(θ) is the population moment 1

nQ
′
ndn(θ), where

dn(θ) = E[Vn(θ)] = Rn(τ)[
∑p
j=1(κ0j −κj)WjnS

−1
n Xnβ0 +Xn(β0− β)], and that of an empirical quadratic moment

1
n [V ′n(θ)PlnVn(θ)− σ2 tr(Pln)] is

1

n
E[V ′n(θ)PlnVn(θ)− σ2 tr(Pln)]

=
1

n
d′n(θ)Plndn(θ) +

σ2
0

n
tr{[Rn(τ)Sn(κ)S−1

n R−1
n ]′Pln[Rn(τ)Sn(κ)S−1

n R−1
n ]} − σ2

n
tr(Pln).

As β0 only appears in dn(θ) in these terms of population moment conditions, Xn needs to have full rank for large

enough n for the identification and consistent estimation of β0. Let Υn = [W1nS
−1
n Xnβ0, . . . ,WpnS

−1
n Xnβ0, Xn].

Then 1
nQ
′
ndn(θ) = 1

nQ
′
nRn(τ)Υn[κ01 − κ1, . . . , κ0p − κp, β′0 − β′]′, where limn→∞

1
nQ
′
nRn(τ)Υn may or may not

have full column rank for any τ in its parameter space.

If limn→∞
1
nQ
′
nRn(τ)Υn has full column rank for any τ in its parameter space, then κ0 and β0 can be identified

from the linear moments. As a result, only τ0 and σ2
0 need to be identified from the quadratic moments. With

κ = κ0 and β = β0, limn→∞
1
n E[V ′n(θ)PlnVn(θ)− σ2 tr(Pln)] = 0 for l = 1, . . . , kp become

lim
n→∞

1

n
{σ2

0 tr[R′−1
n R′n(τ)PlnRn(τ)R−1

n ]− σ2 tr(Pln)} = 0 for l = 1, . . . , kp. (A.1)

The identification of (τ ′0, σ
2
0) via the quadratic moments is the same as that for the pure SAR process

Un =

q∑
k=1

τkMknUn + Vn

via those moments, where Un = SnYn − Xnβ0 is observable. Let Φ, Φτk and Φτk1k2 be kp × 1 vectors with

the lth element being, respectively, Φl = limn→∞
1
n tr(Pln), Φτk,l = limn→∞

2
n tr(PlnMknR

−1
n ) and Φτk1k2 ,l =

limn→∞
1
n tr(R′−1

n M ′k1nPlnMk2nR
−1
n ). Then, as Rn(τ) = Rn +

∑q
k=1(τ0k − τk)Mkn, (A.1) is equivalent to 1

σ2
0
(σ2

0 −

σ2)Φ +
∑q
k=1(τ0k − τk)Φτk +

∑q
k1,k2=1(τ0,k1 − τk1)(τ0,k2 − τk2)Φτk1k2 = 0, which is a linear combination of Φ’s with

coefficients nonlinear in (τ ′0 − τ ′, σ2
0 − σ2). It follows that (A.1) has a unique solution at (τ ′0, σ

2
0) if and only if

cΦ +

q∑
k=1

ckΦτk +

q∑
k1,k2=1

ck1ck2Φτk1k2 6= 0 for any (c, c1, . . . , cq) 6= 0. (A.2)

A sufficient condition is that all the Φ’s with k2 ≤ k1 are linearly independent.1 Due to the presence of σ2 in θ,

it requires that Φ 6= 0, which implies that at least one limn→∞
1
n tr(Pln) should be nonzero. In particular, at least

one Pln should not have a zero trace.

Some low level conditions for the full rank property of limn→∞
1
nQ
′
nRn(τ)Υn and (A.2) can be derived. As

Rn(τ) = In − τ1M1n − · · · − τqMqn, Rn(τ)Υn is a linear combination of Υn and MjnΥn for j = 1, . . . , q. If Mjn

is row-normalized, as Xn usually contains a column of ones corresponding to an intercept term, MjnXn will also

contain a column of ones. Let Xn = [ln, X
∗
n], where X∗n is the submatrix of Xn that excludes ln, Xjn = X∗n

if Mjn is row-normalized and Xjn = Xn otherwise, and Υjn = [W1nS
−1
n Xnβ0, . . . ,WpnS

−1
n Xnβ0, Xjn], for j =

1Note that Φτk1k2 = Φτk2k1 as Pln’s are symmetric.
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1, . . . , q. A sufficient condition for limn→∞
1
nQ
′
nRn(τ)Υn to have full rank for any τ in its parameter space is that

limn→∞
1
nQ
′
n[Υn,M1nΥ1n, . . . ,MqnΥqn] has full column rank. This condition requires [Υn,M1nΥ1n, . . . ,MqnΥqn]

to have full column rank for large enough n, Qn to have sufficient correlation with [Υn,M1nΥ1n, . . . ,MqnΥqn], and

the number of instruments in Qn to be greater than or equal to the number of columns in [Υn,M1nΥ1n, . . . ,MqnΥqn].

As S−1
n =

∑∞
j=0(κ10W1n + · · · + κp0Wpn)j if ‖κ10W1n + · · · + κp0Wpn‖ < 1 for some matrix norm ‖ · ‖, Qn

may consist of independent columns of matrices with the form f(W1n, . . . ,Wpn)Xn or Mjnf(W1n, . . . ,Wpn)Xn

for j = 1, . . . , q, where f(W1n, . . . ,Wpn) is a function of W1n, . . . ,Wpn, e.g., a polynomial function, such that

limn→∞
1
nQ
′
n[Υn,M1nΥ1n, . . . ,MqnΥqn] has full column rank.2

For (A.2), let A(s) = A + A′ for any square matrix A, and ϕn be the matrix formed by the column vectors

vec(In), vec((MknR
−1
n )(s)) and vec((Mk2nR

−1
n R′−1

n M ′k1n)(s)), where k, k1 = 1, . . . , q and 1 ≤ k2 ≤ k1. Then cΦ +∑q
k=1 ckΦτk+

∑q
k1,k2=1 ck1ck2Φτk1k2 is a linear combination of the columns of limn→∞

1
n [vec(P1n), . . . , vec(Pkpn)]′ϕn,

as tr(AB) = vec′(A′) vec(B) for two conformable matrices A and B. It follows that (A.2) holds if

lim
n→∞

1

n
[vec(P1n), . . . , vec(Pkpn)]′ϕn

has full column rank, which implies that ϕn has full column rank for large enough n, kp is greater than or

equal to the number of columns in ϕn, and P1n, . . . , Pkpn have sufficient correlation with In, (MknR
−1
n )(s)

and (Mk2nR
−1
n R′−1

n M ′k1n)(s) for k, k1 = 1, . . . , q and 1 ≤ k2 ≤ k1. Note that the number of columns in ϕn

is 1 + q + 1
2q(q + 1), so (τ ′0, σ

2
0) is over-identified under this sufficient condition for (A.2). For the rank of

ϕn, as a linear combination of vectorizations of matrices is equal to the vectorization of a linear combination

of matrices, ϕn having full rank is equivalent to linear independence of corresponding matrices. Since R−1
n =∑∞

j=0(τ10M1n + · · · + τq0Mqn)j if ‖τ10M1n + · · · + τq0Mqn‖ < 1 for some matrix norm ‖ · ‖, Pjn can consist of

matrices with the form f(M1n, . . . ,Mqn), where f(·) is a function with function values being n × n symmetric

matrices such that limn→∞
1
n [vec(P1n), . . . , vec(Pkpn)]′ϕn has full column rank.3 As an example, we investigate the

special case with q = 1. In this case,

ϕn = [vec(In), vec((M1nR
−1
n )(s)), 2 vec(M1nR

−1
n R′−1

n M ′1n)].

Then, for constants c1, c2 and c3, 1
n [vec(P1n), . . . , vec(Pkpn)]′ϕn[c1, c2, c3]′ = 1

n [vec(P1n), . . . , vec(Pkpn)]′ vec(c1In +

c2(M1nR
−1
n )(s) + 2c3M1nR

−1
n R′−1

n M ′1n). If In, (M1nR
−1
n )(s) and M1nR

−1
n R′−1

n M ′1n are linearly independent and

limn→∞
1
n [vec(P1n), . . . , vec(Pkpn)]′ϕn has full column rank, then (A.2) holds. The Pln’s can be In, M

(s)
1n , (M2

1n)(s),

M1nM
′
1n, M2

1nM
′2
1n, and so on.

2If we have initial consistent estimators κ̃n and β̃n of, respectively, κ0 and β0, then Υn can be estimated by Υ̂n =

[W1nS
−1
n (κ̃n)Xnβ̃n, . . . ,WpnS

−1
n (κ̃n)Xnβ̃n, Xn], and Υjn by Υ̂jn = [W1nS

−1
n (κ̃n)Xnβ̃n, . . . ,WpnS

−1
n (κ̃n)Xnβ̃n, Xjn]. Thus we may

let Qn = [Υ̂n,M1nΥ̂1n, . . . ,MqnΥ̂qn]. Since this Qn involves estimated parameters, the analysis for the higher order bias of the re-

sulting estimator is more complicated and is omitted in the main text. A possible advantage of using this Qn is that it may avoid the

problem of many instruments and the possible high multicolinearity problem.
3If there is a consistent estimator τ̃ of τ0, then Pjn’s can be In, (MknR

−1
n (τ̃))(s) and (Mk2nR

−1
n (τ̃)R′−1

n (τ̃)Mk1n)(s), where

k, k1 = 1, . . . , q and 1 ≤ k2 ≤ k1.
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If limn→∞
1
nQ
′
nRn(τ)Υn does not have full column rank for some τ , it would likely be due to dependence

of some WjnS
−1
n Xnβ0 on Xn and other WlnS

−1
n Xnβ0. In this case, assume that limn→∞

1
nQ
′
nRn(τ)Υn has col-

umn rank kx + p − p0 for some 1 ≤ p0 ≤ p for any τ in its parameter space. Without loss of generality, let

[Wp0+1,nS
−1
n Xnβ0, . . . ,WpnS

−1
n Xnβ0, Xn] have full column rank for large enough n. Then for j = 1, . . . , p0, there

exist αjl’s and aj ’s such that WjnS
−1
n Xnβ0 =

∑p
l=p0+1WlnS

−1
n Xnβ0αjl +Xnaj for large enough n. It follows that

Q′ndn(θ) = Q′nRn(τ)

{ p∑
l=p0+1

WlnS
−1
n Xnβ0

[ p0∑
j=1

αjl(κ0j − κj) + κ0l − κl
]

+Xn

[ p0∑
j=1

aj(κ0j − κj) + β0 − β
]}
.

Thus, solutions to limn→∞
1
nQ
′
ndn(θ) = 0 are described by the relations

β =

p0∑
j=1

aj(κ0j − κj) + β0, and κl =

p0∑
j=1

αjl(κ0j − κj) + κ0l for l = p0 + 1, . . . , p. (A.3)

These relations imply that dn(θ) = 0 and (β′0, κ0,p0+1, . . . , κ0p) is identified as long as (κ01, . . . , κ0,p0) is identified.

With dn(θ) = 0, (κ01, . . . , κ0,p0 , τ
′
0, σ

2
0) can be identified from the quadratic moments, and the probability limits of

quadratic moments limn→∞
1
n E[V ′n(θ)PlnVn(θ)− σ2 tr(Pln)] = 0 for l = 1, . . . , kp reduce to

lim
n→∞

1

n
{σ2

0 tr[R′−1
n S′−1

n S′n(κ)R′n(τ)PlnRn(τ)Sn(κ)S−1
n R−1

n ]− σ2 tr(Pln)} = 0 for l = 1, . . . , kp. (A.4)

The identification of (κ′0, τ
′
0, σ

2
0) via the quadratic moments corresponds to that of the pure SARAR(p,q) model

Yn =

p∑
j=1

κjWjnYn + Un, Un =

q∑
k=1

τkMknUn + Vn.

Under the additional condition that

lim
n→∞

1

n
Q′nRn(τ)Υn has column rank kx + p− p0 for some 1 ≤ p0 ≤ p for any τ in its parameter space, (A.5)

we shall use (A.3) to derive a condition equivalent to (A.4) holding only at (κ′, τ ′, σ2) = (κ′0, τ
′
0, σ

2
0). With (A.3),

Sn(κ) = Sn +
∑p
j=1(κ0j − κj)Wjn = Sn +

∑p0
j=1(κ0j − κj)(Wjn −

∑p
l=p0+1 αjlWln). Denote ∆jn = (Wjn −∑p

l=p0+1 αjlWln)S−1
n R−1

n for j = 1, . . . , p0. Let Φκj , Φκj1j2 , Φκjτk , Φκj1j2τk , Φκjτk1k2 and Φκj1j2τk1k2 be kp×1 vectors

with the lth element being, respectively, Φκj ,l = limn→∞
2
n tr(PlnRn∆jn), Φκj1j2 ,l = limn→∞

1
n tr(∆′j1nR

′
nPlnRn∆j2n),

Φκjτk,l = limn→∞
2
n tr(R′−1

n M ′knPlnRn∆jn+PlnMkn∆jn), Φκj1j2τk,l = limn→∞
2
n tr(∆′j1nM

′
knPlnRn∆j2n), Φκjτk1k2 ,l =

limn→∞
2
n tr(R′−1

n M ′k1nPlnMk2n∆jn) and Φκj1j2τk1k2 ,l = limn→∞
1
n tr(∆′j1nM

′
k1n

PlnMk2n∆j2n). With dn(θ) = 0

and (A.3), (A.4) becomes

0 =
1

σ2
0

(σ2
0 − σ2)Φ +

q∑
k=1

(τ0k − τk)Φτk +

q∑
k1,k2=1

(τ0,k1 − τk1)(τ0,k2 − τk2)Φτk1k2 +

p0∑
j=1

(κ0j − κj)Φκj

+

p0∑
j1,j2=1

(κ0,j1 − κj1)(κ0,j2 − κj2)Φκj1j2 +

p0∑
j=1

q∑
k=1

(κ0j − κj)(τ0k − τk)Φκjτk

+

p0∑
j1,j2=1

q∑
k=1

(κ0,j1 − κj1)(κ0,j2 − κj2)(τ0k − τk)Φκj1j2τk +

p0∑
j=1

q∑
k1,k2=1

(κ0j − κj)(τ0,k1 − τk1)(τ0,k2 − τk2)Φκjτk1k2

+

p0∑
j1,j2=1

q∑
k1,k2=1

(κ0,j1 − κj1)(κ0,j2 − κj2)(τ0,k1 − τk1)(τ0,k2 − τk2)Φκj1j2τk1k2 .

(A.6)
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Thus (A.4) has a unique solution at (κ′, τ ′, σ2) = (κ′0, τ
′
0, σ

2
0) if and only if the above linear combination of Φ’s are

nonzero when (κ1, . . . , κp0 , τ
′, σ2) 6= (κ01, . . . , κ0,p0 , τ

′
0, σ

2
0).

Sufficient conditions for (A.5) and (A.6) to hold only at (κ1, . . . , κp0 , τ
′, σ2) = (κ01, . . . , κ0,p0 , τ

′
0, σ

2
0) can be

derived similarly as for the case where limn→∞
1
nQ
′
nRn(τ)Υn has full column rank for any τ in its parameter space.

(A.5) holds if limn→∞
1
nQ
′
n[Υ∗n,M1nΥ∗1n, . . . ,MqnΥ∗qn] has full column rank, where

Υ∗n = [Wp0+1,nS
−1
n Xnβ0, . . . ,WpnS

−1
n Xnβ0, Xn]

and Υ∗jn = [Wp0+1,nS
−1
n Xnβ0, . . . ,WpnS

−1
n Xnβ0, Xjn] for j = 1, . . . , q. For (A.6), let ϕ∗n be the matrix formed by

the column vectors vec(In), vec((MknR
−1
n )(s)), vec((Mk2nR

−1
n R′−1

n M ′k1n)(s)), vec((Rn∆jn)(s)), vec((Rn∆j2n∆′j1nR
′
n)(s)),

vec((Rn∆jnR
′−1
n M ′kn+Mkn∆jn)(s)), vec((Rn∆jn∆′j1nM

′
kn)(s)), vec((Mkn∆jnR

′−1
n M ′k1n)(s)), vec(Mkn∆j2n∆′j1nM

′
kn)(s)),

and vec(Mkn∆jn∆′j1nM
′
k3n

)(s)), for j, j1 = 1, . . . , p0; k, k1 = 1, . . . , q; 1 ≤ j2 ≤ j1; 1 ≤ k2 ≤ k1; and 1 ≤ k3 < k.

Thus, (A.6) holds only at (κ1, . . . , κp0 , τ
′, σ2) = (κ01, . . . , κ0,p0 , τ

′
0, σ

2
0) if limn→∞

1
n [vec(P1n), . . . , vec(Pkp,n)]′ϕ∗n has

full column rank, which implies that ϕ∗n has full column rank for large enough n, kp is greater than or equal

to the number of columns in ϕ∗n, and P1n, . . . , Pkpn have sufficient correlation with matrices corresponding to

the columns of ϕ∗n. In the special case with p = p0 = 1 and q = 1, ∆1n = W1nS
−1
n R−1

n . Then φ∗n is the

matrix formed by the column vectors vec(In), vec((M1nR
−1
n )(s)), vec((M1nR

−1
n R′−1

n M ′1n)(s)), vec((Rn∆1n)(s)),

vec((Rn∆1n∆′1nR
′
n)(s)), vec((Rn∆1nR

′−1
n M ′1n+M1n∆1n)(s)), vec((Rn∆1n∆′1nM

′
1n)(s)), vec((M1n∆1nR

′−1
n M ′1n)(s)),

and vec(M1n∆1n∆′1nM
′
1n)(s)). Then Pln’s can be In, M

(s)
1n , W

(s)
1n , (M2

1n)(s), (W 2
1n)(s), M1nM

′
1n, W1nW

′
1n, M2

1nM
′2
1n,

W 2
1nW

′2
1n, and so on. We summarize the identification conditions in the following assumption.

Assumption S1. Either (i) limn→∞
1
nQ
′
nRn(τ)Υn has full column rank for any τ in its parameter space, and (A.1)

has a unique solution at (τ ′, σ2) = (τ ′0, σ
2
0), i.e., (A.2) holds, or (ii) limn→∞

1
nQ
′
nRn(τ)Υn has column rank kx+p−p0

for some 1 ≤ p0 ≤ p for any τ in its parameter space, and (A.4) has a unique solution at (κ′, τ ′, σ2) = (κ′0, τ
′
0, σ

2
0),

i.e., (A.6) holds only at (κ1, . . . , κp0 , τ
′, σ2) = (κ01, . . . , κ0,p0 , τ

′
0, σ

2
0).

The following assumption contains sufficient conditions for Assumption S1.

Assumption S2. Either (i) limn→∞
1
nQ
′
n[Υn,M1nΥ1n, . . . ,MqnΥqn] and limn→∞

1
n [vec(P1n), . . . , vec(Pkpn)]′ϕn

have full column rank, or (ii) limn→∞
1
nQ
′
n[Υ∗n,M1nΥ∗1n, . . . ,MqnΥ∗qn] and limn→∞

1
n [vec(P1n), . . . , vec(Pkp,n)]′ϕ∗n

have full column rank.

A.2 Heteroskedastic case

Sufficient identification conditions in the heteroskedastic case can be similarly derived. Denote by Πn the diagonal

matrix with the ith diagonal element being σ2
ni for i = 1, . . . , n. Let Ψτk , Ψτk1k2

, Ψκj , Ψκj1j2
, Ψκjτk , Ψκj1j2τk

,

Ψκjτk1k2
and Ψκj1j2τk1k2

be kp×1 vectors with the lth element being, respectively, Ψτk,l = limn→∞
2
n tr(PlnMknR

−1
n Πn),

Ψτk1k2 ,l
= limn→∞

1
n tr(R′−1

n M ′k1nPlnMk2nR
−1
n Πn), Ψκj ,l = limn→∞

2
n tr(PlnRn∆jnΠn),

Ψκj1j2 ,l
= lim
n→∞

1

n
tr(∆′j1nR

′
nPlnRn∆j2nΠn),
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Ψκjτk,l = limn→∞
2
n tr(R′−1

n M ′knPlnRn∆jnΠn+PlnMkn∆jnΠn), Ψκj1j2τk,l
= limn→∞

2
n tr(∆′j1nM

′
knPlnRn∆j2nΠn),

Ψκjτk1k2 ,l
= limn→∞

2
n tr(R′−1

n M ′k1nPlnMk2n∆jnΠn) and Ψκj1j2τk1k2 ,l
= limn→∞

1
n tr(∆′j1nM

′
k1n

PlnMk2n∆j2nΠn);

let $n be the matrix formed by the column vectors vec((MknR
−1
n Πn)(s)) and vec((Mk2nR

−1
n ΠnR

′−1
n M ′k1n)(s)) for

k, k1 = 1, . . . , q and 1 ≤ k2 ≤ k1; and let $∗n be the matrix formed by the column vectors vec((MknR
−1
n Πn)(s)),

vec((Mk2nR
−1
n ΠnR

′−1
n M ′k1n)(s)), vec((Rn∆jnΠn)(s)), vec((Rn∆j2nΠn∆′j1nR

′
n)(s)),

vec((Rn∆jnΠnR
′−1
n M ′kn +Mkn∆jnΠn)(s)),

vec((Rn∆jnΠn∆′j1nM
′
kn)(s)), vec((Mkn∆jnΠnR

′−1
n M ′k1n)(s)), vec((Mkn∆j2nΠn∆′j1nM

′
kn)(s)), and

vec((Mkn∆jnΠn∆′j1nM
′
k3n)(s)),

for j, j1 = 1, . . . , p0; k, k1 = 1, . . . , q; 1 ≤ j2 ≤ j1; 1 ≤ k2 ≤ k1; and 1 ≤ k3 < k. The following Assumption S3 is a

sufficient identification assumption, and Assumption S4 provides low level sufficient conditions for Assumption S3.

Assumption S3. Either (i) limn→∞
1
nQ
′
nRn(τ)Υn has full column rank for any τ in its parameter space, and

limn→∞
1
n tr[R′−1

n R′n(τ)PlnRn(τ)R−1
n Πn] = 0 for l = 1, . . . , kp have a unique solution at τ = τ0, i.e.,

∑q
k=1 ckΨτk +∑q

k1,k2=1 ck1ck2Ψτk1k2
6= 0 for any (c1, . . . , cq) 6= 0, or (ii) limn→∞

1
nQ
′
nRn(τ)Υn has column rank kx + p − p0 for

some 1 ≤ p0 ≤ p for any τ in its parameter space, and limn→∞
1
n tr[R′−1

n S′−1
n S′n(κ)R′n(τ)PlnRn(τ)Sn(κ)S−1

n R−1
n Πn] =

0 for l = 1, . . . , kp have a unique solution at (κ′, τ ′) = (κ′0, τ
′
0), i.e.,

q∑
k=1

ckΨτk +

q∑
k1,k2=1

ck1ck2Ψτk1k2
+

p0∑
j=1

djΨκj +

p0∑
j1,j2=1

dj1dj2Ψκj1j2
+

p0∑
j=1

q∑
k=1

djckΨκjτk

+

p0∑
j1,j2=1

q∑
k=1

dj1dj2ckΨκj1j2τk
+

p0∑
j=1

q∑
k1,k2=1

djck1ck2Ψκjτk1k2
+

p0∑
j1,j2=1

q∑
k1,k2=1

dj1dj2ck1ck2Ψκj1j2τk1k2
6= 0

(A.7)

for any (c1, . . . , cq, d1, . . . , dp0) 6= 0.

Assumption S4. Either (i) limn→∞
1
nQ
′
n[Υn,M1nΥ1n, . . . ,MqnΥqn] and limn→∞

1
n [vec(P1n), . . . , vec(Pkpn)]′$n

have full column rank, or (ii) limn→∞
1
nQ
′
n[Υ∗n,M1nΥ∗1n, . . . ,MqnΥ∗qn] and limn→∞

1
n [vec(P1n), . . . , vec(Pkp,n)]′$∗n

have full column rank.

B Sufficient conditions for limn→∞ Ḡn in Assumption 9 to have full rank

B.1 Homoskedastic case

In the homoskedastic case, the gradient matrix

Ḡn =

−
1

n



2σ2
0 tr(P1nRnW1nS

−1
n R−1

n ) . . . 2σ2
0 tr(P1nRnWpnS

−1
n R−1

n ) 2σ2
0 tr(P1nM1nR

−1
n ) . . . 2σ2

0 tr(P1nMqnR
−1
n ) 0 tr(P1n)

.

.

.
. . .

.

.

.
.
.
.

. . .
.
.
.

.

.

.
.
.
.

2σ2
0 tr(PkpnRnW1nS

−1
n R−1

n ) . . . 2σ2
0 tr(PkpnRnWpnS

−1
n R−1

n ) 2σ2
0 tr(PkpnM1nR

−1
n ) . . . 2σ2

0 tr(PkpnMqnR
−1
n ) 0 tr(Pkpn)

Q′nRnW1nS
−1
n Xnβ0 . . . Q′nRnWpnS

−1
n Xnβ0 0 . . . 0 Q′nRnXn 0


.
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Thus, by the last (q+ 2) column blocks of Ḡn, for Ḡn to have full column rank in the limit, limn→∞
1
nQ
′
nRnXn and

lim
n→∞

1

n
[vec(P1n), . . . , vec(Pkpn)]′[vec((M1nR

−1
n )(s)), . . . , vec((MqnR

−1
n )(s)), vec(In)] (B.1)

must have full column rank. By the last row blocks of Ḡn, if we have the stronger conditions that limn→∞
1
nQ
′
nRnΥn

and (B.1) have full column rank, where Υn = [W1nS
−1
n Xnβ0, . . . ,WpnS

−1
n Xnβ0, Xn], then limn→∞ Ḡn has full

column rank. If limn→∞
1
nQ
′
nRnΥn does not have full column rank, by the first kp row blocks of Ḡn, sufficient

conditions for limn→∞ Ḡn to have full column rank are that limn→∞
1
nQ
′
nRnXn and

lim
n→∞

1

n
[vec(P1n), . . . , vec(Pkpn)]′[vec((RnW1nS

−1
n R−1

n )(s)), . . . , vec((RnWpnS
−1
n R−1

n )(s)),

vec((M1nR
−1
n )(s)), . . . , vec((MqnR

−1
n )(s)), vec(In)]

(B.2)

have full column rank. Alternatively, we may derive some weaker sufficient conditions as in Section A.1. Assume

that limn→∞
1
nQ
′
nRnΥn has column rank kx + p − p0 for some 1 ≤ p0 ≤ p. Without loss of generality, let

[Wp0+1,nS
−1
n Xnβ0, . . . ,WpnS

−1
n Xnβ0, Xn] have full column rank for large enough n. Then for j = 1, . . . , p0, there

exist αjl’s and aj ’s such that WjnS
−1
n Xnβ0 =

∑p
l=p0+1WlnS

−1
n Xnβ0αjl +Xnaj for large enough n. Suppose that

Ḡn[b1, . . . , bp0 , cp0+1, . . . , cp, d1, . . . , dq, c
′, e]′ = 0, where bj ’s, cj ’s, dj ’s and e are scalars and c is a kx×1 vector. Using

the last row blocks of Ḡn, we have
∑p
l=p0+1Q

′
nRnWlnS

−1
n Xnβ0(

∑p0
j=1 αjlbj + cl) + Q′nRnXn(

∑p0
j=1 ajbj + c) = 0.

Hence,
p0∑
j=1

ajbj + c = 0, and

p0∑
j=1

αjlbj + cl = 0, for l = p0 + 1, . . . , p.

By the above relations and the first kp row blocks of Ḡn, we have

p0∑
j=1

2σ2
0 tr
[
PmnRn

(
Wjn −

p∑
l=p0+1

Wlnαjl

)
S−1
n R−1

n

]
bj +

q∑
k=1

2σ2
0 tr(PmnMknR

−1
n )dk + tr(Pmn)e = 0, for m = 1, . . . , kp.

Then sufficient conditions for limn→∞ Ḡn to have full column rank are that limn→∞
1
nQ
′
nRnΥn has column rank

kx + p− p0 for some 1 ≤ p0 ≤ p and

lim
n→∞

1

n
[vec(P1n), . . . , vec(Pkpn)]′

[
vec
((
Rn

(
W1n −

p∑
l=p0+1

Wlnα1l

)
S−1
n R−1

n

)(s))
, . . . ,

vec
((
Rn

(
Wp0n −

p∑
l=p0+1

Wlnαp0l

)
S−1
n R−1

n

)(s))
, vec((M1nR

−1
n )(s)), . . . , vec((MqnR

−1
n )(s)), vec(In)

] (B.3)

has full column rank. We summarize the above sufficient conditions for limn→∞ Ḡn to have full column rank in the

following assumption.

Assumption S5. Either (i) limn→∞
1
nQ
′
nRnΥn and (B.1) have full column rank, or (ii) limn→∞

1
nQ
′
nRnXn and

(B.2) have full column rank, or (iii) limn→∞
1
nQ
′
nRnΥn has column rank kx+p−p0 for some 1 ≤ p0 ≤ p and (B.3)

has full column rank.

The interpretation of the above assumption is similar to that of Assumption S1. For example, (B.1) having

full column rank implies that (M1nR
−1
n )(s), . . . , (MqnR

−1
n )(s) and In are linearly independent, kp ≥ q + 1, and

Pjn’s have enough correlation with (M1nR
−1
n )(s), . . . , (MqnR

−1
n )(s) and In. We note that Assumption S2(i) implies

Assumption S5(i), and Assumption S2(ii) implies Assumption S5(iii).
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B.2 Heteroskedastic case

In the heteroskedastic case, the gradient matrix

Ḡn =

−
1

n



2 tr(P1nRnW1nS
−1
n R−1

n Πn) . . . 2 tr(P1nRnWpnS
−1
n R−1

n Πn) 2 tr(P1nM1nR
−1
n Πn) . . . 2 tr(P1nMqnR

−1
n Πn) 0

.

.

.
. . .

.

.

.
.
.
.

. . .
.
.
.

.

.

.

2 tr(PkpnRnW1nS
−1
n R−1

n Πn) . . . 2 tr(PkpnRnWpnS
−1
n R−1

n Πn) 2 tr(PkpnM1nR
−1
n Πn) . . . 2 tr(PkpnMqnR

−1
n Πn) 0

Q′nRnW1nS
−1
n Xnβ0 . . . Q′nRnWpnS

−1
n Xnβ0 0 . . . 0 Q′nRnXn


.

Then, by an argument similar to that for the homoskedastic case, we can derive the following sufficient conditions

for limn→∞ Ḡn to have full column rank.

Assumption S6. Either (i) limn→∞
1
nQ
′
nRnΥn and

lim
n→∞

1

n
[vec(P1n), . . . , vec(Pkpn)]′[vec((M1nR

−1
n Πn)(s)), . . . , vec((MqnR

−1
n Πn)(s))]

have full column rank, or (ii) limn→∞
1
nQ
′
nRnXn and

lim
n→∞

1

n
[vec(P1n), . . . , vec(Pkpn)]′[vec((RnW1nS

−1
n R−1

n Πn)(s)), . . . , vec((RnWpnS
−1
n R−1

n Πn)(s)),

vec((M1nR
−1
n Πn)(s)), . . . , vec((MqnR

−1
n Πn)(s))]

have full column rank, or (iii) limn→∞
1
nQ
′
nRnΥn has column rank kx + p− p0 for some 1 ≤ p0 ≤ p and

lim
n→∞

1

n
[vec(P1n), . . . , vec(Pkpn)]′

[
vec
((
Rn

(
W1n −

p∑
l=p0+1

Wlnα1l

)
S−1
n R−1

n Πn

)(s))
, . . . ,

vec
((
Rn

(
Wp0n −

p∑
l=p0+1

Wlnαp0l

)
S−1
n R−1

n Πn

)(s))
, vec((M1nR

−1
n Πn)(s)), . . . , vec((MqnR

−1
n Πn)(s))

]
has full column rank.

C Sufficient identification conditions for the spatial J test

For the identification of the augmented model (11) for the spatial J test, compared with that of the original

SARAR(p,q) model, we need to take into account additional terms from the predictor Ŷn, and possible inclusion of

the generated regressor Ŷn in the IV matrix Qn if Ŷn = S−1
n (κ̂n)Xnβ̂n.

C.1 Homoskedastic case

With the pseudo-true value θ∗n satisfying Assumption 12(i) and (ii), when Ŷn = S−1
n (κ̂n)Xnβ̂n, let Ȳ ∗n = S−1

n (κ∗n)Xnβ∗n
and ε∗n = 0n×1; when Ŷn =

∑p1
j=1 κ̂jnWjnYn + Xnβ̂n, let Ȳ ∗n =

∑p1
j=1 κ

∗
jnWjnS

−1
n Xnβ0 + Xnβ∗n and ε∗n = ΓnVn,

where Γn =
∑p1
j=1 κ

∗
jnWjnS

−1
n R−1

n . The leading order terms for elements of Ŷn are given by Ȳ ∗n + ε∗n. For Ŷn =

S−1
n (κ̂n)Xnβ̂n, note that 1

nV
′
nAnS−1

n (κ̂n)Xnβ̂n = op(1) and 1
nb
′
nAnS−1

n (κ̂n)Xnβ̂n = 1
nb
′
nAnS−1

n (κ∗n)Xnβ∗n + op(1),

where An is an n × n nonstochastic matrix bounded in both row and column sum norms and bn is an n × 1

8



vector of uniformly bounded constants. Then S−1
n (κ̂n)Xnβ̂n is asymptotically exogenous and it may be in-

cluded in the IV matrix Qn. To account for the possible randomness of Qn, if S−1
n (κ̂n)Xnβ̂n is in Qn, let Q∗n

be the matrix obtained by replacing S−1
n (κ̂n)Xnβ̂n in Qn with S−1

n (κ∗n)Xnβ∗n, and Q∗n = Qn otherwise. Since

S−1
n (κ∗n)Xnβ∗n behaves like Xn, sufficient identification conditions are similar to those for the SARAR(p,q) model.

For Ŷn =
∑p1
j=1 κ̂jnWjnYn + Xnβ̂n, due to the presence of the stochastic part ε∗n and its correlation with vectors

linear in Vn, this Ŷn cannot be included in Qn. On the other hand, unlike the case with the first Ŷn, η can be

identified purely from the quadratic moments. Since the identification conditions of η from the linear moment with

the second Ŷn are essentially the same as those with the first Ŷn, we omit those. The following assumption gives

some sufficient identification conditions.

Assumption S7. (1) If Ŷn = S−1
n (κ̂n)Xnβ̂n, either (i) limn→∞

1
nQ
∗′
n Rn(τ)[Υn, Ȳ

∗
n ] has full column rank for any

τ in its parameter space, and (A.1) has a unique solution at (τ ′, σ2) = (τ ′0, σ
2), or (ii) limn→∞

1
nQ
∗′
n Rn(τ)[Υn, Ȳ

∗
n ]

has column rank kx + 1 + p− p0 for some 1 ≤ p0 ≤ p for any τ in its parameter space, and (A.4) has a unique

solution at (κ′, τ ′, σ2) = (κ′0, τ
′
0, σ

2
0).

(2) If Ŷn =
∑p1
j=1 κ̂jnWjnYn + Xnβ̂n, either (i) limn→∞

1
nQ
∗′
n Rn(τ)Υn has full column rank for any τ in its

parameter space, and

lim
n→∞

1

n
{σ2

0 tr[(R−1
n − ηΓn)′R′n(τ)PlnRn(τ)(R−1

n − ηΓn)]− σ2 tr(Pln)} = 0 for l = 1, . . . , kp (C.1)

have a unique solution at (τ ′, σ2, η) = (τ ′0, σ
2
0 , 0), or (ii) limn→∞

1
nQ
∗′
n Rn(τ)Υn has column rank kx + p− p0

for some 1 ≤ p0 ≤ p for any τ in its parameter space, and

lim
n→∞

1

n
{σ2

0 tr[(Sn(κ)S−1
n R−1

n −ηΓn)′R′n(τ)PlnRn(τ)(Sn(κ)S−1
n R−1

n −ηΓn)]−σ2 tr(Pln)} = 0 for l = 1, . . . , kp

(C.2)

have a unique solution at (κ′, τ ′, σ2, η) = (κ′0, τ
′
0, σ

2
0 , 0).

Equivalent conditions for (A.1) and (A.4) to have unique solutions at true parameter values are given in Assump-

tion S1, and those for Assumption S7(2)(i) can be derived by expanding (C.1) as a polynomial linear in (σ2
0 − σ2)

and quadratic in (τ0−τ) and η. For Assumption S7(2)(ii), again let [Wp0+1,nS
−1
n Xnβ0, . . . ,WpnS

−1
n Xnβ0, Xn] have

full column rank for large enough n. Then for large enough n, there exist αjl and aj for j = 1, . . . , p0 such that

WjnS
−1
n Xnβ0 =

∑p
l=p0+1WlnS

−1
n Xnβ0αjl+Xnaj , and there exist αl’s and a such that Ȳ ∗n =

∑p
l=p0+1WlnS

−1
n Xnβ0αl+

Xna. It follows that Q∗
′

n [dn(θ)− ηRn(τ)Ȳ ∗n ] = Q∗
′

n Rn(τ){
∑p
l=p0+1WlnS

−1
n Xnβ0[

∑p0
j=1 αjl(κ0j − κj)− αlη + κ0l −

κl] + Xn[
∑p0
j=1 aj(κ0j − κj) − aη + β0 − β]}. Thus, the solutions to plimn→∞

1
nQ
′
nVn(ϑ) = limn→∞

1
nQ
∗′
n [dn(θ) −

ηRn(τ)Ȳ ∗n ] = 0 are described by the relations

β =

p0∑
j=1

aj(κ0j − κj)− aη + β0, and κl =

p0∑
j=1

αjl(κ0j − κj)− alη + κ0l for l = p0 + 1, . . . , p. (C.3)

Then Sn(κ)S−1
n R−1

n − ηΓn = R−1
n +

∑p0
j=1(κ0j − κj)∆jn − ηΓ∗n, where Γ∗n = Γn −

∑p
l=p0+1 alWlnS

−1
n R−1

n . In this

expression, (−η) is like an additional (κ0j − κj) and Γ∗n is like a ∆jn. Let ∆p0+1,n = Γ∗n and define Φ’s involving
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∆p0+1,n similarly to those in Section A.1. Then replacing p0 in (A.6) by p0 + 1 yields an equivalent condition for

(C.2) to have a unique solution at the true parameter values. We omit that for simplicity.

C.2 Heteroskedastic case

In the heteroskedastic case, the following assumption is sufficient for the identification of the augmented model for

the spatial J test.

Assumption S8. (1) If Ŷn = S−1
n (κ̂n)Xnβ̂n, either (i) limn→∞

1
nQ
∗′
n Rn(τ)[Υn, Ȳ

∗
n ] has full column rank for any

τ in its parameter space, and limn→∞
1
n tr[R′−1

n R′n(τ)PlnRn(τ)R−1
n Σn] = 0 for l = 1, . . . , kp have a unique

solution at τ = τ0, or (ii) limn→∞
1
nQ
∗′
n Rn(τ)[Υn, Ȳ

∗
n ] has column rank kx + 1 + p− p0 for some 1 ≤ p0 ≤ p

for any τ in its parameter space, and limn→∞
1
n tr[R′−1

n S′−1
n S′n(κ)R′n(τ)PlnRn(τ)Sn(κ)S−1

n R−1
n Σn] = 0 for

l = 1, . . . , kp have a unique solution at (κ′, τ ′) = (κ′0, τ
′
0).

(2) If Ŷn =
∑p1
j=1 κ̂jnWjnYn + Xnβ̂n, either (i) limn→∞

1
nQ
∗′
n Rn(τ)Υn has full column rank for any τ in its

parameter space, and limn→∞
1
n tr[(R−1

n − ηΓn)′R′n(τ)PlnRn(τ)(R−1
n − ηΓn)Σn] = 0 for l = 1, . . . , kp have a

unique solution at (τ ′, η) = (τ ′0, 0), or (ii) limn→∞
1
nQ
∗′
n Rn(τ)Υn has column rank kx+p−p0 for some 1 ≤ p0 ≤

p for any τ in its parameter space, and limn→∞
1
n tr[(Sn(κ)S−1

n R−1
n − ηΓn)′R′n(τ)PlnRn(τ)(Sn(κ)S−1

n R−1
n −

ηΓn)Σn] = 0 for l = 1, . . . , kp have a unique solution at (κ′, τ ′, η) = (κ′0, τ
′
0, 0).

D Proofs of lemmas

D.1 General lemmas

Lemma 1. For l = 1, . . . , s, let Dln(θ) = [dln,ij(θ)] be n×n matrices which are bounded in row sum norm uniformly

in θ ∈ Θ, and uln = [uln,i] be n× 1 vectors such that sup1≤l≤s sup1≤j≤n E |uln,j |al = O(1) for al > 1. Then,

(i) supθ∈Θ sup1≤i≤n |
∏s
l=1

∑n
j=1 dln,ij(θ)uln,j | = Op(n

∑s
l=1

1
al );

(ii) supθ∈Θ sup1≤i≤n E(|
∏s
l=1

∑n
j=1 dln,ij(θ)uln,j |

1/
∑s
l=1

1
al ) = O(1) if Dln(θ)’s are nonstochastic;

(iii) 1
n

∑n
i=1

∏s
l=1

∑n
j=1 dln,ij(θ)uln,j = Op(1) if

∑s
l=1

1
al
≤ 1, and supθ∈Θ

1
n |
∑n
i=1

∏s
l=1

∑n
j=1 dln,ij(θ)uln,j | =

Op(1) if
∑s
l=1

1
al
≤ 1 and Dln(θ)’s are also bounded in column sum norm uniformly in θ ∈ Θ.

Proof. (i) There exists a finite cl > 0 such that 1
cl

+ 1
al

= 1. By Hölder’s inequality,

∣∣∣ n∑
j=1

dln,ij(θ)uln,j

∣∣∣ ≤ n∑
j=1

|dln,ij(θ)|
1
cl |dln,ij(θ)|

1
al |uln,j | ≤

( n∑
j=1

|dln,ij(θ)|
)1/cl( n∑

j=1

|dln,ij(θ)| · |uln,j |al
)1/al

,

where
∑n
j=1 |dln,ij(θ)| ≤ c = supn sup1≤l≤s supθ∈Θ ‖Dln(θ)‖∞ <∞. Then,

∣∣∣ s∏
l=1

n∑
j=1

dln,ij(θ)uln,j

∣∣∣ ≤ c∑s
l=1

1
cl

( s∑
l=1

n∑
j=1

|dln,ij(θ)| · |uln,j |al
)∑s

l=1
1
al (D.1)
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≤ c
∑s
l=1

1
cl

( s∑
l=1

n∑
j=1

c|uln,j |al
)∑s

l=1
1
al , (D.2)

where 1
n

∑s
l=1

∑n
j=1 |uln,j |al = Op(1) by Markov’s inequality. Hence the result holds.

(ii) By (D.1),

sup
θ∈Θ

sup
1≤i≤n

E
(∣∣∣ s∏
l=1

n∑
j=1

dln,ij(θ)uln,j

∣∣∣1/∑s
l=1

1
al
)
≤ c(

∑s
l=1

1
cl

)/
∑s
l=1

1
al sup
θ∈Θ

sup
1≤i≤n

s∑
l=1

n∑
j=1

|dln,ij(θ)|E |uln,j |al = O(1).

Hence the result holds.

(iii) If
∑s
l=1

1
al
≤ 1, by (D.1) and Jensen’s inequality for a concave function,

∣∣∣ 1
n

n∑
i=1

s∏
l=1

n∑
j=1

dln,ij(θ)uln,j

∣∣∣ ≤ c∑s
l=1

1
cl

( 1

n

n∑
i=1

s∑
l=1

n∑
j=1

|dln,ij(θ)| · |uln,j |al
)∑s

l=1
1
al

≤ c
∑s
l=1

1
cl

( 1

n

s∑
l=1

n∑
j=1

|uln,j |al sup
n

sup
1≤l≤s

sup
θ∈Θ
‖Dln(θ)‖1

)∑s
l=1

1
al .

Since 1
n

∑n
i=1

∑s
l=1

∑n
j=1 |dln,ij(θ)| · |uln,j |al = Op(1) for any θ ∈ Θ and 1

n

∑s
l=1

∑n
j=1 |uln,j |al = Op(1) by Markov’s

inequality, the two results follow by, respectively, the first and second inequalities.

Lemma 2. Suppose that vni’s are independent with zero mean and E(v2
ni) = σ2

ni for i = 1, . . . , n, and [aln,ij ],

[bln,ij ], [cln,ij ], [dln,ij ], [eln,ij ], [fln,ij ], [gln,ij ] and [hln,ij ] for l = 1, 2 are n×n nonstochastic matrices with bounded

row sum norms. Then,

(i) for r
(l)
ni = aln,ii(v

2
ni − σ2

ni) + bln,iivni + (cln,ii + dln,iivni)
∑i−1
j=1 eln,ijvnj +

∑i−1
j=1(gln,ijvnj

∑j−1
k=1 hln,ikvnk) with

l = 1 and 2, if supn sup1≤i≤n E(v4
ni) <∞, then 1

n

∑n
i=1 E(r

(1)
ni r

(2)
ni ) = O(1) and 1

n

∑n
i=1[r

(1)
ni r

(2)
ni −E(r

(1)
ni r

(2)
ni )] =

op(1);

(ii) for

r
(l)
ni = aln,ii(v

2
ni−σ2

ni)+bln,iivni+(cln,ii+dln,iivni)
i−1∑
j=1

eln,ijvnj+
i−1∑
j=1

fln,ij(v
2
nj−σ2

nj)+

i−1∑
j=1

(
gln,ijvnj

j−1∑
k=1

hln,ikvnk

)

with l = 1 and 2, if supn sup1≤i≤n E(v8
ni) <∞, then 1

n

∑n
i=1[r

(1)
ni r

(2)
ni − E(r

(1)
ni r

(2)
ni )] = Op(n

−1/2).

Proof. (i) We shall prove the results for the simplified r
(l)
ni = bln,iivni + (cln,ii + dln,iivni)

∑i−1
j=1 eln,ijvnj+∑i−1

j=1(gln,ijvnj
∑j−1
k=1 hln,ikvnk) for l = 1 and 2, and point out that the results with the original r

(l)
ni ’s hold similarly.

For notational simplicity, we omit the subscript n in all terms though they are understood to depend on n. Since

E(r
(1)
i r

(2)
i ) = σ2

i b1,iib2,ii + (c1,iic2,ii + σ2
i d1,iid2,ii)

∑i−1
j=1 e1,ije2,ijσ

2
j +

∑i−1
j=1(g1,ijg2,ijσ

2
j

∑j−1
k=1 h1,ikh2,ikσ

2
k),

sup
n

sup
1≤i≤n

|E(r
(1)
i r

(2)
i )| ≤ sup

n
sup

1≤i≤n

[
σ2
i |b1,iib2,ii|+ (|c1,iic2,ii|+ σ2

i |d1,iid2,ii|)
i−1∑
j=1

|e1,ije2,ijσ
2
j |

+

i−1∑
j=1

(
|g1,ijg2,ijσ

2
j |
j−1∑
k=1

|h1,ikh2,ikσ
2
k|
)]

< c,

11



for some constant c. Thus, 1
n

∑n
i=1 E(r

(1)
i r

(2)
i ) = O(1). To prove the convergence of 1

n

∑n
i=1[r

(1)
i r

(2)
i − E(r

(1)
i r

(2)
i )],

rewrite r
(1)
i r

(2)
i − E(r

(1)
i r

(2)
i ) = ∆1i + ∆2i, where

∆1i = b1,iib2,ii(v
2
i − σ2

i ) + [b1,iic2,iivi + b1,iid2,ii(v
2
i − σ2

i )]

i−1∑
j=1

e2,ijvj + [b2,iic1,iivi + b2,iid1,ii(v
2
i − σ2

i )]

i−1∑
j=1

e1,ijvj

+ b1,iivi

i−1∑
j=1

(
g2,ijvj

j−1∑
k=1

h2,ikvk

)
+ b2,iivi

i−1∑
j=1

(
g1,ijvj

j−1∑
k=1

h1,ikvk

)

+ [(c1,iid2,ii + c2,iid1,ii)vi + d1,iid2,ii(v
2
i − σ2

i )]
[i−1∑
j=1

e1,ije2,ij(v
2
j − σ2

j ) +

i−1∑
j=1

j−1∑
k=1

(e1,ije2,ik + e2,ije1,ik)vjvk

]

+ [(c1,iid2,ii + c2,iid1,ii)vi + d1,iid2,ii(v
2
i − σ2

i )]

i−1∑
j=1

e1,ije2,ijσ
2
j

+ d1,iivi

i−1∑
j=1

(
e1,ijg2,ij(v

2
j − σ2

j )

j−1∑
k=1

h2,ikvk

)
+ d2,iivi

i−1∑
j=1

(
e2,ijg1,ij(v

2
j − σ2

j )

j−1∑
k=1

h1,ikvk

)

+ d1,iivi

i−1∑
j=1

(
g2,ijvj

j−1∑
k=1

e1,ikh2,ik(v2
k − σ2

k)
)

+ d2,iivi

i−1∑
j=1

(
g1,ijvj

j−1∑
k=1

e2,ikh1,ik(v2
k − σ2

k)
)

+ d1,iivi

i−1∑
j=1

(
e1,ijg2,ijσ

2
j

j−1∑
k=1

h2,ikvk

)
+ d2,iivi

i−1∑
j=1

(
e2,ijg1,ijσ

2
j

j−1∑
k=1

h1,ikvk

)

+ d1,iivi

i−1∑
j=1

(
g2,ijvj

j−1∑
k=1

e1,ikh2,ikσ
2
k

)
+ d2,iivi

i−1∑
j=1

(
g1,ijvj

j−1∑
k=1

e2,ikh1,ikσ
2
k

)

+ d1,iivi

i−1∑
j=1

j−1∑
k=1

k−1∑
l=1

vjvkvl(e1,ijg2,ikh2,il + g2,ije1,ikh2,il + g2,ijh2,ike1,il)

+ d2,iivi

i−1∑
j=1

j−1∑
k=1

k−1∑
l=1

vjvkvl(e2,ijg1,ikh1,il + g1,ije2,ikh1,il + g1,ijh1,ike2,il),

and

∆2i = b1,iid2,iiσ
2
i

i−1∑
j=1

e2,ijvj + b2,iid1,iiσ
2
i

i−1∑
j=1

e1,ijvj

+ (c1,iic2,ii + σ2
i d1,iid2,ii)

[i−1∑
j=1

e1,ije2,ij(v
2
j − σ2

j ) +

i−1∑
j=1

j−1∑
k=1

(e1,ije2,ik + e2,ije1,ik)vjvk

]

+ c1,ii

i−1∑
j=1

(
e1,ijg2,ij(v

2
j − σ2

j )

j−1∑
k=1

h2,ikvk

)
+ c2,ii

i−1∑
j=1

(
e2,ijg1,ij(v

2
j − σ2

j )

j−1∑
k=1

h1,ikvk

)

+ c1,ii

i−1∑
j=1

(
g2,ijvj

j−1∑
k=1

e1,ikh2,ik(v2
k − σ2

k)
)

+ c2,ii

i−1∑
j=1

(
g1,ijvj

j−1∑
k=1

e2,ikh1,ik(v2
k − σ2

k)
)

+ c1,ii

i−1∑
j=1

(
e1,ijg2,ijσ

2
j

j−1∑
k=1

h2,ikvk

)
+ c2,ii

i−1∑
j=1

(
e2,ijg1,ijσ

2
j

j−1∑
k=1

h1,ikvk

)

+ c1,ii

i−1∑
j=1

(
g2,ijvj

j−1∑
k=1

e1,ikh2,ikσ
2
k

)
+ c2,ii

i−1∑
j=1

(
g1,ijvj

j−1∑
k=1

e2,ikh1,ikσ
2
k

)

+ c1,ii

i−1∑
j=1

j−1∑
k=1

k−1∑
l=1

vjvkvl(e1,ijg2,ikh2,il + g2,ije1,ikh2,il + g2,ijh2,ike1,il)
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+ c2,ii

i−1∑
j=1

j−1∑
k=1

k−1∑
l=1

vjvkvl(e2,ijg1,ikh1,il + g1,ije2,ikh1,il + g1,ijh1,ike2,il)

+

i−1∑
j=1

g1,ijg2,ij(v
2
j − σ2

j )

j−1∑
k=1

h1,ikh2,ik(v2
k − σ2

k)

+

i−1∑
j=1

g1,ijg2,ijσ
2
j

j−1∑
k=1

h1,ikh2,ik(v2
k − σ2

k) +

i−1∑
j=1

g1,ijg2,ij(v
2
j − σ2

j )

j−1∑
k=1

h1,ikh2,ikσ
2
k

+

i−1∑
j=1

g1,ijg2,ij(v
2
j − σ2

j )

j−1∑
k=1

k−1∑
l=1

(h1,ikh2,il + h1,ilh2,ik)vkvl +

i−1∑
j=1

g1,ijg2,ijσ
2
j

j−1∑
k=1

k−1∑
l=1

(h1,ikh2,il + h1,ilh2,ik)vkvl

+

i−1∑
j=1

g2,ijvj

j−1∑
k=1

g1,ikh2,ik(v2
k − σ2

k)

k−1∑
l=1

h1,ilvl +

i−1∑
j=1

g1,ijvj

j−1∑
k=1

g2,ikh1,ik(v2
k − σ2

k)

k−1∑
l=1

h2,ilvl

+

i−1∑
j=1

g2,ijvj

j−1∑
k=1

g1,ikh2,ikσ
2
k

k−1∑
l=1

h1,ilvl +

i−1∑
j=1

g1,ijvj

j−1∑
k=1

g2,ikh1,ikσ
2
k

k−1∑
l=1

h2,ilvl

+

i−1∑
j=1

j−1∑
k=1

(g1,ijg2,ik + g2,ijg1,ik)vjvk

k−1∑
l=1

h1,ilh2,il(v
2
l − σ2

l ) +

i−1∑
j=1

j−1∑
k=1

(g1,ijg2,ik + g2,ijg1,ik)vjvk

k−1∑
l=1

h1,ilh2,ilσ
2
l

+

i−1∑
j=1

j−1∑
k=1

k−1∑
l=1

l−1∑
m=1

vjvkvlvm(g1,ijh1,ikg2,ilh2,im + g1,ijg2,ikh1,ilh2,im

+ g1,ijg2,ikh2,ilh1,im + g2,ijg1,ikh1,ilh2,im + g2,ijg1,ikh2,ilh1,im + g2,ijh2,ikg1,ilh1,im).

Note that ∆1i’s are martingale differences, and ∆2i only involves v1, . . . , vi−1. Each term in ∆1i has the form∏s
l=1

∑n
j=1 dln,ij(θ)uln,j in Lemma 1(ii). Under the assumption that supn sup1≤i≤n E |v4

i | < ∞, by Lemma 1(ii),

∆1i’s are uniformly integrable. Thus, by the martingale law of large numbers in Davidson (1994, p. 299, The-

orem 19.7), 1
n

∑n
i=1 ∆1i = op(1). This argument still holds for the original r

(1)
i and r

(2)
i with the assumption

supn sup1≤i≤n E |v4
i | <∞. For ∆2i, because each term in its expression, e.g., vjvkvlvmg1,ijh1,ikg2,ilh2,im, has mean

zero and is only correlated with any other similar term with the same subscripts j, k, l,m as j, k, l,m are different,

the sum over all subscripts i, j, k, l,m of each term divided by n has a variance of order O(n−1) under the assumption

supn sup1≤i≤n E(v4
i ) <∞. For example,

var
( 1

n

n∑
i=1

i−1∑
j=1

j−1∑
k=1

k−1∑
l=1

l−1∑
m=1

vjvkvlvmg1,ijh1,ikg2,ilh2,im

)
=

1

n2

n∑
i=1

i−1∑
j=1

g21,ijσ
2
j

j−1∑
k=1

h2
1,ikσ

2
k

k−1∑
l=1

g22,ilσ
2
l

l−1∑
m=1

h2
2,imσ

2
m = O(n−1).

Thus, 1
n

∑n
i=1 ∆2i = Op(n

−1/2). With the original r
(1)
i and r

(2)
i , the argument still applies under the assumption

supn sup1≤i≤n E(v4
i ) <∞. Hence, 1

n

∑n
i=1[r

(1)
i r

(2)
i − E(r

(1)
i r

(2)
i )] = op(1).

(ii) We can decompose r
(1)
i r

(2)
i −E(r

(1)
i r

(2)
i ) = ∆1i+∆2i in a way similar to that in (i). In (i), 1

n

∑n
i=1[r

(1)
i r

(2)
i −

E(r
(1)
i r

(2)
i )] is only shown to be op(1) but may not be Op(n

−1/2), because a martingale CLT is used to show that

1
n

∑n
i=1 ∆1i = op(1). With the assumption supn sup1≤i≤n E(v8

i ) <∞, we can show directly that the sample average

of each term in the expression of 1
n

∑n
i=1 ∆1i has a variance of order O(n−1). Then 1

n

∑n
i=1 ∆1i = Op(n

−1/2).

Similar to (i), 1
n

∑n
i=1 ∆2i = Op(n

−1/2). Hence the result holds.
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D.2 Lemmas for the SARAR(p,q) model

Lemma 3. Suppose that Arn(θ) = [arn,ij(θ)] for r = 1, 2 are square matrices of dimension n, brn(θ) = [brn,i(θ)]

for r = 1, 2 are column vectors of dimension n, and their elements are nonstochastic functions of θ ∈ Θ. Assume

that elements of Arn(θ) and brn(θ) are differentiable with respect to θ, the sequences {Arn(θ)} and {∂Arn(θ)
∂θj

} for

r = 1, 2 and j = 1, . . . , kθ are bounded in both row and column sum norms, and {brn(θ)} and {∂brn(θ)
∂θj

} for r = 1, 2

and j = 1, . . . , kθ are bounded in row sum norm, uniformly in a neighborhood of θ0.

Let ξrn,i(θ) = arn,ii(θ)[v
2
ni(θ) − σ2] + 2vni(θ)

∑i−1
j=1 arn,ij(θ)vnj(θ) + brn,i(θ)vni(θ) for r = 1, 2 if the distur-

bances vni’s are homoskedastic, and ξrn,i(θ) = 2vni(θ)
∑i−1
j=1 arn,ij(θ)vnj(θ) + brn,i(θ)vni(θ) for r = 1, 2 if vni’s

are heteroskedastic. Assume that θ̂n = θ0 + op(1). Then, under Assumptions 1–4, 1
n

∑n
i=1 ξ1n,i(θ̂n)ξ2n,i(θ̂n) =

1
n

∑n
i=1 E[ξ1n,i(θ0)ξ2n,i(θ0)] + op(1).

Proof. By the mean value theorem,

1

n

n∑
i=1

ξ1n,i(θ̂n)ξ2n,i(θ̂n) =
1

n

n∑
i=1

ξ1n,i(θ0)ξ2n,i(θ0) +

kθ∑
l=1

1

n

n∑
i=1

[∂ξ1n,i(θ̌n)

∂θl
ξ2n,i(θ̌n) + ξ1n,i(θ̌n)

∂ξ2n,i(θ̌n)

∂θl

]
(θ̂nl − θ0l),

where θ̌n lies between θ0 and θ̂n. We shall show that the second term on the r.h.s. of the above equation goes

to zero in probability. Note that Vni(θ) = e′niVn(θ) and
∑i−1
j=1 arn,ij(θ)vnj(θ) = tril[Arn(θ)]Vn(θ), where eni is

the ith unit column vector of dimension n, and tril(A) for a square matrix A denotes the strictly lower triangular

matrix formed by the elements below the diagonal of A. Under the assumptions in the lemma, tril[Arn(θ)] and

∂tril[Arn(θ)]
∂θl

for l = 1, . . . , kθ are bounded in both row and column sum norms uniformly in a neighborhood of θ0.

Since Yn = S−1
n (Xnβ0 +R−1

n Vn),

Vn(θ) =
[
Rn +

q∑
k=1

(τ0k − τk)Mkn

]{[
Sn +

p∑
j=1

(κ0j − κj)Wjn

]
S−1
n (Xnβ0 +R−1

n Vn)−Xnβ0 +Xn(β0 − β)
}

= RnXn(β0 − β) +

p∑
j=1

(κ0j − κj)RnWjnS
−1
n Xnβ0 +

q∑
k=1

MknXn(β0 − β)(τ0k − τk)

+

p∑
j=1

q∑
k=1

(κ0j − κj)(τ0k − τk)MknWjnS
−1
n Xnβ0 + Vn +

p∑
j=1

(κ0j − κj)RnWjnS
−1
n R−1

n Vn

+

q∑
k=1

(τ0k − τk)MknR
−1
n Vn +

p∑
j=1

q∑
k=1

(κ0j − κj)(τ0k − τk)MknWjnS
−1
n R−1

n Vn,

(D.3)

which is linear in Vn and quadratic in (θ0 − θ). In (D.3), terms that do not involve Vn have uniformly bounded

elements, and terms that involve Vn have matrices in front of Vn bounded in both row and column sum norms.

We can expand 1
n

∑n
i=1[

∂ξ1n,i(θ)
∂θl

ξ2n,i(θ) + ξ1n,i(θ)
∂ξ2n,i(θ)
∂θl

] by using (D.3) such that it is a sum of terms that have

the form in Lemma 1(iii) with uln,i = vni. Then 1
n

∑n
i=1[

∂ξ1n,i(θ)
∂θl

ξ2n,i(θ) + ξ1n,i(θ)
∂ξ2n,i(θ)
∂θl

] = Op(1) uniformly in a

neighborhood of θ0. Since θ̂n = θ0 + op(1), 1
n

∑n
i=1[

∂ξ1n,i(θ̌n)
∂θl

ξ2n,i(θ̌n) + ξ1n,i(θ̌n)
∂ξ2n,i(θ̌n)

∂θl
] = Op(1). Thus,

1

n

n∑
i=1

ξ1n,i(θ̂n)ξ2n,i(θ̂n) =
1

n

n∑
i=1

ξ1n,i(θ0)ξ2n,i(θ0) + op(1).

By Lemma 2(i), 1
n

∑n
i=1 ξ1n,i(θ0)ξ2n,i(θ0) = 1

n

∑n
i=1 E[ξ1n,i(θ0)ξ2n,i(θ0)] + op(1). Hence, the result in the lemma

follows.
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Lemma 4. Under Assumptions 1–4, supθ∈Θ sup1≤i≤n ‖gni(θ)‖ = Op(n
2/(4+ι)), where ‖ · ‖ denotes the Euclidean

norm.

Proof. The expression for gni(θ) is given in (4), in which ωln,i(θ) = pln,ii[(e
′
niVn(θ))2−σ2]+2e′niVn(θ)e′nitril(Pln)Vn(θ)

in the homoskedastic case, and ωln,i(θ) = 2e′niVn(θ)e′nitril(Pln)Vn(θ), where Vn(θ) is linear in Vn and quadratic in θ

in (D.3), and tril(Pln) is bounded in both row and column sum norms. Using the expression of Vn(θ) in (D.3), each

element of gni(θ) can be expanded as a polynomial of θ whose coefficients have the form
∏s
l=1

∑n
j=1 dln,ij(θ)uln,j

with uln,j = vnj and s = 1 or 2 in Lemma 1(i). Thus, the result follows by Lemma 1(i).

Let G
(j)
n (θ) = ∂Gn(θ)

∂θj
, G

(jk)
n (θ) = ∂2Gn(θ)

∂θj∂θk
, G

(jkl)
n (θ) = ∂3Gn(θ)

∂θj∂θk∂θl
and G

(j)
ni (θ) = ∂Gni(θ)

∂θj
, where Gni(θ) = ∂gni(θ)

∂θ′ .

Lemma 5. Under Assumptions 1–4, supθ∈Θ
1
n

∑n
i=1 ‖gni(θ)‖2, supθ∈Θ

1
n

∑n
i=1 ‖Gni(θ)‖, supθ∈Θ

1
n

∑n
i=1 ‖G

(j)
ni (θ)‖,

supθ∈Θ ‖gn(θ)‖, supθ∈Θ ‖Gn(θ)‖, supθ∈Θ ‖G
(j)
n (θ)‖, supθ∈Θ ‖G

(jk)
n (θ)‖, and supθ∈Θ ‖G

(jkl)
n (θ)‖ are all of order

Op(1).

Proof. By (D.3) and the proof of Lemma 4, we can expand 1
n

∑n
i=1 |ωln,i(θ)|2 and 1

n

∑n
i=1 |vni(θ)|2 as polynomials

of θ. Since gn(θ) is quadratic in Vn(θ), each element of gn(θ) can be expanded as a polynomial of θ. Each coefficient

of those polynomials is Op(1) by Lemma 1(iii). Hence the results hold.

Let g
(j)
ni (θ) = ∂gni(θ)

∂θj
, g

(jk)
ni (θ) = ∂2gni(θ)

∂θj∂θk
, g

(jkl)
ni (θ) = ∂3gni(θ)

∂θj∂θk∂θl
, and g

(jklr)
ni (θ) = ∂4gni(θ)

∂θj∂θk∂θl∂θr
.

Lemma 6. Under Assumptions 1–4, supθ∈Θ ‖ 1
n

∑n
i=1 gni(θ)g

′
ni(θ)‖, supθ∈Θ ‖ 1

n

∑n
i=1 g

(j)
ni (θ)g′ni(θ)‖,

supθ∈Θ ‖ 1
n

∑n
i=1 g

(jk)
ni (θ)g′ni(θ)‖, supθ∈Θ ‖ 1

n

∑n
i=1 g

(j)
ni (θ)g

(k)′

ni (θ)‖, supθ∈Θ ‖ 1
n

∑n
i=1 g

(jkl)
ni (θ)g′ni(θ)‖,

supθ∈Θ ‖ 1
n

∑n
i=1 g

(jk)
ni (θ)g

(l)′

ni (θ)‖, supθ∈Θ ‖ 1
n

∑n
i=1 g

(jklr)
ni (θ)g′ni(θ)‖, supθ∈Θ ‖ 1

n

∑n
i=1 g

(jkl)
ni (θ)g

(r)′

ni (θ)‖ and

supθ∈Θ ‖ 1
n

∑n
i=1 g

(jk)
ni (θ)g

(lr)′

ni (θ)‖ have order Op(1).

Proof. As in the proof of Lemma 5, 1
n

∑n
i=1 gni(θ)g

′
ni(θ) can be expanded as a polynomial of θ with coefficients

being Op(1) by Lemma 1(iii). Then the results in the lemma follow.

Lemma 7. Under Assumptions 1–4, (i) 1
n

∑n
i=1 gni(θ0)g′ni(θ0) = Ω̄n + op(1), (ii) 1

n

∑n
i=1[E g

(j)
ni (θ0)]g′ni(θ0) =

Op(n
−1/2), and (iii) 1

n

∑n
i=1 E[g

(j)
ni (θ0)g′ni(θ0)] = O(1); under Assumptions 1–4 and 10, (iv) 1

n

∑n
i=1 gni(θ0)g′ni(θ0) =

Ω̄n +Op(n
−1/2), and (v) 1

n

∑n
i=1

{
g

(j)
ni (θ0)g′ni(θ0)− E[g

(j)
ni (θ0)g′ni(θ0)]

}
= Op(n

−1/2), for j = 1, . . . , kθ.

Proof. We omit the subscript n in relevant terms for notational simplicity. Since Pj ’s are symmetric, each element

of gi(θ0) has the linear-quadratic form aii(v
2
i − σ2

0) + 2vi
∑i−1
j=1 aijvj + bivi or 2vi

∑i−1
j=1 aijvj + bivi, where aij is the

(i, j)th element of an n× n nonstochastic matrix with bounded row and column sum norms, and bi for i = 1, . . . , n

are constants bounded uniformly in i. Then (i) and (iv) follow, respectively, by Lemma 2(i) and Lemma 2(ii). It

remains to show (ii), (iii) and (v).

The lth element of g
(k)
i (θ) for 1 ≤ l ≤ kp is

∂ωl,i(θ)
∂θk

= 2pl,iivi(θ)
∂vi(θ)
∂θk

− pl,ii ∂σ
2

∂θk
+ 2

∑i−1
j=1 pl,ij

[
vi(θ)

∂vj(θ)
∂θk

+

vj(θ)
∂vi(θ)
∂θk

]
in the homoskedastic case, and

∂ωl,i(θ)
∂θk

= 2
∑i−1
j=1 pl,ij

[
vi(θ)

∂vj(θ)
∂θk

+ vj(θ)
∂vi(θ)
∂θk

]
in the heteroskedastic

case; and the last kq elements are Qi
∂vi(θ)
∂θk

. By (D.3), ∂vi(θ0)
∂θk

has the form aki +
∑n
r=1 bk,irvr, where aki is bounded
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uniformly in k and i, and bk,ir is the (i, r)th element of an n × n nonstochastic matrix bounded in both row and

column sum norms. Hence, every element of g
(k)
i (θ0) has the form

Ξki = 2pl,iivi

(
aki +

n∑
s=1

bk,isvs

)
− pl,ii

∂σ2

∂θk
+ 2

i−1∑
j=1

pl,ij

[
vi

(
akj +

n∑
s=1

bk,jsvs

)
+ vj

(
aki +

n∑
s=1

bk,isvs

)]
.

Thus, E(Ξki) = 2pl,iibk,iiσ
2
i −pl,ii ∂σ

2

∂θk
+2
∑i−1
j=1 pl,ij(bk,jiσ

2
i +bk,ijσ

2
j ) is bounded uniformly in i and k. Note that the

variance of the term in (ii) only involves the first fourth moments of vj , then the result (ii) follows by Lemma 2(ii).

Below we shall prove (iii) in the lemma and (vi) 1
n

∑n
i=1

{
[g

(k)
i (θ0) − E(g

(k)
i (θ0))]g′i(θ0) − E[g

(k)
i (θ0)g′i(θ0)]

}
=

Op(n
−1/2). The result (v) in the lemma follows by (iii) and (vi). Write Ξki − E(Ξki) = Ξ1k,i + Ξ2k,i, where

Ξ1k,i = 2pl,iiakivi + 2pl,iivi

i−1∑
s=1

bk,isvs + 2pl,iibk,ii(v
2
i − σ2

i ) + 2vi

i−1∑
j=1

pl,ijakj

+ 2vi

i−1∑
j=1

pl,ij

i−1∑
s=1

bk,jsvs + 2(v2
i − σ2

i )

i−1∑
j=1

pl,ijbk,ji + 2aki

i−1∑
j=1

pl,ijvj + 2

i−1∑
j=1

pl,ijvj

j−1∑
s=1

bk,isvs

+ 2

i−1∑
j=1

pl,ijbk,ij(v
2
j − σ2

j ) + 2

i−1∑
j=1

pl,ijvj

i−1∑
s=j+1

bk,isvs + 2bk,iivi

i−1∑
j=1

pl,ijvj ,

and

Ξ2k,i = 2pl,iivi

( n∑
s=i+1

bk,isvs

)
+ 2vi

(i−1∑
j=1

pl,ij

n∑
s=i+1

bk,jsvs

)
+ 2

i−1∑
j=1

pl,ijvj

n∑
s=i+1

bk,isvs

= 2pl,iivi

( n∑
s=i+1

bk,isvs

)
+ 2vi

( n∑
s=i+1

vs

i−1∑
j=1

pl,ijbk,js

)
+ 2

n∑
s=i+1

bk,isvs

i−1∑
j=1

pl,ijvj .

Note that Ξ1k,i has the form of r
(1)
i in Lemma 2(ii) because 2

∑i−1
j=1 pl,ijvj

∑i−1
s=j+1 bk,isvs = 2

∑i−1
s=1 bk,isvs

∑s−1
j=1 pl,ijvj .

Thus 1
n

∑n
i=1 E[Ξ1k,ig

′
i(θ0)] = O(1) and 1

n

∑n
i=1 Ξ1k,ig

′
i(θ0)− 1

n

∑n
i=1 E[Ξ1k,ig

′
i(θ0)] = Op(n

−1/2). For Ξ2k,i, we shall

show that 1
n

∑n
i=1 E[Ξ2k,ig

′
i(θ0)] = 0 and 1

n

∑n
i=1 Ξ2k,ig

′
i(θ0) − 1

n

∑n
i=1 E[Ξ2k,ig

′
i(θ0)] = Op(n

−1/2). Each term in

Ξ2k,i has the form (
∑n
s=i+1 b

∗
k,isvs)(

∑i
j=1 p

∗
l,ijvj), where b∗k,is is the (i, s)th element of a general n× n nonstochas-

tic matrix with bounded row and column sum norms uniformly in k. The term
∑i
j=1 p

∗
l,ijvj is a special form

of r
(1)
i in Lemma 2(ii). Compared with the form of r

(1)
i r

(2)
i in Lemma 2(ii), each element of Ξ2k,ig

′
i(θ0) has the

additional term
∑n
s=i+1 b

∗
k,isvs. In the proof of Lemma 2(ii), If we multiply each term in r

(1)
i r

(2)
i − E(r

(1)
i r

(2)
i ) by∑n

s=i+1 b
∗
k,isvs, then the obtained terms have zero expected values and the sum over all subscripts i, j, k, l of those

terms divided by n still has the order Op(n
−1/2), because the summation

∑n
s=i+1 b

∗
k,isvs starts from s = i + 1.

Hence, E(Ξ2k,ir
(2)
i ) = 0 and 1

n

∑n
i=1[Ξ2k,ig

′
i(θ0)− E(Ξ2k,ig

′
i(θ0))] = Op(n

−1/2). Then (iii) and (vi) follow.

The first order condition for the initial GMM can be written as

0 = −
(

G′n(θ̃n)λ̃n

gn(θ̃n) + Ĵnλ̃n

)
, (D.4)

where λ̃n = −Ĵ−1
n gn(θ̃n). Let γ̃n = (θ̃′n, λ̃

′
n)′ and γ0 = (θ′0, 01×kg )′.
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Lemma 8. Under Assumptions 1–5 and 8–9,
√
n(γ̃n−γ0) = ξ̃n+n−1/2ψ̃n+Op(n

−1), where ξ̃n = −(K̄J
n )−1

(
0√

ngn(θ0)

)
=

Op(1) and ψ̃n = −(K̄J
n )−1

 0
√
n(G′n − Ḡ′n)

√
n(Gn − Ḡn) ξJn

 ξ̃n− 1
2 (K̄J

n )−1
∑kθ+kg
j=1 ξ̃njK̄nj ξ̃n = Op(1), where K̄J

n =

 0 Ḡ′n

Ḡn J̄n

, K̄nj =

 0 Ḡ
(j)′

n

Ḡ
(j)
n 0

 for 1 ≤ j ≤ kθ, and K̄nj =

[Ḡ
(1)′

n ekg,j−kθ , . . . , Ḡ
(kθ)′

n ekg,j−kθ ] 0

0 0

 for kθ +

1 ≤ j ≤ kθ + kg.

Proof. As shown in Lee and Liu (2010), θ̃n = θ0 + Op(n
−1/2). Then by the mean value theorem and Lemma 5,

gn(θ̃n) = Op(n
−1/2). Thus λ̃n = −Ĵ−1

n gn(θ̃n) = Op(n
−1/2). It follows that γ̃n − γ0 = Op(n

−1/2). Together with

Assumption 8, the first order condition (D.4) for the initial GMM is equal to

0 = −
(

G′n(θ̃n)λ̃n

gn(θ̃n) + (J̄n + n−1/2ξJn)λ̃n

)
+Op(n

−3/2).

By a second order Taylor expansion of the first vector on the right hand side at γ0, and using Lemma 5,

0 = −
(

0

gn(θ0)

)
−KJ

n (γ̃n − γ0)− 1

2

kθ+kg∑
j=1

(γ̃nj − γ0j)Knj(γ̃n − γ0) +Op(n
−3/2),

where KJ
n =

 0 G′n(θ0)

Gn(θ0) J̄n + n−1/2ξJn

, Knj =

 0 G
(j)′

n (θ0)

G
(j)
n (θ0) 0

 for 1 ≤ j ≤ kθ, and

Knj =

[G
(1)′

n (θ0)ekg,j−kθ , . . . , G
(kθ)′

n (θ0)ekg,j−kθ ] 0

0 0

 for kθ + 1 ≤ j ≤ kθ + kg. As K̄J
n = E(KJ

n ) = O(1) and

K̄nj = E(Knj) = O(1) for all j = 1, . . . , kθ + kg,

√
n(γ̃n − γ0) = −(K̄J

n )−1

(
0√

ngn(θ0)

)
− (K̄J

n )−1(KJ
n − K̄J

n )
√
n(γ̃n − γ0)

−
√
n

2
(K̄J

n )−1

kθ+kg∑
j=1

(γ̃nj − γ0j)Knj(γ̃n − γ0) +Op(n
−1).

(D.5)

As every element of gn(θ) is a linear-quadratic form of Vn(θ), which is linear in Vn by (D.3), Gn(θ0) − Ḡn =

Op(n
−1/2) and G

(j)
n (θ0)− Ḡ(j)

n (θ0) = Op(n
−1/2) by Lemma 1(iii). It follows that KJ

n − K̄J
n = Op(n

−1/2) and Knj −

K̄nj = Op(n
−1/2). Hence,

√
n(γ̃n − γ0) = ξ̃n + Op(n

−1/2), where ξ̃n = −(K̄J
n )−1

(
0√

ngn(θ0)

)
= Op(1). Substituting

Knj− K̄nj = Op(n
−1/2) and

√
n(γ̃n−γ0) = ξ̃n+Op(n

−1/2) into (D.5) yields
√
n(γ̃n−γ0) = ξ̃n+ ψ̃n+Op(n

−1).

Lemma 9. Under Assumptions 1–5 and 8–9, Ωn(θ̃n) = Ω̄n + op(1); under the additional Assumption 10,

√
n[Ωn(θ̃n)− Ω̄n] = ξΩ

n +Op(n
−1/2),

where ξΩ
n =

√
n[ 1
n

∑n
i=1 gni(θ0)g′ni(θ0)− Ω̄n] +

∑kθ
j=1{

1
n

∑n
i=1 E[gni(θ0)g

(j)′

ni (θ0) + g
(j)
ni (θ0)g′ni(θ0)]}ξ̃nj = Op(1).

Proof. By a first order Taylor expansion and Lemma 6,

Ωn(θ̃n) = Ω̄n +
( 1

n

n∑
i=1

gni(θ0)g′ni(θ0)− Ω̄n

)
+

kθ∑
j=1

{ 1

n

n∑
i=1

[gni(θ0)g
(j)′

ni (θ0) + g
(j)
ni (θ0)g′ni(θ0)]

}
(θ̃nj − θ0j) +Op(n

−1).
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Under Assumptions 1–5 and 8–9, by Lemma 7(i), the second term on the r.h.s. of the above equation is op(1); by

Lemma 6, the third term is op(1). Thus the first result follows. The second result requires the existence of higher

order moments of disturbances, which is maintained in Assumption 10. Substituting the expression for (θ̃n− θ0) in

Lemma 8 into the above equation and keeping only terms with order Op(n
−1/2) by using Lemma 7, we obtain the

result.

Lemma 10. Under Assumptions 1–4, for any ζ with ζ > 2
4+ι and Λn = {λ : ‖λ‖ ≤ n−ζ}, supθ∈Θ,λ∈Λn,1≤i≤n|λ

′gni(θ)|
p−→

0, and Λn ⊂ Λn(θ) for all θ ∈ Θ w.p.a.1.

Proof. Let bn = sup1≤i≤n supθ∈Θ ‖gni(θ)‖. By Lemma 4, bn = Op(n
2/(4+ι)). Then by the Cauchy-Schwarz inequal-

ity, supθ∈Θ,λ∈Λn,1≤i≤n|λ
′gni(θ)| ≤ n−ζbn = Op(n

2/(4+ι)−ζ) = op(1).Given the first conclusion, w.p.a.1. λ′gni(θ) ∈ V

for all 1 ≤ i ≤ n, θ ∈ Θ and ‖λ‖ ≤ n−ζ .

With the above lemmas, Lemmas 11–12 for the GEL estimation follow by arguments similar to those for Lemmas

A2–A3 in Newey and Smith (2004), thus their proofs are omitted.

E Some expressions for the proof of Theorem 3.4

∂hni(γ)

∂γ′
=

[G
(1)′

ni (θ)λ, . . . , G
(kθ)′

ni (θ)λ] G′ni(θ)

Gni(θ) 0

 ,

∂2hni(γ)

∂γj∂γ′
=

[G
(1j)′

ni (θ)λ, . . . , G
(kθ,j)

′

ni (θ)λ] G
(j)′

ni (θ)

G
(j)
ni (θ) 0

 for 1 ≤ j ≤ kθ,

∂2hni(γ)

∂γj∂γ′
=

[G
(1)′

ni (θ)ekg,j−kθ , . . . , G
(kθ)′

ni (θ)ekg,j−kθ ] 0

0 0

 for kθ + 1 ≤ j ≤ kθ + kg,

∂3hni(γ)

∂γk∂γj∂γ′
=

[G
(1jk)′

ni (θ)λ, . . . , G
(kθ,jk)′

ni (θ)λ] G
(jk)′

ni (θ)

G
(jk)
ni (θ) 0

 for 1 ≤ j ≤ kθ, and 1 ≤ k ≤ kθ,

∂3hni(γ)

∂γk∂γj∂γ′
=

[G
(1j)′

ni (θ)ekg,k−kθ , . . . , G
(kθ,j)

′

ni (θ)ekg,k−kθ ] 0

0 0

 for 1 ≤ j ≤ kθ and kθ + 1 ≤ k ≤ kθ + kg,

∂3hni(γ)

∂γk∂γj∂γ′
=

[G
(1k)′

ni (θ)ekg,j−kθ , . . . , G
(kθ,k)′

ni (θ)ekg,j−kθ ] 0

0 0

 for kθ + 1 ≤ j ≤ kθ + kg and 1 ≤ k ≤ kθ,

and ∂3hni(γ)
∂γk∂γj∂γ′

= 0 for kθ + 1 ≤ j ≤ kθ + kg and kθ + 1 ≤ k ≤ kθ + kg. Let gnit be the tth element of gni, and g
(k)
nit

be the tth element of g
(k)
ni . With the above derivatives, by the chain rule of differentiation,

∂mni(γ0)

∂γ′
= −

 0 G′ni(θ0)

Gni(θ0) gni(θ0)g′ni(θ0)

 ,

∂2mni(γ0)

∂γj∂γ′
= −

 0 G
(j)′

ni

G
(j)
ni g

(j)
ni g

′
ni + gnig

(j)′

ni

 for 1 ≤ j ≤ kθ,
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∂2mni(γ0)

∂γj∂γ′
= −

[G
(1)′

ni ekg,s, . . . , G
(kθ)′

ni ekg,s] G′niekg,sg
′
ni + gnisG

′
ni

gnie
′
kg,s

Gni + gnisGni −ρ3gnisgnig
′
ni

 for kθ + 1 ≤ j ≤ kθ + kg and s = j − kθ,

∂3mni(γ0)

∂γk∂γj∂γ′
= −

 0 G
(jk)′

ni

G
(jk)
ni g

(jk)
ni g′ni + gnig

(jk)′

ni + g
(j)
ni g

(k)′

ni + g
(k)
ni g

(j)′

ni

 for 1 ≤ j ≤ kθ and 1 ≤ k ≤ kθ,

∂3mni(γ0)

∂γk∂γj∂γ′
= −

 [G
(1j)′

ni ekg,k−kθ , . . . , G
(kθ,j)

′

ni ekg,k−kθ ] G
(j)′

ni ekg,tg
′
ni +G′niekg,tg

(j)′

ni + g
(j)
nitG

′
ni + gnitG

(j)′

ni

gnie
′
kg,t

G
(j)
ni + g

(j)
ni e
′
kg,t

Gni + g
(j)
nitGni + gnitG

(j)
ni −ρ3g

(j)
nitgnig

′
ni − ρ3gnit(g

(j)
ni g

′
ni + gnig

(j)′

ni )


for 1 ≤ j ≤ kθ, kθ + 1 ≤ k ≤ kθ + kg, and t = k − kθ,

∂3mni(γ0)

∂γk∂γj∂γ′
= −

 [G
(1k)′

ni ekg,j−kθ , . . . , G
(kθ,k)′

ni ekg,j−kθ ] G
(k)′

ni ekg,tg
′
ni +G′niekg,tg

(k)′

ni + g
(k)
nitG

′
ni + gnitG

(k)′

ni

gnie
′
kg,t

G
(k)
ni + g

(k)
ni e

′
kg,t

Gni + g
(k)
nitGni + gnitG

(k)
ni −ρ3g

(k)
nitgnig

′
ni − ρ3gnit(g

(k)
ni g

′
ni + gnig

(k)′

ni )


for kθ + 1 ≤ j ≤ kθ + kg, 1 ≤ k ≤ kθ and t = j − kθ, and

∂3mni(γ0)

∂γk∂γj∂γ′
=

 −G′niekg,se′kg,tGni −G′niekg,te
′
kg,sGni ρ3gnisG

′
niekg,tg

′
ni + ρ3gnitG

′
niekg,sg

′
ni + ρ3gnisgnitG

′
ni

ρ3gnisgnie
′
kg,tGni + ρ3gnitgnie

′
kg,sGni + ρ3gnisgnitGni ρ4gnisgnitgnig

′
ni


−

gnis[G(1)′

ni ekg,t, . . . , G
(kθ)

′

ni ekg,t] + gnit[G
(1)′

ni ekg,s, . . . , G
(kθ)

′

ni ekg,s] 0

0 0

 ,

for kθ + 1 ≤ j ≤ kθ + kg, kθ + 1 ≤ k ≤ kθ + kg, s = j − kθ and t = k − kθ.

F Monte Carlo results for the SARAR(1,1) and SE models

In this section, we report Monte Carlo results for the SARAR(1,1) model (14), and the SE model, which is a special

case of (14).

For the estimation of model (14), in the homoskedastic case, we use the moment vector 1
n [V ′nVn−nσ2

0 , V
′
nWnVn, V

′
nW

2
nVn−

σ2
0 tr(W 2

n), V ′n(Xn,WnX
∗
n,W

2
nX
∗
n)]′; in the heteroskedastic case, we use the moment vector 1

n [V ′nWnVn, V
′
n(W 2

n −

diag(W 2
n))Vn, V

′
n(Xn,WnX

∗
n,W

2
nX
∗
n)]′. The Monte Carlo results reported in Tables F.1–F.3 display patterns similar

to those for the SARAR(2,0) model in the main text.

We consider tests of spatial error dependence in both the SE model and the SARAR(1,1) model. For the SE

model, in the homoskedastic case, the parameter restriction tests “PTgmm”, “PTel” and “PTet” are based on the

moment vector 1
n [V ′nVn − nσ2

0 , V
′
nWnVn, V

′
nW

2
nVn − σ2

0 tr(W 2
n), V ′n(Xn,WnX

∗
n,W

2
nX
∗
n)]′; the overidentification tests

“OTgmm”, “OTel” and “OTet” are based on the moment vector 1
n [V ′nWnVn, V

′
nXn]′; the robust, EL and ET Moran’s

I tests are based on the moment 1
nV
′
nWnVn. For the latter three tests, OLS residuals are used to formulate test

statistics. In the heteroskedastic case, the above tests are also considered, among which parameter restriction tests

are based on the moment vector 1
n [V ′nWnVn, V

′
n(W 2

n − diag(W 2
n))Vn, V

′
n(Xn,WnX

∗
n,W

2
nX
∗
n)]′ robust to unknown

heteroskedasticity. In addition, we investigate the GMM parameter restriction test “PT∗gmm” based on the moment

vector 1
n [V ′nVn−nσ2

0 , V
′
nWnVn, V

′
nW

2
nVn−σ2

0 tr(W 2
n), V ′n(Xn,WnX

∗
n,W

2
nX
∗
n)]′, and the conventional Moran’s I test

“Moran∗”, which do not take into account unknown heteroskedasticity.
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Table F.4 presents empirical sizes of tests for τ0 = 0 in the SE model. PTel and PTet have relatively large

sizes for small sample cases and sizes for the larger sample size n = 400 have improved. In the heteroskedastic

case, PT∗gmm and Moran∗ have large size distortions and the distortions do not improve with the larger sample

size n = 400. Other tests have relatively small size distortions. Powers of these tests except PT∗gmm and Moran∗

are presented in Table F.5. Their powers are generally similar for different valid tests, but are higher for the

homoskedastic model than those of the heteroskedastic model. R2 does not have much impact on powers. These

tests are powerful in cases with a larger τ0 and a larger sample size in the data generating process (DGP).

For the SARAR(1,1) model, parameter restriction tests are based on moment conditions similar to those for the

SE model. Overidentification tests are based on the moment vector 1
n [V ′nWnVn, V

′
n(W 2

n−diag(W 2
n))Vn, V

′
n(Xn,Wn(In−

κ̂nWn)−1Xnβ̂n)]′, where κ̂n and β̂n are the FOGMM estimator of the SAR model as described above. To compute

Moran’s I tests, we use the 2SLS estimator φ̂n of φ = (κ, β′)′ with the IV matrix Qn = [Xn,WnX
∗
n,W

2
nX
∗
n] for

the SAR model. The test statistics employ the moment condition gn(θ) = g1n(θ)− ∂g1n(θ)
∂φ′ (∂g2n(θ)

∂φ′ )−1g2n(θ), where

g1n(θ) = 1
nV
′
n(θ)WnVn(θ) and g2n(θ) = 1

nZ
′
nQn(Q′nQn)−1Q′nVn(θ) with Zn = [WnYn, Xn]. Thus g2n(θ̂n) = 0,

where θ̂n = (0, φ̂′n)′.

Test results on τ0 = 0 in the SARAR(1,1) model (14) are reported in Tables F.6 and F.7. When n = 144, the

size distortions of parameter restriction tests are larger than those of overidentification tests, and those of Moran’s

I tests are smallest; when n = 400, all sizes are generally close to the nominal 5%. Different versions of parameter

restriction tests have similar powers. So are different versions of overidentification tests and those of Moran’s I

tests. Parameter restriction tests are more powerful than overidentification tests, and the latter ones are generally

more powerful than Moran’s I tests. With larger R2, sample sizes, and τ0 in the DGP, all tests tend to be more

powerful.
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Table F.1: Biases, standard errors and RMSEs of estimators for the SARAR model (14) in the homoskedastic case

R2, κ0, τ0 κ τ β1 β2 β3 σ2

n = 144

0.8, 0.2, 0.2 GMM -0.003[0.080]0.080 -0.010[0.131]0.131 0.009[0.157]0.157 -0.003[0.032]0.032 -0.001[0.031]0.031 -0.011[0.015]0.019

EL -0.003[0.079]0.079 -0.013[0.127]0.127 0.010[0.154]0.154 -0.003[0.032]0.032 -0.001[0.031]0.031 -0.007[0.015]0.016

ET -0.003[0.078]0.078 -0.013[0.126]0.127 0.009[0.153]0.154 -0.003[0.032]0.032 -0.001[0.031]0.031 -0.009[0.015]0.018

0.8, 0.2, 0.4 GMM -0.002[0.081]0.082 -0.010[0.119]0.120 0.008[0.169]0.170 -0.002[0.031]0.031 -0.002[0.031]0.031 -0.012[0.015]0.019

EL 0.000[0.079]0.079 -0.019[0.115]0.117 0.003[0.165]0.165 -0.001[0.031]0.031 -0.002[0.031]0.031 -0.007[0.015]0.016

ET 0.000[0.079]0.079 -0.018[0.115]0.117 0.003[0.165]0.165 -0.001[0.031]0.031 -0.002[0.031]0.031 -0.009[0.015]0.018

0.8, 0.4, 0.2 GMM -0.005[0.069]0.069 -0.009[0.127]0.127 0.013[0.172]0.173 -0.001[0.031]0.031 -0.000[0.030]0.030 -0.012[0.015]0.019

EL -0.006[0.067]0.068 -0.011[0.122]0.122 0.016[0.169]0.169 -0.001[0.031]0.031 -0.001[0.030]0.030 -0.007[0.015]0.017

ET -0.006[0.067]0.067 -0.010[0.122]0.122 0.016[0.168]0.169 -0.001[0.031]0.031 -0.001[0.030]0.030 -0.010[0.015]0.018

0.8, 0.4, 0.4 GMM -0.006[0.076]0.076 -0.011[0.121]0.122 0.016[0.198]0.199 -0.002[0.030]0.030 0.000[0.032]0.032 -0.011[0.015]0.019

EL -0.005[0.075]0.075 -0.017[0.118]0.119 0.013[0.195]0.196 -0.002[0.030]0.030 0.000[0.032]0.032 -0.007[0.015]0.016

ET -0.005[0.075]0.075 -0.016[0.118]0.119 0.014[0.195]0.196 -0.002[0.030]0.030 0.000[0.032]0.032 -0.009[0.015]0.018

0.4, 0.2, 0.2 GMM -0.005[0.177]0.177 -0.021[0.211]0.212 0.018[0.357]0.358 -0.006[0.077]0.078 -0.004[0.076]0.076 -0.081[0.089]0.120

EL -0.002[0.160]0.160 -0.025[0.191]0.193 0.008[0.327]0.327 -0.004[0.077]0.077 -0.002[0.076]0.076 -0.050[0.089]0.102

ET -0.002[0.160]0.160 -0.024[0.191]0.192 0.008[0.328]0.328 -0.004[0.078]0.078 -0.001[0.076]0.076 -0.066[0.088]0.110

0.4, 0.2, 0.4 GMM 0.000[0.185]0.185 -0.026[0.200]0.201 0.015[0.394]0.394 -0.001[0.079]0.079 -0.005[0.077]0.077 -0.081[0.093]0.123

EL 0.008[0.169]0.169 -0.035[0.184]0.187 -0.004[0.365]0.365 0.001[0.079]0.079 -0.003[0.077]0.077 -0.050[0.092]0.105

ET 0.009[0.169]0.169 -0.035[0.183]0.187 -0.004[0.366]0.366 0.002[0.079]0.079 -0.003[0.077]0.077 -0.066[0.092]0.113

0.4, 0.4, 0.2 GMM -0.017[0.175]0.176 -0.019[0.208]0.209 0.048[0.446]0.448 -0.005[0.081]0.081 -0.003[0.078]0.078 -0.079[0.094]0.123

EL -0.023[0.164]0.165 -0.012[0.193]0.193 0.058[0.419]0.423 -0.003[0.080]0.080 -0.001[0.077]0.077 -0.049[0.094]0.106

ET -0.023[0.161]0.163 -0.011[0.191]0.191 0.057[0.415]0.419 -0.003[0.080]0.080 -0.001[0.077]0.077 -0.065[0.093]0.114

0.4, 0.4, 0.4 GMM -0.021[0.184]0.186 -0.021[0.197]0.198 0.054[0.478]0.481 -0.005[0.076]0.076 -0.007[0.076]0.077 -0.082[0.093]0.124

EL -0.019[0.169]0.170 -0.023[0.180]0.181 0.048[0.443]0.446 -0.003[0.076]0.076 -0.005[0.077]0.077 -0.052[0.093]0.107

ET -0.019[0.169]0.170 -0.023[0.179]0.181 0.047[0.442]0.444 -0.003[0.076]0.076 -0.005[0.076]0.077 -0.068[0.092]0.114

n = 400

0.8, 0.2, 0.2 GMM -0.000[0.043]0.043 -0.004[0.069]0.069 0.001[0.086]0.086 -0.000[0.017]0.017 -0.001[0.018]0.018 -0.004[0.009]0.010

EL -0.000[0.043]0.043 -0.004[0.068]0.069 0.001[0.086]0.086 -0.000[0.017]0.017 -0.001[0.018]0.018 -0.002[0.009]0.009

ET -0.000[0.043]0.043 -0.004[0.068]0.068 0.001[0.086]0.086 -0.000[0.017]0.017 -0.001[0.018]0.018 -0.003[0.009]0.010

0.8, 0.2, 0.4 GMM -0.002[0.048]0.048 -0.002[0.065]0.065 0.004[0.098]0.098 -0.001[0.019]0.019 -0.001[0.018]0.018 -0.004[0.009]0.010

EL -0.001[0.048]0.048 -0.004[0.065]0.065 0.003[0.097]0.098 -0.001[0.019]0.019 -0.000[0.018]0.018 -0.002[0.009]0.009

ET -0.001[0.048]0.048 -0.004[0.065]0.065 0.003[0.097]0.097 -0.001[0.019]0.019 -0.000[0.018]0.018 -0.003[0.009]0.010

0.8, 0.4, 0.2 GMM -0.002[0.040]0.040 -0.003[0.073]0.073 0.006[0.099]0.099 -0.000[0.019]0.019 -0.001[0.018]0.018 -0.004[0.009]0.010

EL -0.003[0.039]0.040 -0.003[0.072]0.072 0.007[0.098]0.098 -0.000[0.019]0.019 -0.001[0.018]0.018 -0.002[0.009]0.009

ET -0.003[0.039]0.039 -0.003[0.072]0.072 0.007[0.098]0.098 -0.000[0.019]0.019 -0.001[0.018]0.018 -0.003[0.009]0.009

0.8, 0.4, 0.4 GMM -0.003[0.045]0.045 -0.005[0.070]0.070 0.008[0.116]0.117 -0.000[0.017]0.017 -0.001[0.018]0.018 -0.004[0.009]0.010

EL -0.003[0.045]0.045 -0.006[0.069]0.070 0.008[0.116]0.116 -0.000[0.017]0.017 -0.001[0.018]0.018 -0.002[0.009]0.009

ET -0.003[0.045]0.045 -0.006[0.069]0.070 0.008[0.116]0.116 -0.000[0.017]0.017 -0.001[0.018]0.018 -0.003[0.009]0.009

0.4, 0.2, 0.2 GMM -0.001[0.106]0.106 -0.008[0.118]0.118 0.006[0.209]0.209 -0.002[0.043]0.044 -0.002[0.047]0.047 -0.031[0.054]0.063

EL -0.000[0.101]0.101 -0.009[0.113]0.113 0.005[0.202]0.202 -0.001[0.043]0.043 -0.001[0.047]0.047 -0.017[0.054]0.057

ET -0.000[0.101]0.101 -0.009[0.113]0.113 0.005[0.202]0.202 -0.001[0.043]0.043 -0.001[0.046]0.046 -0.024[0.054]0.059

0.4, 0.2, 0.4 GMM -0.004[0.108]0.108 -0.007[0.110]0.110 0.011[0.232]0.233 -0.002[0.044]0.044 -0.002[0.043]0.043 -0.032[0.055]0.064

EL -0.000[0.105]0.105 -0.012[0.107]0.108 0.004[0.227]0.227 -0.001[0.044]0.044 -0.002[0.043]0.043 -0.017[0.055]0.058

ET 0.000[0.104]0.104 -0.012[0.106]0.107 0.003[0.226]0.226 -0.001[0.044]0.044 -0.002[0.043]0.043 -0.024[0.055]0.060

0.4, 0.4, 0.2 GMM -0.009[0.094]0.094 -0.001[0.117]0.117 0.016[0.234]0.234 0.001[0.045]0.045 0.001[0.045]0.045 -0.029[0.054]0.062

EL -0.011[0.091]0.092 0.002[0.113]0.113 0.020[0.228]0.229 0.001[0.045]0.045 0.001[0.045]0.045 -0.015[0.054]0.056

ET -0.011[0.091]0.091 0.002[0.113]0.113 0.020[0.227]0.228 0.001[0.045]0.045 0.001[0.045]0.045 -0.022[0.054]0.058

0.4, 0.4, 0.4 GMM -0.003[0.106]0.106 -0.011[0.121]0.121 0.013[0.277]0.278 -0.002[0.043]0.043 -0.003[0.045]0.045 -0.033[0.055]0.064

EL -0.003[0.102]0.102 -0.012[0.116]0.117 0.013[0.267]0.268 -0.001[0.043]0.043 -0.003[0.045]0.045 -0.019[0.055]0.058

ET -0.003[0.102]0.102 -0.012[0.116]0.116 0.012[0.267]0.267 -0.001[0.043]0.043 -0.002[0.045]0.045 -0.026[0.054]0.060

β0 = [0.5, 0.5, 0.5]′.
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Table F.2: Biases, standard errors and RMSEs of estimators for the SARAR model (14) in the heteroskedastic case

R2, κ0, τ0 κ τ β1 β2 β3

n = 144

0.8, 0.2, 0.2 GMM -0.001[0.048]0.048 0.001[0.229]0.229 0.005[0.108]0.108 -0.001[0.022]0.022 -0.001[0.022]0.022

EL -0.001[0.048]0.048 -0.025[0.235]0.237 0.006[0.110]0.110 -0.002[0.023]0.023 -0.001[0.022]0.022

ET -0.001[0.046]0.046 -0.022[0.229]0.230 0.005[0.106]0.106 -0.001[0.022]0.022 -0.001[0.021]0.021

0.8, 0.2, 0.4 GMM -0.001[0.051]0.051 0.013[0.232]0.232 0.004[0.131]0.131 -0.000[0.023]0.023 -0.001[0.022]0.022

EL 0.001[0.051]0.051 -0.021[0.258]0.259 0.001[0.127]0.127 -0.000[0.023]0.023 -0.000[0.023]0.023

ET 0.000[0.050]0.050 -0.018[0.245]0.246 0.001[0.123]0.123 -0.000[0.022]0.022 -0.000[0.022]0.022

0.8, 0.4, 0.2 GMM -0.001[0.047]0.047 0.000[0.240]0.240 0.005[0.130]0.130 -0.001[0.022]0.022 -0.001[0.021]0.021

EL -0.001[0.041]0.041 -0.032[0.234]0.236 0.005[0.116]0.116 -0.001[0.021]0.021 -0.000[0.021]0.021

ET -0.001[0.041]0.041 -0.029[0.229]0.230 0.004[0.114]0.114 -0.001[0.020]0.020 -0.000[0.020]0.020

0.8, 0.4, 0.4 GMM -0.003[0.050]0.050 -0.004[0.230]0.230 -0.001[0.270]0.270 -0.001[0.021]0.021 -0.001[0.021]0.021

EL -0.003[0.049]0.049 -0.043[0.238]0.242 0.008[0.146]0.146 -0.001[0.021]0.021 -0.001[0.021]0.021

ET -0.003[0.047]0.047 -0.036[0.224]0.227 0.010[0.178]0.179 -0.001[0.020]0.020 -0.001[0.020]0.020

0.4, 0.2, 0.2 GMM -0.001[0.121]0.121 -0.002[0.277]0.277 0.009[0.370]0.370 -0.005[0.054]0.054 -0.005[0.055]0.055

EL 0.001[0.114]0.114 -0.035[0.261]0.263 0.010[0.263]0.263 -0.004[0.053]0.053 -0.004[0.053]0.053

ET 0.001[0.109]0.109 -0.030[0.255]0.256 0.010[0.253]0.253 -0.004[0.051]0.051 -0.004[0.051]0.051

0.4, 0.2, 0.4 GMM -0.005[0.134]0.134 0.003[0.269]0.269 0.031[0.702]0.703 -0.005[0.059]0.059 -0.005[0.058]0.059

EL 0.000[0.124]0.124 -0.041[0.248]0.251 0.006[0.297]0.297 -0.003[0.057]0.057 -0.003[0.057]0.057

ET 0.001[0.121]0.121 -0.033[0.258]0.260 0.005[0.288]0.288 -0.003[0.056]0.056 -0.003[0.055]0.055

0.4, 0.4, 0.2 GMM -0.011[0.122]0.122 0.017[0.279]0.279 0.034[0.357]0.358 -0.004[0.055]0.055 -0.003[0.056]0.056

EL -0.011[0.111]0.112 -0.012[0.263]0.263 0.035[0.333]0.335 -0.002[0.054]0.054 -0.002[0.055]0.055

ET -0.010[0.106]0.106 -0.009[0.254]0.254 0.031[0.310]0.312 -0.002[0.051]0.051 -0.001[0.053]0.053

0.4, 0.4, 0.4 GMM -0.009[0.132]0.133 -0.001[0.255]0.255 0.028[0.460]0.461 -0.006[0.056]0.056 -0.004[0.054]0.054

EL -0.003[0.119]0.119 -0.040[0.244]0.247 0.012[0.351]0.351 -0.004[0.054]0.054 -0.002[0.052]0.052

ET -0.003[0.116]0.116 -0.035[0.238]0.240 0.011[0.344]0.345 -0.004[0.053]0.053 -0.002[0.051]0.051

n = 400

0.8, 0.2, 0.2 GMM -0.000[0.025]0.025 0.002[0.127]0.127 0.001[0.060]0.060 -0.000[0.012]0.012 -0.000[0.012]0.012

EL -0.000[0.025]0.025 -0.012[0.127]0.128 0.002[0.060]0.060 -0.000[0.012]0.012 -0.000[0.012]0.012

ET -0.000[0.025]0.025 -0.011[0.125]0.126 0.001[0.059]0.059 -0.000[0.012]0.012 -0.000[0.012]0.012

0.8, 0.2, 0.4 GMM 0.002[0.029]0.029 -0.004[0.114]0.114 -0.004[0.071]0.072 0.001[0.013]0.013 0.000[0.013]0.013

EL 0.002[0.029]0.029 -0.018[0.115]0.116 -0.005[0.072]0.072 0.001[0.013]0.013 0.000[0.013]0.013

ET 0.002[0.029]0.029 -0.017[0.113]0.114 -0.005[0.071]0.071 0.001[0.013]0.013 0.000[0.013]0.013

0.8, 0.4, 0.2 GMM -0.001[0.024]0.024 0.004[0.120]0.120 0.005[0.066]0.066 -0.001[0.012]0.012 -0.001[0.011]0.011

EL -0.001[0.024]0.024 -0.009[0.119]0.119 0.005[0.067]0.067 -0.001[0.012]0.012 -0.001[0.011]0.011

ET -0.001[0.024]0.024 -0.008[0.117]0.118 0.005[0.065]0.065 -0.001[0.012]0.012 -0.001[0.011]0.011

0.8, 0.4, 0.4 GMM -0.001[0.027]0.027 -0.001[0.115]0.115 0.003[0.082]0.082 0.000[0.012]0.012 -0.000[0.012]0.012

EL -0.001[0.027]0.027 -0.015[0.116]0.116 0.004[0.080]0.080 -0.000[0.012]0.012 -0.000[0.012]0.012

ET -0.001[0.026]0.026 -0.014[0.113]0.114 0.004[0.078]0.078 -0.000[0.012]0.012 -0.000[0.012]0.012

0.4, 0.2, 0.2 GMM 0.002[0.062]0.062 -0.002[0.140]0.140 -0.003[0.145]0.145 -0.001[0.029]0.029 -0.002[0.029]0.029

EL 0.002[0.063]0.063 -0.015[0.141]0.142 -0.003[0.147]0.147 -0.001[0.029]0.029 -0.002[0.029]0.029

ET 0.003[0.062]0.062 -0.014[0.139]0.139 -0.003[0.144]0.144 -0.001[0.029]0.029 -0.001[0.029]0.029

0.4, 0.2, 0.4 GMM -0.002[0.069]0.069 0.001[0.129]0.129 0.007[0.174]0.174 -0.001[0.031]0.031 -0.002[0.030]0.030

EL -0.001[0.069]0.069 -0.015[0.123]0.124 0.004[0.175]0.175 -0.000[0.031]0.031 -0.001[0.031]0.031

ET -0.001[0.068]0.068 -0.014[0.121]0.122 0.004[0.172]0.172 -0.000[0.031]0.031 -0.001[0.030]0.030

0.4, 0.4, 0.2 GMM -0.005[0.060]0.060 0.014[0.138]0.139 0.015[0.175]0.176 -0.001[0.028]0.029 -0.002[0.029]0.029

EL -0.005[0.059]0.059 0.001[0.136]0.136 0.016[0.166]0.167 -0.001[0.028]0.028 -0.002[0.029]0.029

ET -0.005[0.058]0.058 0.002[0.134]0.134 0.015[0.162]0.163 -0.001[0.028]0.028 -0.002[0.028]0.028

0.4, 0.4, 0.4 GMM -0.000[0.067]0.067 -0.003[0.129]0.129 0.006[0.200]0.200 -0.000[0.030]0.030 -0.001[0.029]0.029

EL -0.001[0.068]0.068 -0.017[0.129]0.130 0.007[0.202]0.202 -0.000[0.030]0.030 -0.001[0.030]0.030

ET -0.001[0.067]0.067 -0.016[0.127]0.128 0.006[0.197]0.197 -0.000[0.029]0.029 -0.001[0.029]0.029

β0 = [0.5, 0.5, 0.5]′.
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Table F.3: Coverage probabilities of 95% confidence intervals for the SARAR model (14)

Homoskedastic case Heteroskedastic case

R2, κ0, τ0 κ τ β1 β2 β3 σ2 κ τ β1 β2 β3

n = 144
0.8, 0.2, 0.2 GMM 0.893 0.893 0.902 0.910 0.926 0.769 0.921 0.880 0.921 0.906 0.924

EL 0.912 0.917 0.915 0.926 0.935 0.873 0.929 0.922 0.929 0.923 0.940
ET 0.923 0.925 0.927 0.935 0.947 0.828 0.933 0.931 0.935 0.939 0.949

0.8, 0.2, 0.4 GMM 0.920 0.917 0.925 0.917 0.920 0.787 0.933 0.856 0.932 0.926 0.920
EL 0.932 0.941 0.928 0.921 0.932 0.886 0.938 0.907 0.930 0.937 0.932
ET 0.938 0.952 0.939 0.936 0.938 0.848 0.947 0.919 0.940 0.949 0.938

0.8, 0.4, 0.2 GMM 0.908 0.907 0.899 0.926 0.923 0.781 0.925 0.873 0.927 0.932 0.937
EL 0.922 0.920 0.922 0.938 0.935 0.882 0.941 0.904 0.946 0.946 0.957
ET 0.932 0.930 0.926 0.946 0.945 0.838 0.947 0.921 0.947 0.954 0.963

0.8, 0.4, 0.4 GMM 0.916 0.893 0.923 0.919 0.914 0.793 0.934 0.848 0.934 0.951 0.931
EL 0.930 0.920 0.934 0.932 0.930 0.885 0.935 0.911 0.935 0.958 0.938
ET 0.937 0.929 0.941 0.946 0.936 0.847 0.949 0.924 0.945 0.964 0.949

0.4, 0.2, 0.2 GMM 0.848 0.833 0.861 0.917 0.923 0.750 0.919 0.872 0.902 0.925 0.927
EL 0.878 0.880 0.896 0.928 0.939 0.866 0.934 0.907 0.920 0.945 0.940
ET 0.885 0.889 0.907 0.935 0.944 0.817 0.948 0.919 0.929 0.950 0.949

0.4, 0.2, 0.4 GMM 0.841 0.840 0.856 0.896 0.919 0.751 0.911 0.841 0.929 0.916 0.927
EL 0.875 0.878 0.893 0.915 0.934 0.854 0.928 0.897 0.931 0.935 0.943
ET 0.880 0.892 0.902 0.929 0.939 0.825 0.936 0.905 0.944 0.947 0.953

0.4, 0.4, 0.2 GMM 0.864 0.850 0.870 0.912 0.912 0.776 0.909 0.851 0.914 0.913 0.913
EL 0.897 0.867 0.891 0.932 0.925 0.890 0.928 0.901 0.920 0.946 0.941
ET 0.911 0.887 0.910 0.940 0.930 0.849 0.936 0.912 0.929 0.952 0.950

0.4, 0.4, 0.4 GMM 0.836 0.838 0.851 0.916 0.918 0.765 0.912 0.869 0.922 0.902 0.913
EL 0.872 0.866 0.874 0.929 0.928 0.856 0.925 0.906 0.924 0.922 0.927
ET 0.881 0.880 0.887 0.937 0.937 0.821 0.937 0.923 0.938 0.935 0.938

n = 400
0.8, 0.2, 0.2 GMM 0.945 0.932 0.941 0.920 0.951 0.886 0.942 0.916 0.924 0.937 0.948

EL 0.943 0.934 0.944 0.921 0.955 0.932 0.937 0.922 0.929 0.934 0.946
ET 0.948 0.942 0.948 0.927 0.958 0.917 0.941 0.929 0.934 0.940 0.950

0.8, 0.2, 0.4 GMM 0.928 0.945 0.934 0.958 0.936 0.887 0.943 0.929 0.940 0.950 0.942
EL 0.933 0.947 0.936 0.957 0.941 0.938 0.931 0.938 0.941 0.949 0.938
ET 0.934 0.949 0.941 0.964 0.944 0.911 0.939 0.946 0.944 0.954 0.942

0.8, 0.4, 0.2 GMM 0.948 0.942 0.950 0.940 0.947 0.868 0.942 0.914 0.957 0.949 0.951
EL 0.953 0.955 0.946 0.940 0.950 0.921 0.942 0.933 0.954 0.949 0.952
ET 0.955 0.956 0.949 0.946 0.956 0.893 0.943 0.936 0.957 0.951 0.958

0.8, 0.4, 0.4 GMM 0.937 0.920 0.940 0.934 0.950 0.888 0.946 0.931 0.939 0.955 0.956
EL 0.943 0.929 0.939 0.938 0.951 0.937 0.939 0.942 0.928 0.952 0.950
ET 0.943 0.933 0.943 0.941 0.953 0.916 0.945 0.945 0.935 0.958 0.957

0.4, 0.2, 0.2 GMM 0.922 0.928 0.922 0.932 0.937 0.880 0.951 0.923 0.943 0.937 0.952
EL 0.931 0.934 0.929 0.934 0.942 0.924 0.945 0.932 0.937 0.940 0.950
ET 0.933 0.936 0.934 0.939 0.941 0.909 0.951 0.940 0.944 0.942 0.956

0.4, 0.2, 0.4 GMM 0.911 0.908 0.904 0.937 0.941 0.886 0.948 0.929 0.946 0.935 0.947
EL 0.922 0.920 0.923 0.938 0.944 0.923 0.947 0.941 0.945 0.933 0.944
ET 0.925 0.922 0.927 0.944 0.948 0.904 0.952 0.945 0.948 0.935 0.947

0.4, 0.4, 0.2 GMM 0.917 0.909 0.934 0.933 0.939 0.876 0.950 0.934 0.958 0.940 0.961
EL 0.926 0.917 0.942 0.936 0.942 0.927 0.942 0.944 0.950 0.939 0.966
ET 0.930 0.920 0.945 0.937 0.945 0.902 0.944 0.949 0.960 0.940 0.967

0.4, 0.4, 0.4 GMM 0.906 0.898 0.907 0.932 0.944 0.868 0.940 0.938 0.943 0.944 0.951
EL 0.910 0.917 0.915 0.936 0.947 0.917 0.934 0.943 0.935 0.946 0.945
ET 0.914 0.922 0.920 0.940 0.950 0.897 0.946 0.948 0.941 0.952 0.949

The variance matrix of a GMM estimator θ̂n is computed as 1
n

[G′n(θ̂n)Ω−1
n (θ̂n)Gn(θ̂n)]−1, and that of a GEL

estimator γ̇n = (θ̇′n, λ̇
′
n)′ is computed as 1

n
∆−1
n (γ̇n)

(
0 0

0 Ωn(θ̇n)

)
∆−1
n (γ̇n), where ∆n(γ) is the second order

derivative matrix of the GEL objective function given in the proof of Theorem 3.2.
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Table F.4: Empirical sizes of tests for τ0 = 0 in an SE model

Homoskedastic case Heteroskedastic case

n = 144 n = 400 n = 144 n = 400

R2 = 0.8 R2 = 0.4 R2 = 0.8 R2 = 0.4 R2 = 0.8 R2 = 0.4 R2 = 0.8 R2 = 0.4

PTgmm 0.034 0.061 0.051 0.050 0.057 0.068 0.053 0.058

PTel 0.072 0.107 0.061 0.061 0.113 0.144 0.082 0.078

PTet 0.065 0.092 0.063 0.060 0.094 0.122 0.080 0.074

OTgmm 0.043 0.050 0.053 0.042 0.040 0.050 0.052 0.050

OTel 0.049 0.063 0.054 0.044 0.058 0.073 0.057 0.059

OTet 0.050 0.059 0.054 0.044 0.050 0.067 0.058 0.057

Moran 0.043 0.050 0.054 0.043 0.041 0.052 0.055 0.050

Moranel 0.049 0.066 0.054 0.044 0.055 0.063 0.058 0.055

Moranet 0.052 0.060 0.054 0.044 0.047 0.064 0.058 0.058

PT∗gmm 0.105 0.107 0.156 0.175

Moran∗ 0.011 0.013 0.020 0.018

“PTgmm”, “PTel” and “PTet” denote, respectively, the GMM, EL and ET parameter restriction tests; “OTgmm”, “OTel”
and “OTet” denote, respectively, the GMM, EL and ET overidentification tests; “Moran”, “Moranel ” and “Moranet

” denote, respectively, the robust, EL and ET Moran’s I tests; “PT∗gmm” denotes the GMM parameter restriction test
without taking into account unknown heteroskedasticity; and “Moran∗” denotes the conventional Moran’s I test that
does not take into account unknown heteroskedasticity. The nominal size is 5%.

Table F.5: Powers of tests for τ0 = 0 in an SE model

n = 144 n = 400

τ0 = 0.2 τ0 = 0.4 τ0 = 0.6 τ0 = 0.2 τ0 = 0.4 τ0 = 0.6

Homoskedastic case

R2 = 0.8 PTgmm 0.441 0.952 1.000 0.901 1.000 1.000

PTel 0.551 0.982 1.000 0.915 1.000 1.000

PTet 0.537 0.980 1.000 0.910 1.000 1.000

OTgmm 0.474 0.977 1.000 0.913 1.000 1.000

OTel 0.500 0.984 1.000 0.913 1.000 1.000

OTet 0.503 0.985 1.000 0.915 1.000 1.000

Moran 0.471 0.978 1.000 0.912 1.000 1.000

Moranel 0.497 0.982 1.000 0.914 1.000 1.000

Moranet 0.505 0.983 1.000 0.915 1.000 1.000

R2 = 0.4 PTgmm 0.429 0.959 0.999 0.911 1.000 1.000

PTel 0.546 0.985 1.000 0.921 1.000 1.000

PTet 0.517 0.982 1.000 0.926 1.000 1.000

OTgmm 0.461 0.973 1.000 0.918 1.000 1.000

OTel 0.493 0.977 1.000 0.922 1.000 1.000

OTet 0.488 0.975 1.000 0.922 1.000 1.000

Moran 0.461 0.970 1.000 0.918 1.000 1.000

Moranel 0.492 0.977 1.000 0.922 1.000 1.000

Moranet 0.488 0.976 1.000 0.923 1.000 1.000

Heteroskedastic case

R2 = 0.8 PTgmm 0.196 0.550 0.915 0.348 0.932 1.000

PTel 0.270 0.631 0.927 0.384 0.932 1.000

PTet 0.245 0.625 0.933 0.385 0.939 1.000

OTgmm 0.127 0.480 0.881 0.296 0.904 1.000

OTel 0.133 0.477 0.874 0.294 0.887 1.000

OTet 0.133 0.498 0.886 0.304 0.904 1.000

Moran 0.122 0.457 0.873 0.285 0.898 1.000

Moranel 0.131 0.469 0.872 0.287 0.887 1.000

Moranet 0.136 0.489 0.885 0.302 0.901 1.000

R2 = 0.4 PTgmm 0.186 0.586 0.930 0.371 0.916 1.000

PTel 0.267 0.654 0.944 0.394 0.926 1.000

PTet 0.249 0.651 0.952 0.399 0.927 1.000

OTgmm 0.119 0.496 0.903 0.294 0.869 0.999

OTel 0.134 0.489 0.887 0.297 0.864 0.999

OTet 0.134 0.512 0.901 0.300 0.873 0.999

Moran 0.114 0.476 0.900 0.289 0.865 0.999

Moranel 0.131 0.479 0.885 0.295 0.861 0.999

Moranet 0.131 0.502 0.902 0.299 0.871 0.999

“PTgmm”, “PTel” and “PTet” denote, respectively, the GMM, EL and ET parameter restriction
tests; “OTgmm”, “OTel” and “OTet” denote, respectively, the GMM, EL and ET overidentifi-
cation tests; and “Moran”, “Moranel ” and “Moranet ” denote, respectively, the robust, EL
and ET Moran’s I tests.
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Table F.6: Empirical sizes of tests for τ0 = 0 in the SARAR model (14)

n = 144 n = 400

R2 = 0.8 R2 = 0.4 R2 = 0.8 R2 = 0.4

κ0 = 0.2 κ0 = 0.4 κ0 = 0.2 κ0 = 0.4 κ0 = 0.2 κ0 = 0.4 κ0 = 0.2 κ0 = 0.4

Homoskedastic case

PTgmm 0.049 0.049 0.043 0.048 0.055 0.047 0.048 0.045

PTel 0.083 0.089 0.067 0.066 0.065 0.050 0.058 0.053

PTet 0.072 0.079 0.057 0.064 0.068 0.054 0.057 0.056

OTgmm 0.047 0.048 0.048 0.052 0.052 0.050 0.050 0.053

OTel 0.071 0.070 0.066 0.075 0.065 0.055 0.056 0.061

OTet 0.068 0.070 0.063 0.066 0.061 0.055 0.057 0.061

Moran 0.054 0.047 0.041 0.052 0.051 0.048 0.059 0.043

Moranel 0.060 0.059 0.054 0.060 0.056 0.052 0.061 0.046

Moranet 0.059 0.059 0.053 0.060 0.056 0.053 0.062 0.046

Heteroskedastic case

PTgmm 0.054 0.069 0.092 0.067 0.052 0.042 0.063 0.051

PTel 0.105 0.123 0.127 0.125 0.068 0.060 0.076 0.073

PTet 0.093 0.103 0.117 0.104 0.062 0.056 0.071 0.069

OTgmm 0.032 0.049 0.040 0.035 0.056 0.045 0.055 0.049

OTel 0.075 0.093 0.073 0.086 0.065 0.055 0.078 0.064

OTet 0.064 0.081 0.070 0.075 0.064 0.056 0.072 0.066

Moran 0.043 0.058 0.040 0.048 0.047 0.037 0.048 0.053

Moranel 0.061 0.079 0.063 0.060 0.056 0.044 0.061 0.061

Moranet 0.056 0.071 0.056 0.058 0.055 0.041 0.059 0.062

“PTgmm”, “PTel” and “PTet” denote, respectively, the GMM, EL and ET parameter restriction
tests; “OTgmm”, “OTel” and “OTet” denote, respectively, the GMM, EL and ET overidentifi-
cation tests; and “Moran”, “Moranel ” and “Moranet ” denote, respectively, the robust, EL
and ET Moran’s I tests. The nominal size is 5%.

Table F.7: Powers of tests for τ0 = 0 in the SARAR model (14)

n = 144, κ0 = 0.2 n = 144, κ0 = 0.4 n = 400, κ0 = 0.2 n = 400, κ0 = 0.4

τ0 = 0.2 τ0 = 0.4 τ0 = 0.6 τ0 = 0.2 τ0 = 0.4 τ0 = 0.6 τ0 = 0.2 τ0 = 0.4 τ0 = 0.6 τ0 = 0.2 τ0 = 0.4 τ0 = 0.6

Homoskedastic case
R2 = 0.8 PTgmm 0.301 0.825 0.986 0.297 0.819 0.985 0.758 0.998 1.000 0.735 1.000 1.000

PTel 0.399 0.895 0.997 0.390 0.881 0.998 0.790 0.999 1.000 0.777 1.000 1.000
PTet 0.392 0.883 0.996 0.381 0.874 0.998 0.791 0.999 1.000 0.778 1.000 1.000
OTgmm 0.207 0.762 0.979 0.238 0.755 0.989 0.668 0.998 1.000 0.681 0.999 1.000
OTel 0.276 0.811 0.986 0.299 0.809 0.991 0.682 0.999 1.000 0.702 0.999 1.000
OTet 0.272 0.807 0.986 0.287 0.805 0.991 0.682 0.998 1.000 0.705 0.999 1.000
Moran 0.282 0.828 0.988 0.253 0.808 0.992 0.746 0.998 1.000 0.737 1.000 1.000
Moranel 0.308 0.841 0.991 0.280 0.818 0.990 0.753 0.998 1.000 0.744 1.000 1.000
Moranet 0.315 0.846 0.993 0.279 0.829 0.994 0.752 0.998 1.000 0.745 1.000 1.000

R2 = 0.4 PTgmm 0.147 0.488 0.833 0.176 0.506 0.820 0.362 0.912 0.997 0.432 0.928 1.000
PTel 0.207 0.572 0.868 0.236 0.574 0.860 0.382 0.916 0.996 0.438 0.936 1.000
PTet 0.188 0.552 0.861 0.232 0.561 0.858 0.394 0.921 0.997 0.442 0.939 1.000
OTgmm 0.105 0.350 0.679 0.145 0.380 0.672 0.265 0.840 0.991 0.328 0.880 0.999
OTel 0.137 0.412 0.728 0.173 0.422 0.731 0.292 0.852 0.990 0.339 0.881 0.999
OTet 0.132 0.404 0.718 0.174 0.417 0.725 0.287 0.853 0.991 0.342 0.887 0.999
Moran 0.048 0.125 0.097 0.025 0.033 0.045 0.259 0.828 0.978 0.214 0.761 0.920
Moranel 0.060 0.159 0.138 0.040 0.046 0.056 0.271 0.831 0.979 0.227 0.778 0.929
Moranet 0.061 0.154 0.137 0.038 0.048 0.056 0.269 0.834 0.982 0.228 0.778 0.927

Heteroskedastic case
R2 = 0.8 PTgmm 0.202 0.545 0.919 0.188 0.553 0.926 0.369 0.908 1.000 0.366 0.914 0.999

PTel 0.278 0.590 0.921 0.249 0.617 0.938 0.390 0.910 1.000 0.378 0.911 0.999
PTet 0.255 0.595 0.926 0.239 0.610 0.946 0.403 0.919 1.000 0.387 0.922 0.999
OTgmm 0.136 0.439 0.862 0.137 0.451 0.872 0.307 0.857 0.999 0.273 0.863 0.999
OTel 0.174 0.478 0.856 0.172 0.468 0.875 0.310 0.852 0.999 0.277 0.856 0.999
OTet 0.171 0.490 0.872 0.166 0.477 0.890 0.317 0.864 0.999 0.288 0.865 0.999
Moran 0.116 0.382 0.842 0.087 0.393 0.838 0.283 0.846 0.999 0.250 0.843 0.998
Moranel 0.129 0.400 0.822 0.105 0.404 0.820 0.286 0.837 0.999 0.246 0.834 0.997
Moranet 0.133 0.414 0.849 0.104 0.422 0.848 0.296 0.850 0.999 0.257 0.847 0.998

R2 = 0.4 PTgmm 0.202 0.516 0.871 0.186 0.495 0.845 0.339 0.891 1.000 0.308 0.892 0.999
PTel 0.242 0.515 0.868 0.224 0.500 0.839 0.322 0.878 0.996 0.291 0.872 0.995
PTet 0.224 0.509 0.878 0.210 0.501 0.849 0.336 0.889 0.998 0.302 0.882 0.997
OTgmm 0.116 0.341 0.695 0.111 0.323 0.633 0.244 0.789 0.987 0.221 0.739 0.983
OTel 0.145 0.362 0.709 0.141 0.351 0.656 0.226 0.763 0.982 0.222 0.729 0.976
OTet 0.142 0.377 0.723 0.129 0.356 0.666 0.233 0.783 0.985 0.223 0.749 0.982
Moran 0.052 0.232 0.589 0.037 0.165 0.411 0.190 0.753 0.989 0.158 0.690 0.981
Moranel 0.073 0.276 0.604 0.052 0.192 0.432 0.204 0.747 0.981 0.167 0.687 0.974
Moranet 0.070 0.276 0.621 0.051 0.196 0.448 0.206 0.759 0.988 0.171 0.699 0.982

“PTgmm”, “PTel” and “PTet” denote, respectively, the GMM, EL and ET parameter restriction tests; “OTgmm”, “OTel” and “OTet” denote,
respectively, the GMM, EL and ET overidentification tests; and “Moran”, “Moranel ” and “Moranet ” denote, respectively, the robust, EL
and ET Moran’s I tests.
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