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Abstract

For Lagrangian multiplier (LM) tests of restrictions on parameters in spatial autoregressive (SAR) models
with (SARAR models) or without SAR disturbances, their outer-product-of-gradient (OPG) variants can be
simple and robust to unknown heteroskedasticity. However, for certain tests, asymptotic distributions of test
statistics might depend on the constrained maximum likelihood or quasi maximum likelihood (QML) estimators,
so their OPG variants would not be valid. To overcome such a hurdle, we propose to use C'(a)-type score vectors
to obtain valid OPG variants. Such OPG tests can be systematically constructed for SARAR models with
homoskedastic and heteroskedastic disturbances, which might not be normally distributed. They also have the
advantage that any ./n-consistent estimator can be used in place of a restricted QML estimate. In particular,
OPG tests based on generalized method of moments (GMM) estimates are computationally simple and powerful
compared to LM tests. Corresponding OPG tests based on C(«)-type gradient vectors in the GMM framework

are also investigated.
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1 Introduction

This paper proposes to use the C'(a)-type statistic formulation to derive outer-product-of-gradients (OPG) tests for
spatial autoregressive (SAR) models. With the formulation, all kinds of valid tests for SAR models can be derived.
The tests are simple and can be robust to unknown heteroskedasticity. In addition, any +/n-consistent estimator
of nuisance parameters can be used. Thus, computationally simpler estimators such as the generalized method of
moments (GMM) estimator can be used to construct test statistics.

OPG tests for spatial econometric models considered in the literature are limited to certain tests. Born and

Breitung (2011) propose to use OPG variance estimates in forming Lagrangian multiplier (LM) test statistics for
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spatial dependence. They consider LM tests for no spatial dependence in the SAR and spatial error (SE) models,
and no spatial lag and spatial error dependence at the same time in the SAR model with SAR disturbances (SARAR
model). For these tests, a test statistic can be decomposed into a sum of asymptotically uncorrelated terms, and
a new test statistic can be formed by using the sum of squares of these terms as a variance estimate of the test
statistic. Thus the test statistic can be computed as a product of a simple regression. The OPG variants relate
to the martingale structure of linear-quadratic forms, which is explored in Kelejian and Prucha (2001) to develop
a central limit theorem for spatial econometric statistics.! Baltagi and Yang (2013) introduce general methods to
modify standard LM tests so that they are robust to heteroskedasticity and non-normality and obtain their OPG
variants. Neither Born and Breitung (2011) nor Baltagi and Yang (2013) have considered testing for only no spatial
error dependence in the presence of spatial lag dependence or vice versa in the SARAR model. For these tests, we
observe that an orthogonality condition is absent, thus the estimator for the nuisance parameter vector involved in
the testing score will have an impact on its asymptotic distribution. Then simple OPG variants of LM tests, formed
by a sum of squares of components for an LM test statistic, may not be valid (Baltagi and Yang, 2013, p. 734 in
its conclusion).

However, C(a)-type statistic formulation based on the quasi maximum likelihood (QML) score vector can be
used to overcome the problem (Neyman, 1959). Even though the C(a)-type statistic evaluated at the restricted
QML estimate will be identically the LM statistic, a C(«)-type formulation modifies the LM statistic formulation at
the true parameter vector such that additional terms can take care of the asymptotic influence of the QML estimate
on the statistic. With the martingale structure of the spatial econometric statistic, the variance of the test can then
be consistently estimated with OPG and an asymptotically chi-squared distributed statistic can be constructed.
This OPG test has the same asymptotic distribution as the LM test. It does not require an analytic formula of the
variance and is easy to compute. For this score-based C'(«)-type test statistic, any /n-consistent estimator for the
nuisance parameter vector will not have impact on the asymptotic distribution of the test statistic either. Thus,
for SARAR models we can also use computationally simple estimators, such as the spatial two stage least squares
(2SLS) estimator (Kelejian and Prucha, 1998; Lee, 2007) or GMM estimator (Lee, 2007), instead of the maximum
likelihood (ML) or QML estimator (Lee, 2004a), to construct test statistics.

A score-based OPG test constructed under homoskedastic variances of an SARAR model is robust to non-
normality, but might not be robust to unknown heteroskedasticity if its expected score at the true parameter vector
were not zero. This case can occur because the model is misspecified and the corresponding likelihood function
might not even be a quasi-likelihood. A possible test statistic may then be based on some proper moment conditions
(Kelejian and Prucha, 2010; Lin and Lee, 2010). An alternative is to follow Baltagi and Yang (2013) by modifying
the score vectors so that their expected values are zero at the true parameter vector, and consider robust C(a)-type
tests based on those modified score vectors. The modified score statistics are effectively moment test statistics. In

the case that the asymptotic distribution of those estimated moments depends on an initial estimator, we suggest

LQuadratic statistics have long been written as martingales in the time series literature (see, e.g., Hall and Heyde, 1980). We thank

an anonymous referee for pointing this out.



the formulation of a C'(«)-type moment vector such that the resulted empirical moment vector is asymptotically
invariant with respect to any /n-consistent estimator.? The OPG variant will be valid as long as the C(a)-type
moment vector at the true parameter vector can be expressed as a sum of martingale difference arrays.

We also consider OPG tests based on C(a)-type gradients in the GMM framework under both homoskedasticity
and unknown heteroskedasticity. The GMM criterion functions involve moment vectors that are linear and quadratic
in disturbances, so OPG tests are derived with a similar principle.

In practice, researchers might use other tests such as the Wald, LM and likelihood ratio (LR) tests in the likeli-
hood framework. The three classical tests are asymptotically equivalent under both the null and local alternatives,
and are locally most powerful.> However, in finite samples, they may differ in size and power properties. For com-
putation, the Wald test needs to estimate the unrestricted model, the LM test only needs to estimate the restricted
model under the null hypothesis, which is often simpler, and the LR test needs to estimate both. For SARAR
models, these estimations all involve evaluations of log determinants, which can be computationally intensive for
large sample sizes. In the GMM framework, the corresponding tests are the Wald, gradient and distance difference
tests. Similar comments apply in terms of whether the unrestricted and/or restricted models are estimated. We
conduct a comprehensive Monte Carlo study to investigate the finite sample performance of the proposed OPG tests
and compare them with other tests. Several different consistent estimators are used for OPG tests. In particular, we
have considered GMM estimators generated from moment vectors that are the best ones for homoskedastic normal
disturbances. Score-based OPG tests with these GMM estimators perform well and are competitive alternatives to
other classical tests in finite samples.

This paper is organized as follows. Section 2 proposes to use the C(«)-type score vectors to systematically
derive OPG tests in the SARAR model under both homoskedasticity and unknown heteroskedasticity. We derive
test statistics for detecting spatial error and spatial lag dependence in the SARAR model. Section 3 considers
gradient-based OPG tests in the GMM framework. Section 4 reports Monte Carlo results. Section 5 concludes.

Lemmas and proofs are collected in the appendices.

2 Score-based OPG tests

In this section, we first consider the SARAR model with homoskedastic disturbances. We illustrate that C'(«)-type
score vectors can be used to systematically derive OPG variants of test statistics. We next consider OPG tests
under unknown heteroskedasticity. Our main interest is to derive OPG tests for detecting spatial error and spatial
lag dependence.

The SARAR model is as follows:

2In the spatial econometrics literature, Lee and Yu (2012) have considered C(a)-type gradient tests in the GMM framework for

spatial lag dependence in the SAR model.
3See, e.g., van der Vaart (1998, Chapters 15-16) and Ruud (2000, Chapter 17).



where n is the sample size, Y,, is an n x 1 vector of observations on the dependent variable, X,, is an n X k matrix of
exogenous variables with corresponding parameter vector 5, W,, = (wn,ij) and M,, = (mn,ij) are n X n nonstochastic
spatial weights matrices with zero diagonals, A and p are scalar spatial dependence parameters, and V,, = (vp;)
is an n x 1 vector of independent disturbances with mean zero.* Let 6 = (), p,3')’, do be the true value of 4,
Sn(A) = I, — AW, and R, (p) = I, — pM,,, where I, is the n x n identity matrix. Model (1) is an equilibrium

model. Thus, Y,, has the reduced form Y, = S, (X8 + R,'V,), where S,, = S, (\o) and R, = R,(po) are

n

assumed to be invertible. The X, is assumed to be nonstochastic for convenience, as in Kelejian and Prucha (1998)

and Lee (2004a).> The SAR model is (1) with p = 0, and the SE model is (1) with A = 0.

The log QML function as if the disturbances were i.i.d. normal with variance o is

1

In L, (6) = _g In(27) — g In(o?) +1n |S,(A)| +1n | Ru(p)] - 5

5150 (A) Y — X0 B R, (p) Ry () [Sn(\) Y — X0 8], (2)

where 0 = (6, 02)". Under the assumption that V,, ~ (0,021, ), the first order derivatives of In L,,(0) at 8y = (&), 02)’

are
ML) _ Ly, v, — tx(G) + 5 (RuGo XoB) Ve 2
o\ og 99
Glngz(eo) _ %VT’LHnVn — tr(H,), (4)
31%;(90) - U%X,QR;LV”, )
31%:2(90) _ 2%gv,;vn - 2%3 (©)

where G, = W, S, 1, G, = R,G,R;! and H,, = M, R;;*. The LM and OPG tests can be based on these scores. If

the disturbances are heteroskedastic, we need to modify these scores to obtain valid test statistics.

2.1 Tests under homoskedasticity

In this section, we consider test statistics for the SARAR model with homoskedastic disturbances. We first show
that C'(«)-type score vectors can be used conveniently to derive OPG tests and then derive test statistics for pg = 0
and/or \g = 0.

Note that each element of %0(90) is a linear-quadratic form V! A, V,, — 02 tr(A,) + b}, V,,, where A,, is an n xn

nonstochastic matrix, and b,, is an n X 1 nonstochastic vector. Thus, consider a vector of linear-quadratic forms
En = Vi Ani Vi — 03 tr(An1) + 0,y Vi, . Vi A Vi — 08 t0(Anp) + 6, Vil

for some finite p, where A,, = (anr,i;) and by, = (bynr;) for r =1,...,p. We can rewrite =, as a sum of martingale

differences. Specifically =,, = > | &,;, where

i—1 i—1

§ : 2 2 2 : l
fn [anl u( +Unz anl,ij +an1,ji)vnj +bn1,ivni» AR anp,ii(vni _00)+vni (anp,ij +anp,ji)vnj +bnp,ivni] .

Jj=1 Jj=1

4To allow for possible unknown heteroskedastic variances, the disturbances are assumed to be independent but not necessarily

identically distributed.
5Alternatively, X,, can be assumed to be stochastic with finite moments of certain order.



Consider the o-fields F,0 = {0,Q}, Foi = 0(Vn1,. .- 0ni), 1 <i<n. As % i1 C Fp; and E(&i| Fni1) = 0,
{&niy Fni, 1 < i < n,n > 1} forms a martingale difference array. Thus, &,;’s are uncorrelated and the variance of
=, 1s
var( ZE Enibni) = E(@hon),

where ¢, = (&n1,...,&m) is a matrix con51st1ng of martingale differences. For any n x n matrix A,, denote
Agf) = A, + A}, tril(A,,) represents the strictly lower triangular matrix formed by the elements below the main
diagonal of A,,, and vecp(A,,) denotes a column vector of the diagonal elements of A,,. Then ¢,, can be conveniently
written as

on = [Vy ovecp (A1) o Vi, — 02 veep(An1) + Vi, 0 (tril(A;sl))Vn) +byi0Vi, ..., -

Vi oveep (Anp) © Vi, — 03 veen (Anp) + Vi 0 (t1il(AL)V,,) + by 0 V), |

where o denotes the Hadamard product. Denote V,,(§) = R, (p)[Sn(N)Y, — X, 0]. For a consistent estimator 0,, of

0o, let 4y, be the matrix obtained from ¢,, by replacing V,, with V,,(d,,), o3 with 62, and 6y in A,;’s and b,;’s by

0,,.5 Under regularity conditions, var(Z,,) can be estimated by the outer product

Grdn =Y énilli, 8)
i=1
where &,;’s are derived similarly to $n, such that 1 A PnPn = 1 ~var(Z,) + op(1). The advantage of this variance

estimator is that no analytical form of the variance is needed.” Since estimators and tests might relate to the scores
in (3)—(6), relevant variances can be estimated with this OPG form.

Suppose that we are interested in testing whether the true value 61 of a k1 x 1 subvector 6y of 6 = (07, 65) is

¢ 1 91n Ly (0,02,)

zero or not in the SARAR model (1). The LM test will be based on the asymptotic distribution o 50, ,

where 65, is the restricted QML estimator with the restriction #; = 0 imposed. By the mean value theorem, under

regularity conditions,

1 OlnL,(0,02,) 1 OlnL,(0,000)  10%InL,(0,00,) -

vn 96, T Vn 96, n 96,00, Vi0an = 00) )
o 1 alnLn(O,ego) 1 (92 lnLn(O,ego) ~
“ Vi oo n B G,0m, ) V0 = 00)  0,(1)

~ ~ 2
where 05, lies between 65, and 05g elementwise. If % E(%gg;m) does not go to zero, the asymptotic distribution

1 Oln L,L(O 020)

1 9InL,(0,02,) d1n L, (0,020) - .
of NN T will generally be different from that of TR e Because 3¢, Is a vector of linear-
. - InL . . . .
quadratic forms as =, above such that %}?’920) = Zizl &n1,i is a sum of martingale differences &1 ;’s, its
variance can be estimated as @)1 @n1, where @p1 = (€n1,1,---,6n1,n) and &,1,;’s are derived as above using the

restricted estimator (0,65,). But L @1 is generally not a consistent estimator for the limiting variance of

1 9InLy(0,02,)

Tn 50, as seen in (9) because the variance of the second term was ignored. Then the statistic

(i énl,i)/<zn: énl,ié;zl,i)71 (Xn: énl,i) (10)
i=1 i=1 i=1

, from (3)—(6), vectors and square matrices in the linear-quadratic forms involve 6.

"The variance of a vector of linear quadratic forms such as \lf M in Kelejian and Prucha (2001) and Lee (2004a) are estimated

SFor the score vector M

with analytical forms. For non-normal disturbances, third and fourth moment parameters of v,; will appear.



9% In Ln(O,Ggo)) — 0(1)

will not follow an asymptotic chi-squared distribution unless the orthogonality condition %E( 50, 507
2

holds. If the orthogonality condition was satisfied, a test statistic with the form of (10) would have an asymptotic chi-

squared distribution. In the orthogonality situation, ﬁ%ﬁ?’em is written as a sum of approximate martingale

differences and its variance can be estimated by a sum of outer products of these differences. For the tests in Born

and Breitung (2011), either the orthogonality condition holds for the original statistic L 9InLn(0.820) they can

vn 90,
easily rewrite ﬁ%ﬁ?’ez") in an equivalent form so that the impact of 05, on the asymptotic distribution is
properly taken into account.® For other tests such as for Ag = 0 or pp = 0 in the SARAR model, the testing score
generally cannot be conveniently transformed to obtain an OPG variant of the LM test.’

For the general testing problem of Hy : 19 = 0, we suggest using the C(«)-type score vector formulation so that

the OPG variant of the LM test can be derived. The idea of the C'(«)-type test is to consider a test statistic modified

8% In Ln(eo))

from the LM statistic such that the orthogonality condition holds (Neyman, 1959). Let Q, 12 = —E( 56,00,
2

2
E(%&go)).w By imposing the restriction 619 = 0 but replacing 02 in 2, 12 and €, 22 by a /n-

and Qn722 = —
consistent estimator 92n, we obtain their estimates Qn,12 and Qn?gg. In particular, we can consider the C'(«)-type
statistic

: A 1 0Ly, (0,0,
T" = [Iku _Q'rL,lZQn,lQQ]#. (11)

By an expansion as in (9), under regularity conditions, ﬁ’fn has the same asymptotic distribution as ﬁrn =
[Ix,, —Qn’lgﬂ;’éz}ﬁalr@gj{w, so the asymptotic distribution of 92n has no impact on that of ﬁ’fn We give
specific regularity conditions below and formally show this result in Appendix C. Let £,,(¢) = maxg ,2 E[In L, ()],
where ¢ = (A, p)’.

Assumption 1. (i) The elements of X,, are uniformly bounded constants, X,, has full column rank, and lim,,_, %X;Xn
exists and is nonsingular. (i) W, and M, have zero diagonals, S, and R, are nonsingular, and the sequences of

matrices {W,}, {M,}, {S;'} and {R;;'} are bounded in both row and column sum norms.

Assumption 2. v,;’s are i.i.d. with mean zero, variance o3 and E(|v,;|*T®) < oo for some o > 0.

2
Assumption 3. (i) lim, %%@(ﬁo) exists and is nonsingular. (i) lim,_ o %E(

and is nonsingular. (iii) \/n(fan — 020) = Op(1).

d1n L, (0,020) d1n Lw,(0,920))
06’

55 exists

Assumptions 1 and 2 are the same as those in Lee (2007), with additional conditions on M, similar to
those on W,,. In Assumption 2, v,;’s are assumed to be homoskedastic but they can be non-normal. Assump-

1Q),. If v,’s are normal, the information matrix equality

tion 3(i) guarantees the nonsingularity of lim, .

that Q, = —E(22 Lgéo’ezo) 9l Lgé?’ezo)) holds, so Assumption 3(i4) holds under Assumption 3(¢). Otherwise,

8For the test of pp = 0 in the SE model, the orthogonality condition holds. For the test of Ag = 0 in the SAR model and that

of Ao = po = 0 in the SARAR model, the orthogonality condition does not hold. However, by introducing the projection matrix

In — Xn (X, X,)"1 X/ in the statistic ﬁ%w, which does not change the magnitude of ﬁ%ﬁ)ﬁ%) but properly takes

into account the asymptotic impact of the initial estimate, a test statistic of the form (10) can still be derived.

9For the tests of pg = 0 or Ag = 0, the restricted QML estimator does not have a closed form, unlike the cases in Born and Breitung
(2011). Thus the OPG variants of LM tests cannot be derived as in Born and Breitung (2011).

10Gee (22)-(26) of Appendix A for their explicit expressions.



%E(aln Lgéo’em) 9ln Lge(,o’ez")) generally involves the third and fourth moments of v,,;.!* The \/n-consistency of égn

in Assumption 3(4i7) can be seen from Kelejian and Prucha (1998), Liu et al. (2010) or Jin and Lee (2013) if it is,

respectively, the spatial 2SLS estimator, the GMM estimator, or the QML estimator.

Proposition 1. Under Assumptions 1-3, when 619 = 0, %Tn = %Tn +0,(1).

Oln Ln (0,920)
a0

As T,, is a vector of linear-quadratic forms, let = Z?:l &ni, where £,;’s are martingale differences

as for a =, above. Correspondingly, ML’éiéo’éz") = Z?zl ém Denote CAm = [Ikl,fﬁn,lgﬂ;lm]ém and @, =
(€nts - &)~ By (8), the OPG test is
R R . A A . o 1 n . ’ n . . 71 n R
T;L([Iklv _Qn,12Qn,122]<p;L90n[Ik17 _Qn,IZQn}QQ]/) Tn = (Z Cm) (Z C"’”C?/’LL> (Z C'rli)v (12)
i=1 i=1 i=1

which is asymptotically x?(k;1) under regularity conditions in Proposition 2 below. This statistic can be computed

by a regression package as the explained sum of squares of the regression of the constant 1 on CAm In (11), if [

81nLn(07é n) _
2] : - 07

is the restricted QML estimator égn with the restriction #; = 0 imposed in the estimation, since 9,

T, = %’5376(10’9”‘) and hence (12) is the LM test statistic

dIn L, (0, 02,,) R R

A 1 140 4 A _ ~19In L, (0, 05,,)
o0 (Hky s =125 5020 @ [Tky » =12, 5ol ) ——

00,

)

with a proper OPG variance estimate. This LM test statistic generalizes the use of OPG variants even the corre-

aLn (OaéZn)
00, can be

sponding orthogonality condition on €2, 12 converging to zero is not satisfied. We note that while
zero, it does not mean that the corresponding components in ém would be zero for all 7. So the procedure of using
a regression of 1 on CAm to construct the OPG variant of a test statistic remains the same regardless what consistent
estimates are used. The only difference is their uses on the construction of the estimated fm fori=1,---,n. When

the QML estimator for an SARAR model turns out to be computationally intensive, other computationally simple

estimators such as the GMM and spatial 2SLS estimators can be used for the OPG test.'?

Proposition 2. Under Assumptions 1-3, when 619 = 0, T’,L([Ikl,an,lgﬂ;éQ]@’n@n[Ikl,797171253;122]’)*1?” =
n 2 noo2 2 N— n 2 d

(D izt Gna) (D021 Cniri) 1(21‘:1 Cni) = X2 (F1).
We apply the above statistics to the tests of pg = 0 and/or A\g = 0 in the SARAR model below.

2.1.1 Testing for pp =0

For the test of whether the spatial error dependence pg = 0 in the presence of spatial lag dependence, we have

0 = (01,05), 01 = p and 0 = (\, 8, 02)". With the restriction pg = 0, (3)—(6) become

LVIM,V,
0
811’1 Ln(O, 920) . %VAGnVn - tr(Gn> + %S(GanﬂO)/Vn
o0 =X Vs
0

1 / n
208 VnVn - 202

M The explicit expression of % E(aln L%é0,920) 9ln L&;/(J,Ogg)) is in Jin and Lee (2013).

12 A concise case can be a high order SARAR model with several spatial weights matrices.




By (7), we define a matrix ¢,, of martingale differences as
1
On=—5[Vno (tril(M,(f))Vn), V,, o veep (G,) o Vi, — 0 veep (Gy) + Vi, 0 (tril(GS))Vn) + (GnXpnBo) © Vi,
90
1

1
Xpo ( ;€ ® Vn)a ﬁvn oV, — ilnL
0

where [,, is an n x 1 vector of ones and ® denotes the Kronecker product. By (22)—(26) in Appendix A,
82 In Ln (0, 020)

Qn,12 = *E( 6,089'2 ) = (tr(Mr(LS)Gn)aOIX(k+1))7
and
L (G Xnf0) GnXnfo + tr(GYGr) 5 (GnXnBo) Xn & tr(Gy)
9?1n L, (0, Ha0) 70 3 a3
Qo2 = —E(W) = 52 X,,Gn Xy 2 X, X, 0
Jig tr(Gp) 0 %

10,12 # 0, the orthogonality condition does not hold. Thus, for the LM test, it is necessary to

Since limy, o0 o

properly take into account the impact of the restricted QML estimator to obtain an OPG variant. In this case, it
is convenient to use the form of a C(«) statistic. Let Qn’lg and Qn’gg be terms obtained by replacing €o9 with a
\/n-consistent estimator égn in, respectively, 2, 12 and €, 22, and let ¢,, be the estimate of ,, by replacing V;, in ¢,
with Vn(Sn) and 05 with 6, where 8, an estimator of §, is a subvector of 6,, = (0, één)’ Then by Proposition 2,

dln Ly, (0, 0,,) . .

"l IR N A ~ a0 L,(0,09,
Y (LU Py N I o ) R R Y o 1 L L

50 X*(1).

For 0y, the restricted model with p = 0 imposed is an SAR model, for which a least squares (LS) estimator is
generally inconsistent. In the event that the QML estimator is computationally intensive for a large sample size,

we may use a GMM estimator or simply the 2SLS estimator, which are \/n-consistent and computationally simple.

2.1.2 Testing for A\g =0
To test for only spatial lag dependence, denote 6 = (), 65)’, where 0 = (p, 8',02)’. Then by (3)—(6),

;%V,;ann + L (R W, X0 B0) Vi

2
0

O Ln(0,620) _ oy Vil Vi — ()

o LXLRV,
0

1 / n
208 VnVn - 203

where Wn =R, W,R, L. Using the formula in (7), we define a matrix of martingale differences

1 .
Pn = 72[Vn © VeCD<Wn) oVp— 08 VeCD(Wn) +Vio (trﬂ(Wfr(Lg))Vﬂ) + (RHWWXWBO) o Vn,

99

1 1
V,, o veep (H,) o V,, — o veep (H,) + Vi, 0 (tril(HT(f))Vn), (R, X))o (I, @ Vi), 2—2Vn oV, — §ln]
99

Imposing the restriction Ao = 0 in (22)—(26), we have

9?In L, (0,70)

leg =-FE
( N0,

. 1
) = (tr(HOW,,), ?(RHW,LXnﬂO)’Ran, 0),
0



and

tr(HY H,) 0 L tr(H,)
9?1n L, (0,70) 0
Qpos=—E(———r ") = 1 vy prt
22 (20,00, ) 0 =X Ry X, 0
2 tr(H,) 0 oy
0 0

lleQ = 0 does not hold. With a /n consistent estimator égn, let

Note that the orthogonality condition lim,, -

Dn, Qn’lg and Qn’gg be the estimates of ¢, (2, 12 and €, 22 by égn as above. The OPG test is

A (N PP S el s e 90 L, (0,05,
aé/ - )[177971712977,,122]/([1’79717129n,122}()0;z<)0n[1a79n 6(9 2 )a

2

122 59)) T L Q1290 b

)

which is asymptotically x2(1) distributed.'3

2.2 Tests under unknown heteroskedasticity

If the disturbances v,;’s are independent but with different variances o2.’s, the scores in (3)—(6) for the SARAR
model do not have zero expected values. This is so because the ML estimate of the SARAR model uses quadratic
moments based on i.i.d. disturbances. Under unknown heteroskedasticity, the likelihood function would be mis-
specified and it would not even be a quasi-likelihood for the SARAR model. This misspecification shows up in
the scores having non-zero means. In Lin and Lee (2010), linear and quadratic moments are used for consistent
estimation, where quadratic matrices are modified to have zero diagonals so that suggested quadratic moments are
proper moments for estimation. In a recent paper, Liu and Yang (2015) modify the scores to have zero means such
that consistent estimators under unknown heteroskedasticity can be derived by solving such modified scores. As we
have focused our attention on score-based OPG tests in previous sections, we consider the use of modified scores
in Liu and Yang (2015) for testing problems, and derive robust OPG tests for spatial dependence under unknown
heteroskedasticity. For SARAR models, the modified scores are proper moments, so suggested tests are essentially
moment test statistics (Tauchen, 1985; Newey, 1985).14

The nonzero expected values of the scores (3)—(6) are due to quadratic forms V,) A, V,, for an n x n matrix A,
with a nonzero diagonal and its mean is not o3 tr(4,,). To make a quadratic form have zero expected value, we can

modify it to be V,)[A,, — diag(A,)]V, (Lin and Lee, 2010; Kelejian and Prucha, 2010), where diag(A,,) denotes a

diagonal matrix formed by the diagonal elements of A,.'5 By (3)—(5), tests can be based on the statistics!®

13Since the restricted model with A = 0 is an SE model, we may even use the LS estimator of 3 for the construction of the OPG test

in this case.
14 A special feature with modified scores as moments is that the number of moments is just identifiable for the parameters of the

unrestricted model. If there were overidentified moment conditions, we suggest the use of gradient tests in Newey (1985). That approach

will be considered in a subsequent section.
ote that nVn) =tr(AnXn) = 1 Qp 02 . we wou ike nVn) to be zero for arbitrary o2 .’s, then a,, ;;’s shou
15Note that E(V;, AnV; AnX P Gn,ii02,. If 1d like E(V,, AV, b for arbi 2 ’s, th ,is’s should

all be zero. Alternatively, since tr(A, 3y, ) = E(V,, diag(An)Vy), we can rewrite E(V,, A, Vi) = tr(An3y) as B[V (A, —diag(Ay))Va] = 0.
Then we also end up with a matrix A,, — diag(A,) with a zero diagonal. The latter motivation is discussed in Kelejian and Prucha

(2010, p. 56, Section 3.1).

2

16Since o2 is not an interesting parameter, we can ignore the score in (6). So we focus on the subvector § of § in this subsection for



np(0) = V1 (6)[Hn(p) — diag(Hy(p))]Va(0), (14)

where G () = Wi (A), Ga(9) = Ra(p)Ga(N Ry (p), and Hy(p) = MuR;'(p). The gor(6) and g,,,(6) are
modified, respectively, from the derivatives of the QML function with respect to A and p. At §p, they are linear-
quadratic forms of V;,, so their OPG variance estimates can be derived similarly as before by the use of martingale
differences &,;’s. For matrices A,;’s with zero diagonals, the variance of a vector of linear-quadratic forms =,, =
Via A1V + 0,1 Ve, Vi A Vi + b;an]’ is E(¢),¢n), where @, = (€n1,...,&mn)’ is an n X p matrix of martingale

differences and &,; is a p x 1 vector, and explicitly,
on = [Vi o (tril(AS))Vi) + bt © Viny .o, Vi 0 (61il(AE))V) + by 0 Vi), (16)

This variance can be estimated by ¢!, ¢, where ¢, is obtained by replacing V;, in ¢,, by Vn(én) with a consistent
estimator Sn and also any dg in A,;’s and b,;’s by Sn

For generality, we consider the test of whether the true value d19 for a k; x 1 subvector é; of § = (87,95) is
zero or not. Let g,1(d) be the subvector in (g,1(9), gn,p(9), g,,5(0))" that correspond to derivatives with respect to
1. Define g,2(d) similarly and denote g,,(6) = (gl,1(0),gh2(0)). As in the last subsection, assume that g, (0, d20) =
LS &ni, where &,;’s are martingale differences. Let 12 = —E(%&’&”’)), Qoo = —E(%gf”)),” and

2 ’s. For any +/n-consistent

¥, = diag(o2,,...,02,) be a diagonal matrix formed by the unknown variances o2,

estimator da,, of dap, let V,, = (D) = Vi (0, 5%) and 3, = diag(d2,,...,92,). Replacing ¥,, in Q,, 12 and Q,, 22 by

3, and da9 by Som yields their estimates leg and ngQ. Denote ém = Iy, —Qn,mfl;éz)fm as before, where ém-’s

are estimated &,;’s with 5, = (0, S’Qn)’, and

T = [Ty, =120 551900, 020) (17)

Under regularity conditions, in Proposition 3 below, ﬁ'fn = ﬁTn—ﬁ—op(l), where T, = [I,, —Qn’uQ;}m]gn(O, d20),
so the asymptotic distribution of b5, does not have an impact on that of ﬁi’n

Assumption 4. v,;’s are independent with mean zero and variances o2,’s, and sup,, SUP1<i<n E(|vni*t?) < oo for
some o > 0.

Assumption 5. (i) lim, . E(W)

Vi(dan = 820) = Oy(1).

E[gn(0,20)g.,,(0,020)] exist and are nonsingular. (ii)

and lim,,_, o %

1
n
Assumption 4 on heteroskedasticity is the same as that in Lin and Lee (2010). lim, o + E(W) and

limy, 00 = E[gn (0, 620)g4, (0, d20)] are assumed to be nonsingular in Assumption 5(i) so that the asymptotic chi-

squared distribution of our test statistic has the number of degrees of freedom equal to that of restrictions. The

analysis. Instead of (13)—(15), we may also first concentrate away 8 and then correct the scores for A and p (Liu and Yang, 2015). But
that generates more complicated OPG tests for the SARAR model. It is of interest in a future research to compare the finite sample

performance of the two methods by high order expansions and Monte Carlo experiments.
7 Their explicit expressions are in (27)—(32) of Appendix A.
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v/n-consistent estimator b2, in Assumption 5(it) is usually derived from the GMM estimation such as that in

Kelejian and Prucha (2010) or Lin and Lee (2010).
Proposition 3. Under Assumptions 1, 4 and 5, when 619 = 0, ﬁ:fn = ﬁ“fn +0,(1).

The statistic in (12) has the OPG form which can be the explained sum of squares from a regression of the

constant 1 on CAm This statistic is asymptotically chi-squared distributed.

Proposition 4. Under Assumptions 1, 4 and 5, when d19 = 0, T;([Ikl, _Qn712§2;,122]¢%¢n[[k1 , —Qn)lgﬂ;lm]’)_lfn
(7 God) (S Guihi) ™ (i i) = x2(h).

2.2.1 Testing for pp =0

For the test of pg = 0, denote 6 = (p, d5)’, where d2 = (A, 8')". Then

VM, V,
gn(O, 520) = Vé [Gn — dlag(Gn)]Vn + (Ganﬁ())IVn
X'V,

To estimate the variance of g, (0, d29), define the matrix ¢,, of martingale differences to be
on = [V o (tril(M{)V5,), Vi o (tril(GS) — diag(G)Va) + (G X o) © Vi, X 0 (I @ V2)]-

Imposing the restriction pg = 0 in (27)—(32) of Appendix A, we have

09r1(0, 20)

leg = —E( 8(5’2

) = [tr<M7(zS)GnZn)7 lek];

and

0gn2(0, 520)) _ tr[(G, — diag(Gn))°GrnEn] + (GnXnf0) GnXnBo  (GnXnfo) Xn

ngg = — E(
9%, X! G X0 X5 Xn

Let ¢, leg and Qnygg be estimates of ¢,,, Oy, 12 and Q,, 22 with a \/n-consistent estimator Sgn of d29. The OPG

test is
9 (0,620 [1, = 120, o) ([1, =120, 5o] 8L B[ 1, —Qn,uQ;}zz}/)il[la — 0,12, 55]9n (0, 020,),

which follows the asymptotic x?(1) distribution.

2.2.2 Testing for N\ =0
To test for A\g = 0, let 6 = (A, 65)" and d3 = (p, 8’)". Then,

VW, — diag(W;,)]Vi, + (R Wo X0 80) Vi

gn(o,égo) = %:[Hn — dlag(H,,)]Vn )
X! R.V,

11



and

@n = [V o (tril (W — diag(W ) Vs) + (Ra Wi X0nB0) 0 Vi, Vi 0 (tril(HS) — diag(H))V,), (R Xn) 0 (I @ V)]

Imposing the restriction A\g = 0 in (27)-(32), we have

09n1(0,d20) - .

Q12 = = B(= 55— = [tr[(Wn — diag(Wn)) "™ HaSn], (R Wa X o) Rn Xon),
2
and
_ agn2(0a 620) tr[(Hn - dia’g(Hn))anEn] 0
Qn’gg = —E(T) =
2 0 X, R, R, X,

With these expressions, we can derive the OPG test statistic with a /n-consistent estimator 32n of dog as before.

3 Gradient-based OPG tests in GMM

The tests considered in the previous section are based on QML scores. In this section, we consider gradient-based
OPG tests in the GMM framework. The gradient test is general in the sense that the number of moments involved

in estimation of the unrestricted model can be over-identified.

3.1 Tests under homoskedasticity

For the SARAR model (1), an alternative estimation method in place of the QML is a GMM method. In that
framework, the corresponding LM test is a gradient test. If the disturbances v,;’s are homoskedastic, consider the

GMM estimation with the moment vector
gn(é) = [Vri((s)Pnlv’ﬂ(é)a et Vyg(é)Pn,kan(é)z Vé(é)Fn]/7 (18)

where P,; for ¢ = 1,...,k, are n X n nonstochastic matrices with zero traces, and F,, is an n x ky matrix of
instrumental variables (IV) such that k, + kf > k + 2. The quadratic matrices P,;’s can be constructed from the
spatial weights matrices W,, and M, and F,, consists of independent columns of X,,, W, X,,, WﬁXn and so on.'®

Since g, (dp) is a vector of linear-quadratic forms, its variance can be computed with the OPG formula. Let

@n = [Vyy o veep(Poy) o Vi, — 02 veep (Pa1) + Vi o (tril(PEYV,), . .
Vi 0 veen (P, ) © Vi — 03 veen (P k,) + Vi o (til(P5) )WV,), By o (I, @ V).
Then the variance of g,(dy) is A, = E(¢),on). Let 5, be an initial GMM estimator. An estimate A,, of A,
is ¢! ¥n, where ¢, is derived by replacing dp in ¢, with 5n, V,, with Vn(5n), o with %Vé(én)vn(én), and any
unknown parameters in P,;’s and F,, with corresponding estimates. With An, the criterion function for the optimal

GMM estimator is g/, (6)A; g, (). In particular, for the test of whether a k; x 1 subvector 819 of dy is zero, a

183ee Lee (2007) for details.

12



constrained optimal GMM estimator 6, = (0, d5,,)" can be obtained from the minimization of ¢, (0, d2)A 1 g, (0, d2).

Let G,;(0) = 6%%(35) for j = 1,2 and G, (0) = 898"5(,6) Based on the asymptotic distribution of G/ (§)A1g,(5,), the

gradient test statistic

9 (80)A5 1 G (80)[G1 (3) AL 1 G (80)] G (80) AL 91 (60) (19)

is asymptotically x2(k;) distributed. It is emphasized in Newey and West (1987) that the above formula must be
evaluated at the constrained optimal GMM estimator b,. To use any +/n-consistent estimator by Of d20, We may
use the C(a)-type statistic. Denote G,,; = E[G,;(do)] for j = 1,2, and G,, = E[G,,(80)].*? Let G,, be an estimate of
G, obtained by replacing dy in G, by 8, = (0,0%,) and o2 by %V,{(Sn)Vn(én) Correspondingly we have estimates
Gp1 and Gpa of Gy and Gz Denote Q45 = G/, ALy, for j = 1,2, Q, = G, AL'G,,, Qi = Gl AL1G,,j for
j=1,2, and Qn = G;LA; (Gn, where An = ¢! ¢, and @, is obtained using Sn We can consider the C(a)-type
statistic2?
?n = [Lk, _QnJ?Q;,le]GInA;ngn(gn)

Under regularity conditions, Proposition 5 gives ﬁfn = ﬁTn—i—oZ,(l), where Y,, = [I,, —Qn712Q7_L,122]G;1A;19n(50).
Let Qfmv = [Ix,, —Qn 129n QQ]G%A;%M, where fm’s are approximate martingale differences in ¢,, = (ém, e ,énn)’.

Then the OPG test statistic for ;9 = 0 is

. n R R 1 . n R ’ n
/ / _ )
i=1 i=1 i=1
As An = 2?21 émé;” and [IkN—Qn,ng;lﬂ]Qn[Ikl, —Qn,12957§2]’ = Qn,ll — Qn,12§2;7122f2n,21, this test statistic is
equal to
Y’II’L(Q”711 - QTL,12Q;,12QQTL,21>_1Tn = g;(sn)AglGnﬂgl(ﬁ;;An 1971(571) - 9;(Sn)AglGMQ;,lmG;ﬂA;lgn(gn)v (21)

where the equality is shown in the proof of Proposition 5. If §, = (O,Sén)’ is the restricted GMM estimator
6n = (0,6%,,)" from the minimization of g/, (0, 82)A; g, (0, d2), then G5 (82,) A5 g (8,) = 0 and ﬁGggAglgn(én) =

0p(1); so the statistic is asymptotically equivalent to

and also asymptotically equivalent to the gradient test statistic in (19).

Assumption 6. (i) P,; for i = 1,...,p have zero traces. (ii) lim, %An exists and is nonsingular, and

lim,, 00 %Gn exists and has full column rank. (iii) \/ﬁ(ggn — 020) = Op(1).

When P,;’s have zero traces, ¢, (9) is a valid moment vector for the SARAR model with homoskedastic distur-
bances. The nonsingularity of lim,,_, %An is needed for the formulation of the optimal GMM. The full column

LG, guarantees the \/n-consistency of a GMM estimator.

rank assumption on limy, e o

9The explicit expression of G, is in (33) of Appendix A.
20 Alternatively, Qn((§n)7 Gn1 (Sn) and gnQ(Sn) can be used in place of @n, Gp1 and G,z in Tn, which will generate an asymptotically

equivalent test statistic for d;0 = 0. The usage of @n, @m and Gng is consistent with that of similar terms in score-based OPG tests

in the last section.
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Proposition 5. Under Assumptions 1, 2 and 6, when 619 = 0, ﬁ'fn = ﬁ'fn + 0,(1), and the gradient-based
OPQG test statistic

(Z ém) / (Z é’l’bzé.;n) - (Z 5112) = 9;1 (Sn)AglGngglG%Aglgn (Sn) - Q;L(Sn)AglGMQ;lmG;ﬂA;lgn(Sn) i X2(k1)-
i=1 i=1 i=1
3.1.1 Testing for py =0

For the test of py = 0, we have 6, = p and 6, = (X, 8). Then Gy = [02tr(P)M,,),. .. o2 tr(Pé’S;pMn),lekf]’

and
od tr(Pésl) G,) 0

Gn2 = -
od tr(PT(Lf,lp Gn) 0

F’IILGTLXTL/BO FTILX’IL
With these expressions, the test statistic can be derived as above.

3.1.2 Testing for \j =0

To test for Ag = 0, denote &y = Aand 6 = (p, #')'. Then Gy = [0F tr(PL W), ..., 03 tr(P) W), (R Wi X0 B0)' Frl!

and
o2 tr(P\Y H,) 0
GnQ = -
o tr(P() H,) 0
0 F'R,X,

3.2 Tests under unknown heteroskedasticity

If v,;’s are heteroskedastic, the quadratic matrices P,;’s for the moment vector g,(d) in (18) will be required to
have zero diagonals so that ¢,,(d) is a valid moment vector (Lin and Lee, 2010; Kelejian and Prucha, 2010). Then

we can define a matrix ,, of martingale differences

on = (Voo (til(PS) V), ., Vi o (tL(PS) YVi), By o (1, @ Vi),

and the variance of g,,(6p) is E(¢], ). With a \/n-consistent estimator Sam of 89, let Gy, Gy and Gpa be estimates
of, respectively, G,,, G, and G,2.2! Correspondingly, ém’s, An, leg and ngg have expressions similar to those
in the last subsection. Then OPG test statistics in (20) and (21) are asymptotically chi-squared distributed as in

Proposition 6.

Assumption 7. (i) Py, fori = 1,...,p have zero diagonals. (ii) lim, %An exists and is nonsingular, and

lim,,—s oo %Gn exists and has full column rank. (iii) \/77(32,1 —d20) = O,(1).

21The explicit expressions of G, G,1 and G2 are in (34) of Appendix A.
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Proposition 6. Under Assumptions 1, 4 and 7, when 619 = 0, ﬁ'fn = ﬁ'fn + 0,(1), and the gradient-based
OPQG test statistic

n . ’ n . . -1 n . . R . . . R N . . R . R
(3oGui) (Do) (30 6n) = 9 6) AT Gu 0 GLAT 9u(60) = 0h(6) AL Griay ho Gl A g (51) &5 X2 (k).
i=1 i=1 1
3.2.1 Testing for py =0
For the test of pg = 0, §1 = p and ds = (A, 8')’. Then G,; = [tr(P,(L“;)MnZn), . ,tr(Péf,lpMnEn),lekf]’ and
tr(PYG,,) 0

Gn2 = -
(P) GnSn) 0

F!G. X000 F' X,

3.2.2 Testing for A\ =0

For the test of Ag = 0, 8 = A and & = (p, #')". Then Gy = [tr(PY WaXn), .. tr(PE) Wo ), (R WX fo) Fol

and
tr(PY H,5,) 0
Gn2 = -
tr(Prﬁf,Zpann) 0
0 F'R, X,

4 Monte Carlo

In this section, we conduct some Monte Carlo experiments to investigate the finite sample performance of the OPG
tests for pg = 0 and A\p = 0 in the SARAR model (1).

Two row-normalized spatial weights matrices W,, are considered in the data generating process (DGP): one is
based on the queen criterion and the other is based on the rook criterion. We set M,, = W,,. The exogenous
variable matrix X,, contains three variables: the intercept term, a variable zs independently drawn from the
standard normal distribution, and a third one x3 independently drawn from the distribution x?(2)/2. The true
value By of 8 is set to (1,1,1)". In the homoskedastic case, the disturbances are independent draws from either the

normal distribution ¢oN(0, 1) or the normalized chi-squared distribution co[x?(2) — 2]/2, where cj is chosen such

that R? = var(xnf0)/[var(znifo) + of] is 0.4 or 0.8. In the heteroskedastic case, we set v,; = co|z3,.i|N(0,1) or

Vni = co|T3n.i|[X3(2) — 2]/2, where x5, ; is the ith observation of the third exogenous variable, and ¢y is chosen such
that R? = var(z,if0)/[var(z,ifo) + 62] is 0.4 or 0.8, where 52 is the average variance = > 02, The nominal
size of tests is set to 0.05. To investigate power of tests for pg = 0, po in the DGP is set to 0.2, 0.4, 0.6 or 0.8, while
Ao is either 0.4 or 0.8. For power of tests for Ao = 0, similarly values are taken. Two sample sizes 144 and 400 are

considered. The number of Monte Carlo repetitions is 1, 000.

To compute score-based OPG tests, the SAR and SE models are estimated by several methods.
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(1) For the estimation of the SAR model:

(1.1) In the homoskedastic case, we consider the QML, 2SLS and two GMM estimators. The 2SLS estimator
uses the IV matrix [X,,, W, X1, W2X,,1], where X,,; is the submatrix of X,, that contains all non-
constant variables.?? The first GMM estimator, denoted by GMMI, is based on the moment vector
(VIW, Vi, V(W2 —tt(W2) L, /) Vi, V(X oy Wi X1, W2X01)]'.23 The second GMM estimator GMM?2 is
based on the moment vector [V, (G, — tr(Gp) 1 /1) Ve, VI (Xpn, GnXnfBo)]- The second moment vector
is the best one in the case of normal disturbances (Lee, 2007), in the sense that the resulting GMM
estimator has the same asymptotic distribution as the ML estimator. The unknown parameters in the

moment vector for GMM2 are replaced with initial estimates which correspond to GMM]1 estimates.

(1.2) In the heteroskedastic case, following Liu and Yang (2015), the score vector of the QML is modified to
obtain a consistent estimator, which is denoted as MQML. We consider two robust GMM estimators
RGMM1 and RGMM2, which are based on, respectively, [V.!W,,V,,, V.!(W2—diag(W.2))Vy, Vil (X, Wn X1, W2X 1))
and [V (G,, —diag(G,)) Vi, Vo (Xn, Gn X, P0)]’, where the unknown parameters in the latter are replaced
with robust GMM estimates in RGMMI.

(2) For the estimation of the SE model:

(2.1) In the homoskedastic case, we consider the QML, LS and also two GMM estimators. For the LS, with the
LS estimator Bn of 3, the residual vector V, =Y, anﬁAn is computed and the spatial error p is estimated
with the moment vector [V M, Vy, V(M2 — tr(M?)I,,/n)V,]. The first GMM estimator GMM1 is based
on the moment vector [V,!M,V,,, V(M2 — tv(M2)I,,/n) Vs, V. (Xn, MpXn1, M2X,,1)]’, and the second
GMM estimator GMM2 is based on the moment vector [V, (H,, — tr(H,)I,/n)V,,V, R,X,]’, which is
the best one in the case of normal disturbances (Liu et al., 2010).

(2.2) In the heteroskedastic case, the modified QML estimator MQML is also considered. For the LS, the

spatial error p is estimated with the moment vector [V M,V,,, V/(M? — diag(M?))V;,,]. The two robust

GMM estimators RGMM1 and RGMM2 are based, respectively, on the moments
[V My Vi, Vil (M? — diag (M) Vi, Vo (X, My X1, M7 X 1))

and [V!(H, — diag(H,))Vy, V.. R, X,]’. The unknown parameters in R,, and H,, of the moment vectors
for GMM2 and RGMM2 are replaced, respectively, with the GMM1 and RGMMI1 estimates.

22As W, is row-normalized, Wpl, = l,, in W, X, and Wﬁln = Ip in WT%Xn- So the constant term is excluded in X,1 to avoid

multicollinearity.
23The matrices (I, — AW,,) and (I, — pM,,) are singular at A\ = p = 1 since W,, and M,, are row-normalized. In all kinds of test

statistics, (In — AW,)~! and (I, — pMy)~! need to be computed at the estimates of A and p. When the estimates are close to 1,
tests are expected not to perform well. Thus, we append asymptotically ignorable terms —% log(1 — A) and —% log(1 — p) to relevant
GMM criterion functions, which bound the estimates of A and p away from 1 but without distortion on the asymptotic distribution of
the GMM estimator. For the QML, by using characteristic polynomials of |I, — AWy, | and |I, — pMny|, similar terms log(1 — A) and
log(1 — p) also appear in log QML functions. Test statistics computed with the adjusted GMM estimates are observed to perform better

than those without adjustments in our Monte Carlo experiments.
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With these estimates, for the test of pg = 0, we have the score-based OPG test statistics Squw, Sosts, Samm1 and
Scumz2 in the homoskedastic case, and Svquw, S2sus, Sremm1 and Sganuz i the heteroskedastic case. For the test of
Ao = 0, instead of Sog g, we have the score-based OPG test S; g with the LS estimate, and other score-based tests
are similar in notations. As mentioned in Section 2, Sqy, is the LM test with OPG variance estimate.

For the gradient-based OPG tests in the GMM framework, two moment vectors are considered for the construc-

tion of those GMM test statistics for either pg = 0 or A\g = 0.
(1) For the test of pg = 0:

(1.1) In the homoskedastic case, the first test Gayyi is based on the moment vector [V,/W,V,, V(W2 —
tr(W2) L, /1) Vi, V(X Wi X, W2X,,0)] with GMMI1 estimates for the SAR model. The second test
Ganmz for pg = 0 is based on the moment vector [V)(G,, — tr(Gp)In/n)Vy, Vi Mp Ve, Vi (X, Gn X0 80)],

which is the best moment vector for the SARAR model with homoskedastic disturbances evaluated at

po = 0, where the unknown parameters 5y and Ay in G,, are replaced with the GMM?2 estimates for the

SAR model.

(1.2) In the heteroskedastic case, the first test Greann is based on the moment vector VW, V,,, V(W2 —
diag(W2)) Vi, V(X oy Wi X2, W2X,,5))" and the robust RGMM1 estimate, and the second test Greyuz 1S
based on the moment vector [V, (G,, —diag(G,,)) Vs, VI M, V,, VI (X, Gn X0 f0)] and the robust RGMM2

estimate.
(2) For the test of A\g = 0:

(2.1) In the homoskedastic case, the first test Ggyyi is based on the moment vector [V!M,V,,V/(M? —
tr(M2)1, /n) Vi, Vi (X, My Xna, M2X,,2))" and the GMM1 estimate, and the second test Ggyye is based

on the moment vector [V, (W, —tr(Wn)In/n)Vn, VI (Hp—tr(Hp)In/n)Va, VI (Ry X0, RaWi, X, 80)], which

is the best moment vector for the SARAR model with homoskedastic disturbances evaluated at A\g = 0.

(2.2) In the heteroskedastic case, the first test Grean is based on the moment vector [V!M,,V,,, V(M2 —
diag(M2))Vy, VI (X, My X2, M2X,5)]" and the robust RGMMI1 estimate, and the second test Greuu2

is based on the moment vector [V, (W,, — diag(W,,)) V.., V. (H,, — diag(H},)) Ve, Vi (RnXny R Wr X0 50))
and the robust RGMM?2 estimate.

To compare OPG tests with other classical tests, we also compute some Wald tests and GMM distance difference

tests.?* Two GMM distance difference tests are considered for pg = 0 and A\g = 0.

(1) For the test of pg = 0:

24Recall that the score-based OPG test with the QML estimate is a properly extended LM test, and the gradient-based OPG tests
with a restricted optimal GMM estimate is the GMM gradient test. When the disturbances are non-normal or heteroskedastic, we
only have a quasi likelihood function but not a likelihood function, so the LR statistic does not follow an asymptotically chi-squared

distribution. Thus the LR statistic is not computed.
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(1.1) In the homoskedastic case, both the SAR model and SARAR model are estimated with the moment vector
(VW Vi, VE(W2—tr(W2) 1, /1) Vi, Vi (X oy Wi X2, W2 X,,0)) to compute the first distance difference test
Dy, and both models are estimated with the moment vector [V,) (G, —tr(Gy) I /1) Ve, Vi My Ve, VI (X, Gr X0 Bo)]
to compute the second test Dgyo, where the unknown parameters 5y and Ay in G,, are replaced with

the GMM2 estimates for the SAR model.

(1.2) In the heteroskedastic case, the first distance difference test Dgreyu1 is based on the moment vector
(VW Vi, VE(W2 — diag(W2)) Vo, V(X0 Wy X o, W2 X,2)]', and the second one Dyguy2 is based on
V(G —diag(Gn))Va, Vi MV, VI (X, Gn X0 fBo)] and the robust estimate RGMM2 for the SAR model.

(2) For the test of Ao = 0:

(2.1) In the homoskedastic case, both the SE model and SARAR model are estimated with the moment vector
(V) MV, VII(M2 — tr(M2) 1L, /n)Vy, V(X My X2, M2X,2)] to compute the first distance difference
test Dayui, and both models are estimated with the moment vector [V,{(Wn — tr(Wn)In/n) Vi, Vi (H, —
tr(Hp) L /n) Vi, VI (Ry Xy RaWin X0 50)] to compute the second test Dgyy2, where the unknown param-

eters By and pg in H,, are replaced with the GMM2 estimates for the SE model.

(2.2) In the heteroskedastic case, the first distance difference test Dgpeuu1 is based on the moment vector
(V! MV, V(M2 — diag(M2))V,, Vi (X, My X2, M2X,2)), and the second one Dyeynge is based on

[V (W, — diag(W,,)) Vi, Vi (H,, — diag(H,,)) Vi, Vi (Rp X, R Wy, X, 80)] and the robust RGMM2 estimate
for the SE model.

Wald tests in the GMM framework are computed using the two GMM estimates for the SARAR model in each case
as described above. They are denoted by Weyw1 and Weye in the homoskedastic case, and denoted by Wraumt
and Wgeyue in the heteroskedastic case. The Wald test in the likelihood framework is denoted by Wy, in the
homoskedastic case, and denote by Wyqw:. in the heteroskedastic case.

Tables 1-4 report empirical sizes of various tests under the nominal size of 5%. The tests generally have small
size distortions except Saog s that tests pg = 0 and Wald tests. From Table 1 on testing po = 0, the size of Sag s can be
relatively higher when R? is small and )\ is large for some cases. This can be due to relatively poor performance of
the 2SLS estimate, since stronger spatial lag dependence and less variation in X, 5y relative to that in disturbances
imply that those Vs are less relevant and the 2SLS estimators have large variances, and some estimated values of A
might be too large for the SAR process to be stable. Wald tests have large size distortions in most cases for n = 144
and the distortions are more severe in the heteroskedastic case. With the larger sample size n = 400, empirical sizes
of Wald test are closer to 5%. Tests other than Ssg s and Wald tests typically have size distortions smaller than 1
percentage points and occasionally slightly larger than 2 percentage points. In particular, from Tables 3 and 4 on

tests of Ao = 0, even score-based OPG tests with LS estimates have relatively small size distortions.

[Tables 1-4 about here.]
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Powers of the tests are presented in Tables 5-12. We first focus on Table 5 for tests of pg = 0 with normal
homoskedastic disturbances in V,,. Since Saq s and Wald tests can have large size distortions, we only investigate
powers of other tests. Some general orders of the tests in terms of power are: Soui = Davz > Saum2 > Samul,
Deanee > Ganz > Geaut, and Doyve > Deavvt > Geant- Sewt 18 more powerful than Gayye when R? = 0.8 but
less powerful when R? = 0.4. The gap between the powers of Sqmr, and Sgave is generally small. Tests are more
powerful as sample sizes increase, as pp in the DGP increases, as R? increases from 0.4 to 0.8, and as the spatial
weights matrices becomes sparser (from the queen matrix to the rook matrix). From Tables 6-8, similar patterns
are observed when the disturbances are chi-squared distributed and/or heteroskedastic.

Tables 9-12 report powers of tests for A\j = 0. Orders of powers are similar to those for pg = 0, other than no
clear pattern for the comparison of Sgyyi and Geume. The powers of Soyue and Sgu, are almost the same except
for some cases with py = 0.8 and large A\g. Spg has much lower power than other tests for some cases with py = 0.8
and/or A\g = 0.8. We still observe larger power for larger sample sizes, larger deviations from the null hypothesis

(i.e., larger A\g in the DGP), larger R? and sparser spatial weights matrices.

[Tables 5-12 about here.]

5 Conclusion

In this paper, we propose to use the formula of C(«)-type statistics to derive systematically valid OPG variants of
test statistics for SARAR models with homoskedastic or heteroskedastic disturbances. In particular, we derive score-
based and gradient-based OPG tests for SARAR models with homoskedastic disturbances, and robust OPG tests for
models with unknown heteroskedastic disturbances. Those OPG statistics are also distribution free. As variances
of quadratic moments in an SARAR model with homoskedastic disturbances involve third and fourth higher order
moment parameters under non-normality, the OPG formulation of test statistics can avoid their estimation. The
formulation of those OPG tests for SAR models is thus computationally simpler. In our Monte Carlo experiments,

OPG tests with QML and GMM estimates have small size distortion and are generally powerful.
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Appendix A Some expressions

For score-based OPG tests under homoskedasticity of Section 2.1, at a general 6,

921n Ly, (6)

~B(—) =
_p(E I Lnb) 1;;55(90)) _
45(32 lnaig(%)) _
B ) =
B ) =

) 821n Lo (0o)

Olg(RnGanﬁo)’RnGanﬁo +u(GPG,),  —B(Ta))

Ong,’LR;LRnGanﬁO, - E(%)

tr(H H,), - E(W)

Ulgtr(Hn), - E(W)
2

N 5 maiz(eo))

=tr(HYG,),

1
= - tr(Gn)7

0

= 07
1 ! !
g

0
n
=—.
20

For score-based OPG tests under unknown heteroskedasticity of Section 2.2, at a general dy,

— E(ag%)@) = tr[(én - dlag(Gn))(g)GnZn] + (RnGan/BO)/RnGanﬁo’
_ E(agrg\;%)) - E(‘%’%A(%)) = tr[(H, — diag(H,))®Gn2n,
_ E(ag%ﬁ(%)) = (%)) _ X B RGa Xy,
_E(M) = tr[(H, — diag(H,))® H, %]
ap = n g1y nenl,

G, (6 99 (6
—E(ga”igo)) = —E(‘qu(o)) =0,
_E(%ﬁ) =X/ R, R, X,

For gradient-based OPG tests under homoskedasticity of Section 3.1, at a general dg,

a3 tr(P G o3 tr(PS H,)
p2ally | @@ ]

o tr(P) G) p o3 tr(P{") Hy)

F!R,G. X5 Ok x1

Ok, x&

3gn(50)) _ '
op' F' Ry X,

For gradient-based OPG tests under unknown heteroskedasticity of Section 3.2, at a general dy,

tr(P G, 5,) tr(PY H,%,)
99,(80) I 99, (30) :
E( B\ — ) E( B ) = — o) , and E(
(P, Gn¥n) P tr(P,") HpYn)
F! R,Gn X, 0 Ok x1

20

Ok, xk

8971(50)) - _ )
op' F' R, X,
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Appendix B Lemmas

Lemma 1. Let Pyi(0) = [pni1,i; ()] be nxn nonstochastic matrices which are bounded in row and column sum norms

uniformly in @ € ©, forl =1,...,s. Ifsup,, sup; <<, Elvn;]|° < 0o, then supyeq |% POy | ZJ 1 Pnlij (0)vn;| =
O,(1).

Proof. For s =1,

sup|— Z anl ij Unj

feo! =1 j—1

1 & n 1
*n Ungl 5D Pnij (0 - Unj|sup || Pn1(0)]1 = Op(1),
n;| n]|9€®;| nl,ij nzz: nJ‘GEGH n ( )H p( )

n

by Markov’s inequality. For s > 1, there exists a finite r such that % + % = 1. Holder’s inequality implies that
1 n
l r
= [Z(‘pnl ij " ] {Z Dnl, 7,]

n 1
1 s
§ pnl Z_] Un]| = § |pnl zy | |pnl z]( ) s |)S:|
j=1 Jj=1 Jj=

1 n S
s 1
<cr [Z |pnl zj ‘UW| } cr [Z (Z |pnl z] )|U7LJ| :|
j=1

1
1
s

where ¢ = sup;_; ... ;SUPgee ||Pni(0)|loo- It follows that
n

’%iﬁiﬁm,m(ﬁ)vm 7*CS/TZ[ (; Put.ij (0 >|vm|]

i=11=1j=1 i=1 j=1

Thus the conclusion follows by a similar argument as before (as if s = 1) with 1 Z?Zl |vnj]® = Op(1) and a matrix

with (i, j)th element equal to > ;_; |pn1,ij(0)]- O

The following lemma shows the consistency of the OPG estimator for the covariance of two linear-quadratic
forms of V,, in the SARAR model (1). Let V,,(6) = [vn:(0)] = Rn(p)[Sn(N)Y, — X, 8], where § = (A, p, "), and
0 = (8',02) is of dimension k + 3.

Lemma 2. Suppose that A,1(8) = [an1,i;(0)] and An2(8) = [an2,45(9)] are n x n nonstochastic symmetric matrices,
bn1(0) = [bn1,:(8)] and by2(d) = [bn2,i(8)] are n x 1 nonstochastic vectors, and their elements are functions of § € A.

Assume that each element of Ap1(9), An2(9), bu1(8) and by2(9) is differentiable with respect to §, An1(9), An2(0),
0An1(8) 0o aAﬂQ(é forj=1,.

,k 4+ 2 are bounded in both row and column sum mnorms uniformly on A, and

s,
bn1(9), bn2(6), ab{;g;é) and '%"2 fOT’] =1,...,k+ 3 are bounded in row sum norm uniformly on A.
Let &,r:(0) = am’ii(é)[vzi(é) — 2] + 20,,4(9) Z;;ll Anr,ij (0)Un(0) 4 brr,i(0)vns (8) for r = 1,2 if the disturbances

Uni’s are homoskedastic, and &py.;(9) = 2vp,(0) Z;;ll Anrij (0)Un; () + bpri (8)vni (8) for r = 1,2 if the disturbances

Uni 'S are heteroskedastic. Then,

(i) under Assumptions 1 and 2, if 0, = Og+0,(1), 2 S0 €41,3(00)En2,i(0n) = 2 0 E€1.,4(60)En2,:(00)]+0,(1),

and

(ii) under Assumptions 1 and 4 with diag(An1(5)) = diag(An2(6)) = 0, if d, = do+o,(1), D €n1.i(00)En2.i(6n) =
& i1 Elén1,i(00)€n2,i(80)] + 0p(1).
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Proof. (i) By the mean value theorem,

A as = a n 1 a n2,:\Yn A
7257111 0 €n21 n anlz 90 57121 00 ;;2[ 5 ! §n2 z( n) +§n1 z( n)fgie() (enl —00l)7
(35)

where 6,, lies between 6, and én We shall show that the second term on the r.h.s. of the above equation goes to

zero in probability. Note that &,y ;(0) = anr:i(0)[(€l,;Vn(0))? — 02| +2€.,, Vi (8) el tril[ A, (6)] Vi (8) + biri (8) €l Vi (6),

where e,,; is the ith column of I,,. Under the assumptions in the lemma, tril[A,,(J)] and Mi” forl=1,...,k+2

are bounded in both row and column sum norms uniformly on A. Since Y,, = S; X, 80 + S, ' R, 1V,

Vi(0) = [Ry + (po — p)MpJ{[Sn + (Mo — /\)Wn](srthnBO + Sr:lR;an) — X8}

+ (Ao = NGuVi + (po — p)Hn Vi + (p0 — p) (Ao = MM Gp R Vi + Vi,

which is linear in V,, and quadratic in §. In (36), for given ¢, terms that do not involve V;, have uniformly bounded
elements, and terms that involve V,, have matrices bounded in both row and column sum norms in front of V,,. Then
we can use (36) to expand £ 37 [85’30;(0 €n2,i(0 )+fn1,i(€)aﬁ%§;(‘9)] as a polynomial of the elements of (§—6y), whose

coefficients have the form of the term in Lemma 1, by which 1+ " | [df”éez(g)fng i(0) 4+ &n1,:(0 )W] 0,(1)

uniformly in a neighborhood of 6. Since 6,, = 6 + 0p(1), the second term on the r.h.s. of (35) is 0p(1). Thus,

— Z§n1 i é £n2 i z Z§n1 i 90 §n2 L(HO) + Op( )

i=1

In the proof of Theorem 1 in Baltagi and Yang (2013), it is shown that £ >°" | €2, (60)—= Y21 | E[¢2, ,(60)] = 0p(1).
This is proved by rewriting it as a sum of several terms, where each term is a sum of martingale differences, so a law
of large numbers for martingale difference arrays (Davidson, 1994, p. 299) can be applied to each term. As &1 ;(60)
is quadratic in v,;’s, it is enough to require the existence of finite moments of v,;’s of order slightly higher than the
fourth, i.e., sup,, sup; <<, E|vn;[*T* < 0o for some a > 0. We can similarly show that I 1 €n1,i(00)&n2,i(00) —

LS L E[6n1,i(60)€n2,i(60)] + 0p(1). Hence, (i) in the lemma follows. (ii) is similar. O

Appendix C Proofs

Proof of Proposition 1. By the mean value theorem,

" 1 9lnLy(0,d2,)
[Iku in?anz]\/ﬁT

where s, can vary across rows of the above equation, but each 8op lies between 52n and d99. It is proved, for

1 0InL,(0,00) 19*InL,(0,02,)

[Ty, — 2 IQQn 5] [\/ﬁ 95 n 0606}

V(02 — 820)]

example, in Proposition 4 in Jin and Lee (2013) that 1 Plnl(dn) _ 1 E(8 Lalbo)y 1 op(l) for any consistent

96007 90067
(5
estimator 5n, where lim,,_s oo iE( 8535;,0)

) is nonsingular under Assumption 2(#:). Also, =€, 12 = lQn,u + 0,(1)
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ngg = %Qngg + 0p(1) by Lemma 12 in Jin and Lee (2013). Thus,

1 9L,(0,02,) L 9Ln(0,620) (;Qn,m

iy~ 10001 = Tk~ okl [ - )Vt = 6] + 0,01

Jn o 96 NG 100
1 0L, (0,d2)
= [Ik'IV _Qn 12977, 22] \/HT + Op(l)'
Hence, the result in the proposition holds. O

Proof of Proposition 2. By the central limit theorem for linear-quadratic forms in Kelejian and Prucha (2001, p. 227,

Theorem 1),

! Y, = — 1 EL (Oa(S?O)
\/,ﬁ [ k1» n,12%6p 22] \/77,
) N(O hm [.lkl s -0, 129,” 22] ( y (07 620) aLn(O, 620)

0 0o’

My, =129, 55)")

As lim, %E(BL”(O"S”) aL"(O;62°)) is assumed to be nonsingular in Assumption 2(#ii), the limiting covariance

matrix of an is nonsingular, and its rank is equal k;. By Lemma A.3 in Lee (2004b), S, 1()\) and its deriva-
tive are bounded in both row and column sum norms uniformly in a neighborhood of A\g. Similar results hold
for R (p). As ban = 620 + op(1), by Lemma 2, 1¢/ o, = L350 Enill; = L Ly E(&nikl;) + 0p(1), where
LS E(6ni€h) = LIk, — Q1o by] B2 Ls0:020) S Lal0.020) )7, ) 1,07L,). Thus, by Proposition 1, the

result in the proposition holds. O

Proof of Proposition 3. The proof is similar to that for Proposition 1 except for %Qn,lg = %Qn,IQ + 0p(1) and

%leg = %Qn,lg +o0,(1), where the specific expressions of £, 12 and €, 22, and hence, Qn 12 and Q, 22, are in (27)—
n(An)X n=2X,G R R,Gp X+

on) Ry (pn) Xn = 2 X R, R, X, +
diag(G5,(9))Gn(9), [G(6) —

Since R,(p) is linear in p and

(32). By the consistency of é,,, we need to show that (1) %X;LG;L(A )R, (ﬁn) (
0p(1), (2)5 X}, R, (pn) B (pn) G (An) X = £ X0, R, R G X + 0p(1), (3) &

0p(1), and (4) & tr[An($n)E0] = & tr[An(0)En] + 0p(1), where A,(¢) = [ (9
(G (9D Hn(p), [H(p) — diag(H (p)]Gn(9) or [H(p) — diag(H; (p)Ha(p

G (X) is bounded in both row and column sum norms in a neighborhood of Ay by Lemma A.3 in Lee (2004b), (1)—

n)G
R (
) =
diag ).

. . . . . l N - _
. s n\Pn)&n] =
(3) follow by asymptotic expansions via the mean value theorem. For (4), we shall show that (i) ;- tr[An(én)%s]
Lir(4, ) + op(1), (ii) %tr(Anf]n) L tr[A, diag(v2y,...,v2,)] + 0p(1), and (iii) L tr[A, diag(v2,,...,v2,)] =
% (Anzn) + Op(1)7 where An = An((bO) = (an,ij)~

Note that A, (o), 8Ag/\(¢) and 8A5p(¢) are bounded in both row and column sum norms in a small neighborhood
of ¢o, by Lemma A.3 in Lee (2004b). Then by the mean value theorem, %tr[An(qASn)f)n] - %tr[An(giA)n)fln] =
1 tr[ (¢")f] Wl — Xo) + £ tr[wﬁln](ﬁn — po), where (A, pn)’ lies between ¢, and ¢g. For an n X n matrix

i1 fn for some constant c¢. Then

B, that is bounded in both row and column sum norms, %|tr(B, S < € ey

Unis nn

by (36) and Lemma 1, g|tr(BnZn)\ = O,(1). Thus, (i) holds. For (ii), 1 tr(A,3,) — + tr[A, diag(v?,,...,v2,))] =
LS an (02, — v2;). With (36), this difference can be expanded as a polynomial of the elements of 8, — &g,
whose coefficients have the form of the term in Lemma 1. Since the polynomial has no constant, (ii) holds. For (iii),

n tr[A dlag( Unis--- , U7 )]_% tr(AnX,) = % ZZ‘L:I an,ii(”%i“ﬁn) Its variance % Z?:l a%,ii E[(Uii_azi)z] = O(%)v

nn

since the disturbances are independent. Thus, (iii) holds. The proposition follows. O
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Proof of Proposition 4. This proof is similar to that of Proposition 2, so it is omitted. O

Proof of Proposition 5. We only show that (21) holds, as the rest of the proof is similar to those of Proposi-

tions 1 and 2. Consider two matrices A, = Q}/ 2( A {MQ ) and B, = Q,l/ 2( 0 ) It is straightforward to

=, 558,21 T2k

verify that they are orthogonal, i.e., A/, B, = 0. Since [4,,B,] is a full rank square matrix, we have Ijs =

A, (AL A)YAL + B, (B! B,)"'B!, where the projection matrices A,(A/A,) 1A, = OL? (& T, ) (11 —

Q‘;’QQQn,Zl

. N R . . . . 0 0 _ R
Q12 50 Qn21) ks — 12, 5o)0%, and B,(BL,B,) ' B, = 0/ f leA(kT Q32 Thus,
O(ht2—k1 ) ks Q29
I, A A Al oA . A A_q - Ok, xky Ok, x (k+2—k1)
(7@—12251” 21)(Qn,11 = Q128 55800 ,21) 7 Ty, = 1282, 50 = Q0 — A1 - Hence, (21)
" 0(k+2*k1)><k1 Qn,22

holds. O
Proof of Proposition 6. Similar to those of Propositions 3 and 4. O
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Table 1: Empirical sizes of tests for pp = 0 in the homoskedastic case

2
n, Wn> R ) )\0 SQSLS SCMMl SGMMQ SQML GGMMl GGMM2 DCMMI DGMMQ WCMMI WGMM2 WQML

Normal disturbances

144, queen, 0.4, 0.4 0.073 0.040 0.040 0.049 0.040 0.056  0.047  0.040 0.107 0.089  0.093
144, queen, 0.4, 0.8 0.123 0.034 0.042 0.044 0.041 0.0563 0.048 0.051 0.070 0.059  0.072
144, queen, 0.8, 0.4 0.044 0.046 0.045 0.059 0.044 0.041 0.047  0.050 0.082 0.079  0.079
144, queen, 0.8, 0.8 0.053 0.049 0.044 0.054 0.050 0.038 0.048 0.051 0.073 0.057 0.074
144, rook, 0.4, 0.4 0.066 0.046 0.0561 0.0564 0.057 0.0567 0.046 0.046 0.130 0.085  0.090
144, rook, 0.4, 0.8 0.106 0.039 0.0564 0.057 0.050 0.060 0.059 0.066 0.088 0.067  0.068
144, rook, 0.8, 0.4 0.046 0.041 0.041 0.047 0.057 0.051 0.057  0.049 0.105 0.076  0.079
144, rook, 0.8, 0.8 0.058 0.059 0.048 0.062 0.050 0.046 0.048 0.057 0.088 0.065  0.073
400, queen, 0.4, 0.4 0.063 0.050 0.052 0.054 0.048 0.046 0.051 0.045 0.078 0.064 0.072
400, queen, 0.4, 0.8 0.069 0.039 0.044 0.043 0.045 0.046 0.045 0.050 0.045 0.047  0.049
400, queen, 0.8, 0.4 0.044 0.038 0.040 0.041 0.041 0.042 0.040 0.041 0.054 0.045  0.050
400, queen, 0.8, 0.8 0.059 0.059 0.055 0.065 0.071 0.056 0.063  0.065 0.089 0.075  0.068
400, rook, 0.4, 0.4 0.052 0.040 0.039 0.041 0.044 0.044 0.038 0.036 0.079 0.053  0.056
400, rook, 0.4, 0.8 0.050 0.041 0.043 0.043 0.040 0.040 0.043 0.043 0.061 0.042  0.042
400, rook, 0.8, 0.4 0.047 0.051 0.050 0.053 0.0564 0.056  0.051 0.049 0.065 0.058  0.063
400, rook, 0.8, 0.8 0.052 0.050 0.049 0.0564 0.056 0.0565 0.057 0.053 0.080 0.070  0.062

Chi-squared disturbances

144, queen, 0.4, 0.4 0.082 0.034 0.034 0.042 0.041 0.040 0.042 0.044 0.117 0.094 0.102
144, queen, 0.4, 0.8 0.105 0.029 0.038 0.050 0.043 0.040 0.043 0.047 0.086 0.067 0.076
144, queen, 0.8, 0.4 0.060 0.050 0.045 0.067 0.046 0.051  0.049 0.055 0.107 0.098 0.107
144, queen, 0.8, 0.8 0.057 0.042 0.039 0.060 0.043 0.040 0.040 0.044 0.082 0.072  0.092
144, rook, 0.4, 0.4  0.058 0.036 0.038 0.047 0.061 0.046 0.050 0.052  0.130 0.095 0.102
144, rook, 0.4, 0.8  0.084 0.029 0.040 0.043 0.044 0.048 0.042 0.040 0.098 0.070  0.073
144, rook, 0.8, 0.4  0.051 0.056 0.054 0.064 0.055 0.056 0.054 0.049 0.103 0.097  0.103
144, rook, 0.8, 0.8 ~ 0.057 0.051 0.050 0.062 0.063 0.051  0.050 0.048  0.088 0.075  0.096
400, queen, 0.4, 0.4 0.061 0.047 0.049 0.0563 0.053 0.045 0.049 0.054  0.076 0.066  0.072
400, queen, 0.4, 0.8 0.081 0.049 0.0561 0.063 0.051 0.0563 0.055 0.063  0.072 0.065  0.064
400, queen, 0.8, 0.4 0.042 0.040 0.041 0.044 0.048 0.045 0.045 0.040 0.063 0.059  0.054
400, queen, 0.8, 0.8 0.049 0.049 0.047 0.050 0.050 0.046 0.047 0.050 0.064 0.065 0.060
400, rook, 0.4, 0.4  0.068 0.058 0.057 0.059 0.059 0.061 0.060 0.052 0.097 0.076 0.082
400, rook, 0.4, 0.8  0.057 0.044 0.044 0.045 0.041 0.046 0.037 0.047 0.077  0.051 0.054
400, rook, 0.8, 0.4  0.050 0.048 0.053 0.057 0.052 0.056 0.050 0.051  0.081 0.069  0.072
400, rook, 0.8, 0.8 0.045 0.043 0.045 0.045 0.046 0.046 0.041 0.045  0.066 0.052  0.059

@ Sosrsy Sammis Seumz and Squ, denote score-based OPG tests with, respectively, the 2SLS, GMM1, GMM2 and
QML estimates of the SAR model;

2 Goumi and Gaywe denote gradient-based OPG tests with, respectively, the GMM1 and GMM?2 estimates of the
SAR model;

®3) D1 and Deyye denote distance difference tests based on different moment vectors;

) W1 and Weyne denote Wald tests based on the GMM estimation of the SARAR model with different moment
vectors;

(®) Wou denotes the Wald test based on the QML estimation of the SARAR model.
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Table 2: Empirical sizes of tests for pyp = 0 in the heteroskedastic case

2
n, Wna R ) )‘O SZSLS SR(;MMI SRGMM2 SMQML GR,GMMI GR,GMMZ DRGMMI DRGMMZ WR,GMMI WRGMMQ WMQML

Normal disturbances

144, queen, 0.4, 0.4 0.056 0.044 0.045 0.061 0.044 0.040 0.045 0.044 0.128 0.111 0.098
144, queen, 0.4, 0.8 0.078 0.035 0.046 0.055 0.051 0.050 0.057 0.051 0.154 0.138  0.130
144, queen, 0.8, 0.4 0.056 0.030 0.026 0.044 0.036 0.025 0.052 0.039 0.113 0.084  0.071
144, queen, 0.8, 0.8 0.075 0.031  0.025 0.041 0.033 0.031 0.049 0.034 0.086 0.068  0.068
144, rook, 0.4, 0.4  0.053 0.048 0.044 0.058 0.052 0.044 0.045 0.048 0.141 0.114  0.089
144, rook, 0.4, 0.8  0.102 0.028 0.036 0.049 0.043 0.037 0.047 0.045 0.147 0.142 0.092
144, rook, 0.8, 0.4 0.042 0.035 0.035 0.040 0.034 0.034 0.043 0.049 0.115 0.081 0.070
144, rook, 0.8, 0.8  0.057 0.037 0.037 0.047 0.038 0.035 0.048 0.043 0.103 0.080  0.066
400, queen, 0.4, 0.4 0.042 0.034 0.026 0.033 0.039 0.033 0.044 0.037 0.100 0.073  0.059
400, queen, 0.4, 0.8 0.075 0.048 0.045 0.054 0.037 0.054 0.048 0.049 0.151 0.147  0.063
400, queen, 0.8, 0.4 0.044 0.025 0.026 0.032 0.036 0.031 0.039 0.038 0.074 0.066  0.046
400, queen, 0.8, 0.8 0.041 0.033 0.034 0.040 0.035 0.033 0.035 0.038 0.066 0.058  0.050
400, rook, 0.4, 0.4 0.044 0.044 0.045 0.051 0.049 0.051 0.052 0.048 0.097 0.077  0.071
400, rook, 0.4, 0.8  0.060 0.051  0.052 0.053 0.049 0.055 0.047 0.048 0.116 0.113  0.061
400, rook, 0.8, 0.4 0.041 0.036 0.035 0.043 0.036 0.034 0.038 0.044 0.085 0.068  0.054
400, rook, 0.8, 0.8  0.041 0.049 0.049 0.057 0.042 0.048 0.046 0.057 0.085 0.077  0.063

Chi-squared disturbances

144, queen, 0.4, 0.4 0.054 0.033 0.032 0.048 0.057 0.039  0.040 0.031 0.150 0.112  0.122
144, queen, 0.4, 0.8 0.079 0.032 0.043 0.053 0.036 0.052  0.032 0.033 0.147 0.137  0.112
144, queen, 0.8, 0.4 0.077 0.039  0.037 0.059 0.043 0.037  0.041 0.041 0.120 0.106  0.093
144, queen, 0.8, 0.8 0.077 0.037 0.040 0.051 0.036  0.037  0.039 0.036 0.090 0.069  0.067
144, rook, 0.4, 0.4 0.044 0.028 0.032 0.042 0.045 0.042 0.043 0.039 0.138 0.103  0.111
144, rook, 0.4, 0.8  0.065 0.032 0.040 0.047 0.047  0.041 0.047  0.037 0.146 0.119  0.094
144, rook, 0.8, 0.4  0.061 0.030 0.032 0.040 0.052 0.040  0.033 0.037 0.103 0.089  0.093
144, rook, 0.8, 0.8 ~ 0.050 0.020 0.030 0.037 0.045 0.032  0.040 0.028 0.097 0.091  0.074
400, queen, 0.4, 0.4 0.052 0.042 0.048 0.049 0.066  0.045  0.050 0.048 0.099 0.085  0.081
400, queen, 0.4, 0.8 0.048 0.037 0.040 0.044 0.046 0.045  0.049 0.039 0.136 0.126  0.065
400, queen, 0.8, 0.4 0.069 0.045 0.044 0.062 0.048 0.047  0.040 0.047 0.088 0.089  0.083
400, queen, 0.8, 0.8 0.051 0.035 0.034 0.045 0.047 0.034  0.042 0.037 0.084 0.064  0.058
400, rook, 0.4, 0.4  0.058 0.044 0.047 0.052 0.049 0.052  0.043 0.051 0.081 0.070  0.084
400, rook, 0.4, 0.8  0.062 0.043 0.045 0.048 0.057 0.044  0.056 0.049 0.131 0.134  0.055
400, rook, 0.8, 0.4  0.063 0.039 0.043 0.047 0.046 0.043  0.043 0.049 0.080 0.074  0.071
400, rook, 0.8, 0.8  0.039 0.034 0.038 0.041 0.042 0.041 0.034  0.038 0.085 0.076  0.062

@ Sostss Sravmls Oramvz and Syqur denote score-based OPG tests with, respectively, the 2SLS, RGMM1, RGMM2
and MQML estimates of the SAR model;

2) Grevnt and Greange denote gradient-based OPG tests with, respectively, the RGMM1 and RGMM?2 estimates of
the SAR model;

®) Dieanat and Dyeangz denote distance difference tests based on different moment vectors;

) Wieun1 and Wiguue denote Wald tests based on the robust GMM estimation of the SARAR model with different
moment vectors;

®) Whqur denotes the Wald test based on the MQML estimation of the SARAR model.
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Table 3: Empirical sizes of tests for A\g = 0 in the homoskedastic case

2
n, Wm R » PO SLS SGMMl SGMM2 SQML GGMMl GGMMQ DGMMl DGMMZ WGMMl WGMMQ WQML

Normal disturbances

144, queen, 0.4, 0.4 0.066 0.056 0.059 0.058 0.053  0.052  0.045 0.037 0.145 0.125  0.110
144, queen, 0.4, 0.8 0.045 0.033 0.046 0.042 0.056 0.0563 0.056 0.052  0.118 0.109 0.116
144, queen, 0.8, 0.4 0.0564 0.051 0.056 0.051 0.055 0.063 0.057 0.050  0.110 0.095 0.086
144, queen, 0.8, 0.8 0.054 0.047 0.054 0.053 0.047 0.047 0.042 0.048 0.107 0.077  0.085
144, rook, 0.4, 0.4 0.049 0.046 0.048 0.048 0.053 0.052 0.045 0.041 0.149 0.123  0.107
144, rook, 0.4, 0.8 0.035 0.040 0.048 0.045 0.046 0.047 0.058 0.052  0.082 0.069  0.064
144, rook, 0.8, 0.4 0.069 0.060 0.063 0.063 0.060 0.068 0.052 0.0563 0.101 0.079  0.077
144, rook, 0.8, 0.8 0.036 0.044 0.041 0.041 0.041 0.040 0.036 0.036  0.078 0.053  0.050
400, queen, 0.4, 0.4 0.041 0.040 0.040 0.040 0.041 0.045 0.043 0.042  0.086 0.086  0.073
400, queen, 0.4, 0.8 0.067 0.069 0.075 0.074 0.054 0.055 0.061 0.066  0.080 0.074  0.081
400, queen, 0.8, 0.4 0.047 0.048 0.046 0.046 0.042 0.046 0.040 0.044 0.064 0.058  0.056
400, queen, 0.8, 0.8 0.052 0.055 0.056 0.056 0.057 0.056 0.056 0.049  0.076 0.077  0.071
400, rook, 0.4, 0.4 0.052 0.054 0.055 0.0564 0.056 0.053 0.047 0.043 0.091 0.072  0.075
400, rook, 0.4, 0.8 0.044 0.040 0.043 0.042 0.045 0.047 0.042 0.043 0.055 0.038  0.043
400, rook, 0.8, 0.4 0.048 0.047 0.047 0.047 0.053 0.048 0.055 0.055  0.065 0.060  0.056
400, rook, 0.8, 0.8 0.052 0.055 0.056 0.056 0.056 0.051 0.052 0.049 0.068 0.060  0.058
Chi-squared disturbances

144, queen, 0.4, 0.4 0.058 0.038 0.058 0.058 0.037 0.058 0.027 0.029 0.163 0.125 0.110
144, queen, 0.4, 0.8 0.051 0.029 0.058 0.053 0.051 0.050 0.052 0.049 0.133 0.121  0.126
144, queen, 0.8, 0.4 0.048 0.039 0.046 0.046 0.050 0.052 0.048 0.042 0.085 0.075  0.073
144, queen, 0.8, 0.8 0.0563 0.053 0.050 0.050 0.052 0.052 0.039 0.045 0.096 0.081 0.081
144, rook, 0.4, 0.4 0.052 0.039 0.0561 0.050 0.050 0.054 0.042 0.041 0.134 0.101  0.081
144, rook, 0.4, 0.8 0.048 0.035 0.064 0.063 0.0564 0.057 0.060 0.064 0.119 0.083  0.088
144, rook, 0.8, 0.4 0.055 0.048 0.056 0.056 0.059 0.051 0.055 0.048  0.091 0.077  0.064
144, rook, 0.8, 0.8 0.043 0.042 0.052 0.050 0.045 0.049 0.043 0.044 0.071 0.056  0.063
400, queen, 0.4, 0.4 0.049 0.047 0.045 0.045 0.058 0.050 0.051 0.045 0.104 0.084  0.080
400, queen, 0.4, 0.8 0.056 0.040 0.056 0.056 0.053 0.055 0.059  0.051 0.086 0.069  0.067
400, queen, 0.8, 0.4 0.049 0.049 0.051 0.049 0.051 0.048 0.051 0.050 0.064 0.058  0.063
400, queen, 0.8, 0.8 0.051 0.047 0.052 0.052 0.048 0.050 0.046  0.044  0.075 0.067  0.058
400, rook, 0.4, 0.4 0.037 0.031 0.033 0.033 0.044 0.037 0.036 0.035 0.072 0.058  0.049
400, rook, 0.4, 0.8 0.051 0.051 0.063 0.063 0.048 0.045 0.0564 0.066 0.073 0.075  0.065
400, rook, 0.8, 0.4 0.049 0.049 0.049 0.049 0.046 0.047 0.048 0.043  0.058 0.047  0.055
400, rook, 0.8, 0.8 0.044 0.046 0.048 0.049 0.055 0.052 0.050 0.041 0.060 0.051  0.050

M) Sogrs, Scanits Scame and Somr, denote score-based OPG tests with, respectively, the 2SLS, GMM1, GMM2 and
QML estimates of the SAR model;

2) Goumi and Gaywe denote gradient-based OPG tests with, respectively, the GMM1 and GMM?2 estimates of the
SAR model;

®3) D1 and Deyye denote distance difference tests based on different moment vectors;

) W and Wewne denote Wald tests based on the GMM estimation of the SARAR model with different moment
vectors;

®) Wou denotes the Wald test based on the QML estimation of the SARAR model.
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Table 4: Empirical sizes of tests for A\g = 0 in the heteroskedastic case

2
n, Wn, R s PO SLS SRGMMl SRGMMQ SMQML GRGMMl GRGMMQ DRGMMl DRGMMZ WRGMMl WRGMMZ WMQML

Normal disturbances

144, queen, 0.4, 0.4 0.063 0.036  0.057 0.057 0.048  0.059 0.049 0.046 0.165 0.150  0.131
144, queen, 0.4, 0.8 0.051 0.034 0.063 0.057 0.040 0.058 0.057 0.059 0.220 0.185  0.158
144, queen, 0.8, 0.4 0.051 0.034 0.051 0.049 0.050  0.056 0.051 0.043 0.110 0.081  0.078
144, queen, 0.8, 0.8 0.059 0.052 0.057 0.055 0.052  0.049 0.059 0.053 0.130 0.096  0.085
144, rook, 0.4, 0.4 0.046 0.033 0.042 0.042 0.040 0.050 0.047 0.038 0.137 0.110  0.093
144, rook, 0.4, 0.8  0.041 0.042 0.052 0.052 0.043 0.054  0.049 0.048 0.224 0.205  0.130
144, rook, 0.8, 0.4 0.050 0.039 0.049 0.048 0.049  0.049 0.049 0.043 0.097 0.074  0.067
144, rook, 0.8, 0.8  0.058 0.049 0.055 0.056 0.048  0.059 0.054 0.052 0.102 0.093  0.074
400, queen, 0.4, 0.4 0.049 0.045 0.046 0.045 0.051 0.046 0.045 0.041 0.112 0.096  0.091
400, queen, 0.4, 0.8 0.047 0.044 0.055 0.051 0.053  0.066 0.062 0.059 0.136 0.132  0.090
400, queen, 0.8, 0.4 0.047 0.043 0.044 0.043 0.044 0.045 0.040 0.037 0.056 0.052  0.056
400, queen, 0.8, 0.8 0.043 0.034 0.042 0.039 0.050  0.039 0.056 0.040 0.076 0.067  0.056
400, rook, 0.4, 0.4  0.051 0.040 0.0563 0.051 0.044  0.049 0.045 0.039 0.090 0.076  0.080
400, rook, 0.4, 0.8  0.0561 0.049 0.059 0.058 0.056  0.046 0.058 0.058 0.132 0.128  0.080
400, rook, 0.8, 0.4  0.053 0.045 0.051 0.051 0.048 0.051 0.057 0.047 0.064 0.060  0.058
400, rook, 0.8, 0.8  0.046 0.036  0.040 0.038 0.042  0.049 0.046 0.056 0.070 0.068  0.051
Chi-squared disturbances

144, queen, 0.4, 0.4 0.053 0.034 0.054 0.055 0.042  0.061 0.046 0.034 0.175 0.136  0.145
144, queen, 0.4, 0.8 0.035 0.025 0.040 0.038 0.055  0.048 0.043 0.034 0.158 0.141  0.135
144, queen, 0.8, 0.4 0.051 0.035 0.047 0.046 0.050  0.048 0.046 0.036 0.092 0.085  0.085
144, queen, 0.8, 0.8 0.054 0.044 0.053 0.052 0.064  0.059 0.041 0.046 0.096 0.098  0.090
144, rook, 0.4, 0.4  0.029 0.027 0.026 0.026 0.052  0.033 0.043 0.037 0.160 0.114  0.108
144, rook, 0.4, 0.8  0.047 0.033 0.042 0.039 0.064  0.055 0.038 0.041 0.194 0.180  0.111
144, rook, 0.8, 0.4  0.052 0.041 0.054 0.053 0.059  0.055 0.052 0.052 0.099 0.078  0.075
144, rook, 0.8, 0.8  0.057 0.049 0.056 0.055 0.074 0.064  0.062 0.051 0.108 0.094  0.078
400, queen, 0.4, 0.4 0.041 0.042 0.040 0.041 0.050  0.041 0.037 0.040 0.088 0.078  0.102
400, queen, 0.4, 0.8 0.048 0.044 0.052 0.048 0.053  0.057  0.048 0.048 0.108 0.089  0.074
400, queen, 0.8, 0.4 0.058 0.057 0.056 0.056 0.067  0.060 0.059 0.059 0.077 0.082  0.076
400, queen, 0.8, 0.8 0.051 0.048 0.050 0.050 0.060  0.056 0.055 0.045 0.079 0.072  0.066
400, rook, 0.4, 0.4  0.040 0.043 0.042 0.041 0.055  0.048 0.036 0.044 0.092 0.080  0.067
400, rook, 0.4, 0.8  0.044 0.042 0.047 0.047 0.058  0.053 0.046 0.043 0.122 0.127  0.067
400, rook, 0.8, 0.4  0.060 0.054 0.058 0.057 0.068  0.065 0.060 0.063 0.078 0.073  0.067
400, rook, 0.8, 0.8  0.048 0.045 0.045 0.043 0.058  0.049 0.064 0.053 0.081 0.075  0.053

(1) Sogrs, Sravmi, Sweanz and Suqur. denote score-based OPG tests with, respectively, the 2SLS, RGMM1, RGMM2
and MQML estimates of the SAR model;

2) Grevvt and Greange denote gradient-based OPG tests with, respectively, the RGMM1 and RGMM?2 estimates of
the SAR model;

) Diant and Dyeane denote distance difference tests based on different moment vectors;

) Wrennit and Weawne denote Wald tests based on the robust GMM estimation of the SARAR model with different
moment vectors;

®) Whour denotes the Wald test based on the MQML estimation of the SARAR model.
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Table 5: Powers of tests for pg = 0 with normal homoskedastic disturbances

2
n, Wn7 R 9 )\07 PO stm SG\!MI SG\!MZ SQMI. GG\ml GGM\’[Z D(,'MMI DG\!MZ WGW\H W(‘.MM‘Z WQ\H/

144, queen, 0.4, 0.4, 0.2  0.182  0.083 0.089  0.104 0.085 0.097 0.081 0.081 0.153 0.116 0.159
144, queen, 0.4, 0.4, 0.4 0.384  0.215 0.240  0.259 0.200 0.228 0.217 0.232 0.285 0.236 0.291
144, queen, 0.4, 0.4, 0.6  0.542  0.357 0.416  0.457 0.327 0.385 0.472 0.480 0.495 0.434 0.506
144, queen, 0.4, 0.4, 0.8  0.590 0.547 0.643 0.698 0.463 0.601 0.777 0.764 0.705 0.630 0.736
144, queen, 0.4, 0.8, 0.2  0.203  0.105 0.133  0.137 0.120 0.141 0.147 0.156 0.109 0.091 0.112
144, queen, 0.4, 0.8, 0.4  0.431 0.346 0.413  0.434 0.302 0.410 0.427 0.464 0.283 0.243 0.322
144, queen, 0.4, 0.8, 0.6  0.624  0.740 0.801 0.815 0.584 0.780 0.804 0.828 0.572 0.474 0.712
144, queen, 0.4, 0.8, 0.8 0.778  0.913 0.961 0.975 0.807 0.944 0.966 0.948 0.818 0.687 0.962
144, queen, 0.8, 0.4, 0.2  0.188  0.149 0.146  0.159 0.139 0.150 0.140 0.151 0.171 0.162 0.187
144, queen, 0.8, 0.4, 0.4  0.558  0.502 0.496  0.516 0.429 0.477 0.452 0.481 0.505 0.506 0.558
144, queen, 0.8, 0.4, 0.6  0.895  0.855 0.857 0.871 0.779 0.820 0.842 0.855 0.866 0.864 0.904
144, queen, 0.8, 0.4, 0.8 0.990  0.986 0.981 0.988 0.920 0.929 0.982 0.980 0.989 0.985 0.994
144, queen, 0.8, 0.8, 0.2  0.191 0.153 0.155  0.160 0.129 0.150 0.142 0.171 0.157 0.147 0.188
144, queen, 0.8, 0.8, 0.4  0.611 0.541 0.556  0.572 0.475 0.525 0.499 0.557 0.516 0.530 0.595
144, queen, 0.8, 0.8, 0.6  0.924  0.895 0.900  0.905 0.819 0.866 0.867 0.889 0.879 0.884 0.921
144, queen, 0.8, 0.8, 0.8  0.985 0.987 0.982  0.992 0.944 0.957 0.982 0.986 0.981 0.985 0.994
144, rook, 0.4, 0.4, 0.2 0.181 0.152 0.163  0.176 0.185 0.169 0.152 0.148 0.179 0.144 0.184
144, rook, 0.4, 0.4, 0.4 0.451 0.369 0.405  0.434 0.386 0.394 0.385 0.393 0.373 0.305 0.399
144, rook, 0.4, 0.4, 0.6 0.691 0.564 0.616  0.659 0.585 0.583 0.738 0.724 0.695 0.619 0.728
144, rook, 0.4, 0.4, 0.8 0.647  0.684 0.785  0.849 0.675 0.754 0.922 0.914 0.902 0.857 0.925

144, rook, 0.4, 0.8, 0.2 0.314  0.228 0.269  0.279 0.242 0.265 0.272 0.284 0.174 0.146 0.219
144, rook, 0.4, 0.8, 0.4 0.632 0.607 0.680 0.701 0.550 0.672 0.670 0.710 0.484 0.445 0.603
144, rook, 0.4, 0.8, 0.6 0.816  0.914 0.946  0.963 0.838 0.942 0.949 0.962 0.837 0.790 0.948

144, rook, 0.4, 0.8, 0.8  0.864 0.955 0.976 1.000 0.912  0.962 0.991  0.977 0982  0.924  0.999
144, rook, 0.8, 0.4, 0.2 0.251 0.238 0.240 0.251 0.260 0.245 0.225  0.235  0.249  0.235  0.295
144, rook, 0.8, 0.4, 0.4  0.788 0.756 0.755 0.771 0.732 0.730  0.736  0.753  0.780  0.773  0.818
144, rook, 0.8, 0.4, 0.6 0.987 0.967 0964 0.971 0.924 0911 0.964 0.964 0976  0.966  0.992
144, rook, 0.8, 0.4, 0.8  0.999  0.990 0.972 0.994 0.941  0.845  0.997  0.993  0.999  0.993  1.000
144, rook, 0.8, 0.8, 0.2 0.354 0.321 0.327 0.336 0.307 0.314  0.267  0.325  0.285  0.300  0.360
144, rook, 0.8, 0.8, 0.4  0.818 0.783 0.789 0.803 0.759 0.765 0.754 0.801  0.751  0.780  0.825
144, rook, 0.8, 0.8, 0.6 0.985 0.981 0.980 0.984 0.951 0.968 0.963 0.980 0.965  0.976  0.986
144, rook, 0.8, 0.8, 0.8  0.993  0.999 0991 1.000 0.968 0.976  0.996 0.991  1.000  0.997  1.000
400, queen, 0.4, 0.4, 0.2 0.293  0.201  0.204 0.215 0.193  0.194 0.205 0.206 0.211  0.184  0.219
400, queen, 0.4, 0.4, 0.4 0.671 0.559 0.571 0.577 0.532  0.553  0.581  0.594  0.539  0.502  0.558
400, queen, 0.4, 0.4, 0.6 0.914 0.855 0.863 0.874 0.826  0.847 0.892 0.894  0.870  0.844  0.885
400, queen, 0.4, 0.4, 0.8  0.923  0.942 0.959 0.970 0.909  0.949  0.981  0.973  0.979  0.974  0.987
400, queen, 0.4, 0.8, 0.2  0.383 0.289 0.316 0.325 0.261  0.312  0.299 0.340  0.225  0.233  0.270
400, queen, 0.4, 0.8, 0.4 0.818 0.780 0.810 0.811 0.713 0.804 0.774  0.826  0.690  0.739  0.791
400, queen, 0.4, 0.8, 0.6  0.950 0.982  0.993 0.993 0.959 0.991  0.985  0.994  0.975  0.983  0.993
400, queen, 0.4, 0.8, 0.8  0.919 0.999 1.000 1.000 0.993  1.000  1.000  0.999  1.000  0.996  1.000
400, queen, 0.8, 0.4, 0.2  0.403  0.363  0.366 0.369  0.348  0.358  0.355  0.347  0.368  0.354  0.398
400, queen, 0.8, 0.4, 0.4 0.931 0.916 0.914 0.921 0909 0.908 0.910 0912 0.918  0.912  0.929
400, queen, 0.8, 0.4, 0.6  0.998  0.998  0.998 0.998 0.998  0.998  0.998  0.997  0.998  0.997  0.999
400, queen, 0.8, 0.4, 0.8 1.000 1.000 1.000 1.000 1.000 1.000 1.000  1.000  1.000  1.000  1.000
400, queen, 0.8, 0.8, 0.2  0.481  0.442  0.447 0.449 0.393  0.409  0.413  0.447  0.392  0.431  0.453
400, queen, 0.8, 0.8, 0.4  0.958  0.948  0.947 0.948 0.929  0.941  0.933  0.952  0.923  0.943  0.952
400, queen, 0.8, 0.8, 0.6  0.999  0.999  0.999 0.999  0.996  0.998  0.997  0.999  0.997  0.999  0.999
400, queen, 0.8, 0.8, 0.8 1.000 1.000 1.000 1.000 0.999  1.000 1.000 1.000  1.000  1.000  1.000
400, rook, 0.4, 0.4, 0.2 0.354 0.334 0.338 0.342 0.336  0.337 0.319 0.348  0.288  0.255 0.313
400, rook, 0.4, 0.4, 0.4  0.857 0.825 0.832 0.841 0.813 0.814 0.853 0.861  0.795  0.760  0.838
400, rook, 0.4, 0.4, 0.6  0.970 0.973  0.977 0.982 0.967 0.971  0.986  0.986  0.983  0.974  0.993
400, rook, 0.4, 0.4, 0.8 0.618 0979 0.991 0995 0.984 0983 0995 0.994  0.995  0.995  0.999
400, rook, 0.4, 0.8, 0.2 0.508 0.486 0.506 0.506 0.466  0.503  0.478  0.538  0.365  0.431  0.467
400, rook, 0.4, 0.8, 0.4  0.928 0.963 0.974 0.974 0.939 0.975 0.958 0.976  0.920  0.956  0.969
400, rook, 0.4, 0.8, 0.6  0.908 1.000 0.999 1.000 0.998  0.999  1.000  1.000  0.999  1.000  1.000
400, ook, 0.4, 0.8, 0.8 0.858 1.000 1.000 1.000 1.000 1.000  1.000  0.999  1.000  1.000  1.000
400, rook, 0.8, 0.4, 0.2 0.642 0.637 0.635 0.641 0.638 0.634 0.609 0.622  0.603  0.610  0.656
400, rook, 0.8, 0.4, 0.4  0.993 0.988 0.988 0.989 0.987 0.986  0.989  0.990 0.991  0.989  0.992
400, rook, 0.8, 0.4, 0.6 1.000 1.000 1.000 1.000 1.000 1.000  1.000 1.000  1.000  1.000  1.000
400, rook, 0.8, 0.4, 0.8 1.000 1.000 1.000 1.000 0.998  0.997  1.000  1.000  1.000  1.000  1.000
400, rook, 0.8, 0.8, 0.2 0.703 0.686 0.683 0.691 0.673 0.678 0.646  0.693  0.608  0.666  0.692
400, rook, 0.8, 0.8, 0.4  0.997 0.996 0.996 0.996  0.997  0.995  0.996  0.997  0.993  0.997  0.998
400, rook, 0.8, 0.8, 0.6 1.000 1.000 1.000 1.000 1.000  1.000  1.000 1.000  1.000  1.000  1.000
400, rook, 0.8, 0.8, 0.8  0.993 1.000 0.999 1.000 1.000 0.999  1.000 1.000  1.000  1.000  1.000

e Sasis, Saumts Saum2 and Sqy, denote score-based OPG tests with, respectively, the 2SLS, GMM1, GMM2 and QML estimates
of the SAR model;

2) Geown and Geyye denote gradient-based OPG tests with, respectively, the GMM1 and GMM2 estimates of the SAR model;

(3) Daw1 and Dgyy2 denote distance difference tests based on different moment vectors;

™ Wenn and Wene denote Wald tests based on the GMM estimation of the SARAR model with different moment vectors;

) Waw denotes the Wald test based on the QML estimation of the SARAR model.
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Table 6: Powers of tests for pg = 0 with chi-squared homoskedastic disturbances

2
n, Wn7 R 9 )\07 PO stm SG\!MI SG\!MZ SQMI. GG\ml GGM\’[Z D(,'MMI DG\!MZ WGW\H W(‘.MM‘Z WQ\H/

144, queen, 0.4, 0.4, 0.2  0.185 0.079 0.093 0.110 0.114 0.095 0.112  0.104 0.167 0.135  0.166
144, queen, 0.4, 0.4, 0.4  0.380 0.212 0.245 0.268 0.226  0.237  0.282  0.290  0.357  0.304  0.312
144, queen, 0.4, 0.4, 0.6  0.587 0.365 0.458 0.518 0.378  0.441  0.551  0.546  0.571  0.494  0.538
144, queen, 0.4, 0.4, 0.8  0.627 0.530 0.636  0.719  0.506  0.600  0.836  0.793  0.793  0.710  0.770
144, queen, 0.4, 0.8, 0.2  0.222  0.092 0.135 0.153 0.116 0.132  0.158  0.158  0.122  0.108  0.127
144, queen, 0.4, 0.8, 0.4  0.441  0.310 0.428 0.447 0.298 0.414  0.446 0.443  0.321  0.267  0.339
144, queen, 0.4, 0.8, 0.6  0.616 0.682 0.782 0.803 0.592  0.748 0.818  0.811  0.601  0.533  0.702
144, queen, 0.4, 0.8, 0.8  0.780 0.909 0.962 0.985 0.783  0.939  0.974 0.961  0.860  0.753  0.961
144, queen, 0.8, 0.4, 0.2  0.162 0.137 0.130 0.148 0.120 0.137  0.137 0.138  0.186  0.156  0.191
144, queen, 0.8, 0.4, 0.4  0.591  0.544 0.533 0.545 0.486  0.504 0.534  0.554  0.580  0.557  0.583
144, queen, 0.8, 0.4, 0.6 0.912 0.873 0.872 0.885 0.814 0.828 0.889  0.884  0.909  0.885  0.918
144, queen, 0.8, 0.4, 0.8  0.982 0.976 0.972 0.979 0.897 0913 0.980 0.974 0987  0.978  0.989
144, queen, 0.8, 0.8, 0.2  0.184 0.144 0.151 0.155 0.130  0.145  0.147 0.160  0.156  0.142  0.193
144, queen, 0.8, 0.8, 0.4  0.655 0.597 0.608 0.616 0.517  0.579  0.567  0.590  0.580  0.562  0.638
144, queen, 0.8, 0.8, 0.6  0.938  0.910 0915 0.928 0.832  0.892  0.899  0.928  0.899  0.903  0.943
144, queen, 0.8, 0.8, 0.8  0.990 0.993  0.988 0.996 0.909 0.947 0.989  0.986 0989  0.988  0.996
144, rook, 0.4, 0.4, 0.2 0.205 0.150 0.159 0.177 0.196 0.169 0.154  0.156  0.212  0.165  0.200
144, rook, 0.4, 0.4, 0.4 0.505 0.365 0.422 0.463 0.443  0.399  0.462  0.455 0.474  0.384  0.452
144, rook, 0.4, 0.4, 0.6 0.729 0.582 0.667 0.723 0.604 0.629 0.789  0.775  0.758  0.677  0.744
144, rook, 0.4, 0.4, 0.8 0.695 0.637 0.760 0.856 0.650 0.730  0.938  0.915  0.914  0.863  0.920

144, rook, 0.4, 0.8, 0.2 0.276  0.150 0.233  0.255 0.215 0.227 0.265 0.257 0.184 0.149 0.204
144, rook, 0.4, 0.8, 0.4 0.635  0.525 0.671 0.704 0.546 0.656 0.690 0.686 0.519 0.475 0.627
144, rook, 0.4, 0.8, 0.6 0.822  0.891 0.957  0.973 0.815 0.936 0.962 0.971 0.865 0.824 0.944

144, rook, 0.4, 0.8, 0.8 0.890  0.964 0.975  0.999 0.886 0.954 0.996 0.966 0.989 0.919 0.995
144, rook, 0.8, 0.4, 0.2 0.272  0.264 0.257  0.273 0.295 0.268 0.265 0.267 0.296 0.279 0.320
144, rook, 0.8, 0.4, 0.4 0.798  0.761 0.754  0.782 0.750 0.730 0.765 0.773 0.795 0.780 0.822
144, rook, 0.8, 0.4, 0.6 0.989  0.973 0.970 0.976 0.941 0.924 0.983 0.979 0.991 0.981 0.992
144, rook, 0.8, 0.4, 0.8 0.998 0.987 0.978  0.996 0.905 0.857 0.999 0.997 1.000 0.995 0.997
144, rook, 0.8, 0.8, 0.2 0.306  0.273 0.277  0.288 0.287 0.281 0.278 0.295 0.279 0.266 0.322
144, rook, 0.8, 0.8, 0.4 0.863  0.822 0.831 0.846 0.788 0.802 0.792 0.846 0.799 0.804 0.871
144, rook, 0.8, 0.8, 0.6 0.994  0.992 0.989  0.993 0.944 0.971 0.981 0.990 0.988 0.991 0.995
144, rook, 0.8, 0.8, 0.8 0.993  0.996 0.992 1.000 0.910 0.972 0.999 0.998 0.999 0.997 1.000
400, queen, 0.4, 0.4, 0.2  0.276  0.203 0.205 0.210 0.212 0.206 0.201 0.203 0.175 0.151 0.174
400, queen, 0.4, 0.4, 0.4  0.661 0.557  0.563  0.579 0.551 0.551 0.583 0.592 0.543 0.504 0.564
400, queen, 0.4, 0.4, 0.6  0.897  0.824 0.835  0.850 0.806 0.809 0.886 0.890 0.867 0.836 0.877
400, queen, 0.4, 0.4, 0.8  0.921 0.937  0.951 0.969 0.911 0.940 0.980 0.980 0.972 0.976 0.983
400, queen, 0.4, 0.8, 0.2  0.351 0.249 0.283  0.298 0.253 0.283 0.294 0.301 0.203 0.210 0.255
400, queen, 0.4, 0.8, 0.4  0.825  0.766 0.813  0.820 0.726 0.811 0.788 0.830 0.705 0.744 0.803
400, queen, 0.4, 0.8, 0.6  0.961 0.991 0.997  0.999 0.965 0.996 0.991 0.999 0.981 0.992 0.998
400, queen, 0.4, 0.8, 0.8  0.940  0.997 1.000 1.000 0.997 0.999 1.000 0.998 1.000 0.994 1.000
400, queen, 0.8, 0.4, 0.2  0.433  0.399 0.394  0.401 0.369 0.377 0.394 0.394 0.406 0.394 0.425
400, queen, 0.8, 0.4, 0.4  0.952  0.940 0.939 0.941 0.932 0.929 0.942 0.942 0.954 0.943 0.954
400, queen, 0.8, 0.4, 0.6  1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
400, queen, 0.8, 0.4, 0.8  1.000 1.000 1.000 1.000 1.000 0.999 1.000 1.000 1.000 1.000 1.000
400, queen, 0.8, 0.8, 0.2  0.454  0.416 0.416  0.418 0.375 0.392 0.385 0.420 0.354 0.392 0.432
400, queen, 0.8, 0.8, 0.4 0.970  0.960 0.960  0.962 0.942 0.956 0.952 0.958 0.936 0.953 0.961
400, queen, 0.8, 0.8, 0.6  1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.997 0.998 1.000
400, queen, 0.8, 0.8, 0.8  1.000 1.000 1.000 1.000 0.997 0.996 1.000 1.000 1.000 1.000 1.000
400, rook, 0.4, 0.4, 0.2 0.351 0.329 0.334  0.337 0.356 0.329 0.365 0.362 0.309 0.273 0.329
400, rook, 0.4, 0.4, 0.4 0.819  0.798 0.804 0.813 0.819 0.805 0.844 0.845 0.798 0.762 0.809
400, rook, 0.4, 0.4, 0.6 0.958  0.969 0.973  0.974 0.972 0.971 0.991 0.986 0.985 0.966 0.986
400, rook, 0.4, 0.4, 0.8 0.648  0.977  0.994  0.998 0.981 0.991 1.000 0.998 0.998 0.999 0.999
400, rook, 0.4, 0.8, 0.2 0.524  0.485 0.537  0.545 0.501 0.540 0.517 0.556 0.380 0.455 0.501
400, rook, 0.4, 0.8, 0.4 0.933  0.960 0.976  0.979 0.950 0.976 0.974 0.979 0.936 0.963 0.976
400, rook, 0.4, 0.8, 0.6 0.913  0.999 1.000 1.000 0.995 1.000 1.000 1.000 0.999 1.000 1.000
400, rook, 0.4, 0.8, 0.8 0.872  0.999 0.999 1.000 0.999 0.998 1.000 0.998 1.000 0.997 1.000
400, rook, 0.8, 0.4, 0.2 0.654  0.645 0.644  0.647 0.650 0.630 0.640 0.643 0.650 0.639 0.673
400, rook, 0.8, 0.4, 0.4 0.997  0.996 0.996  0.997 0.995 0.993 0.997 0.996 0.997 0.996 0.997
400, rook, 0.8, 0.4, 0.6 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
400, rook, 0.8, 0.4, 0.8 1.000 1.000 1.000 1.000 0.998 0.994 1.000 1.000 1.000 1.000 1.000
400, rook, 0.8, 0.8, 0.2 0.736  0.721 0.722  0.725 0.726 0.709 0.692 0.731 0.645 0.682 0.728
400, rook, 0.8, 0.8, 0.4 1.000 1.000 1.000 1.000 0.998 0.999 0.999 1.000 0.997 0.999 0.998
400, rook, 0.8, 0.8, 0.6 1.000 1.000 1.000 1.000 0.999 1.000 1.000 1.000 1.000 1.000 1.000
400, rook, 0.8, 0.8, 0.8 0.992 1.000 1.000 1.000 0.995 1.000 1.000 1.000 1.000 0.999 1.000

e Sasis, Saumts Saum2 and Sqy, denote score-based OPG tests with, respectively, the 2SLS, GMM1, GMM2 and QML estimates
of the SAR model;

2) Geown and Geyye denote gradient-based OPG tests with, respectively, the GMM1 and GMM2 estimates of the SAR model;

(3) Daw1 and Dgyy2 denote distance difference tests based on different moment vectors;

™ Wenn and Wene denote Wald tests based on the GMM estimation of the SARAR model with different moment vectors;

) Waw denotes the Wald test based on the QML estimation of the SARAR model.
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Table 7: Powers of tests for pg = 0 with normal heteroskedastic disturbances

2
n, an R ) >\01 PO SZSI.S SI{GMM] SI{(‘.MMZ SMQML Gn(,'m\!l Gu(;\!MZ DI{(‘.MM] DI{(‘.MM'Z WRGMM] W‘RGM\!Z WMQMI.

144, queen, 0.4, 0.4, 0.2  0.123 0.064 0.076 0.090 0.094 0.073 0.080 0.080 0.125 0.098 0.200
144, queen, 0.4, 0.4, 0.4  0.298 0.222 0.248 0.277 0.228 0.244 0.288 0.274 0.278 0.221 0.415
144, queen, 0.4, 0.4, 0.6  0.483 0.411 0.452 0.538 0.394 0.431 0.578 0.562 0.514 0.449 0.659
144, queen, 0.4, 0.4, 0.8  0.493 0.475 0.617 0.726 0.464 0.583 0.808 0.795 0.716 0.620 0.722
144, queen, 0.4, 0.8, 0.2  0.134 0.088 0.129 0.152 0.101 0.142 0.173 0.182 0.155 0.133 0.243
144, queen, 0.4, 0.8, 0.4  0.337 0.321 0.434 0.480 0.320 0.429 0.473 0.497 0.330 0.258 0.542
144, queen, 0.4, 0.8, 0.6  0.527 0.622 0.760 0.799 0.523 0.743 0.802 0.842 0.601 0.496 0.762
144, queen, 0.4, 0.8, 0.8  0.797 0.867 0.934 0.962 0.717 0.905 0.961 0.954 0.829 0.685 0.901
144, queen, 0.8, 0.4, 0.2  0.308 0.155 0.152 0.169 0.135 0.147 0.154 0.152 0.196 0.191 0.227
144, queen, 0.8, 0.4, 0.4  0.741 0.530 0.520 0.550 0.481 0.504 0.551 0.562 0.595 0.574 0.610
144, queen, 0.8, 0.4, 0.6  0.953 0.844 0.846 0.873 0.790 0.812 0.877 0.882 0.906 0.875 0.885
144, queen, 0.8, 0.4, 0.8  0.992 0.958 0.948 0.977 0.836 0.857 0.982 0.980 0.991 0.977 0.974
144, queen, 0.8, 0.8, 0.2  0.328 0.150 0.161 0.183 0.136 0.160 0.160 0.191 0.192 0.169 0.218
144, queen, 0.8, 0.8, 0.4  0.763 0.581 0.589 0.623 0.510 0.581 0.584 0.628 0.605 0.598 0.664
144, queen, 0.8, 0.8, 0.6  0.944 0.865 0.871 0.895 0.783 0.844 0.879 0.908 0.881 0.884 0.906
144, queen, 0.8, 0.8, 0.8  0.934 0.977 0.977 0.992 0.862 0.942 0.983 0.983 0.982 0.983 0.977
144, rook, 0.4, 0.4, 0.2 0.121 0.137 0.147 0.166 0.154 0.154 0.146 0.155 0.157 0.112 0.261
144, rook, 0.4, 0.4, 0.4 0.343 0.357 0.377 0.424 0.394 0.378 0.466 0.462 0.418 0.352 0.545
144, rook, 0.4, 0.4, 0.6 0.499 0.538 0.636 0.711 0.590 0.620 0.811 0.778 0.750 0.632 0.789
144, rook, 0.4, 0.4, 0.8 0.500 0.562 0.721 0.844 0.607 0.667 0.921 0.895 0.878 0.787 0.760
144, rook, 0.4, 0.8, 0.2 0.160 0.155 0.220 0.229 0.191 0.218 0.253 0.265 0.201 0.183 0.265
144, rook, 0.4, 0.8, 0.4 0.456 0.496 0.644 0.676 0.534 0.639 0.680 0.684 0.506 0.451 0.629
144, rook, 0.4, 0.8, 0.6 0.673 0.805 0.917 0.933 0.750 0.899 0.933 0.954 0.850 0.786 0.873
144, rook, 0.4, 0.8, 0.8 0.846 0.920 0.939 0.992 0.825 0.933 0.993 0.968 0.976 0.879 0.925
144, rook, 0.8, 0.4, 0.2 0.329 0.223 0.228 0.245 0.229 0.231 0.226 0.248 0.274 0.263 0.306
144, rook, 0.8, 0.4, 0.4 0.852 0.750 0.754 0.788 0.757 0.728 0.789 0.788 0.831 0.797 0.809
144, rook, 0.8, 0.4, 0.6 0.973 0.944 0.943 0.960 0.888 0.872 0.967 0.966 0.980 0.965 0.970
144, rook, 0.8, 0.4, 0.8 0.928 0.963 0.934 0.995 0.835 0.772 0.998 0.995 0.999 0.996 0.989
144, rook, 0.8, 0.8, 0.2 0.389 0.269 0.278 0.302 0.272 0.282 0.262 0.305 0.303 0.286 0.356
144, rook, 0.8, 0.8, 0.4 0.859 0.791 0.810 0.822 0.746 0.790 0.763 0.835 0.800 0.791 0.849
144, rook, 0.8, 0.8, 0.6 0.944 0.960 0.963 0.983 0.886 0.932 0.962 0.979 0.972 0.965 0.974
144, rook, 0.8, 0.8, 0.8 0.877 0.983 0.980 0.999 0.852 0.930 0.998 0.993 1.000 0.997 0.992
400, queen, 0.4, 0.4, 0.2  0.256 0.194 0.202 0.210 0.189 0.188 0.224 0.220 0.203 0.168 0.264
400, queen, 0.4, 0.4, 0.4  0.658 0.583 0.597 0.607 0.562 0.573 0.639 0.636 0.566 0.512 0.628
400, queen, 0.4, 0.4, 0.6  0.858 0.826 0.845 0.882 0.811 0.823 0.913 0.910 0.877 0.843 0.843
400, queen, 0.4, 0.4, 0.8  0.770 0.895 0.942 0.967 0.876 0.925 0.982 0.969 0.970 0.961 0.834
400, queen, 0.4, 0.8, 0.2  0.246 0.249 0.285 0.297 0.244 0.287 0.284 0.328 0.216 0.230 0.279
400, queen, 0.4, 0.8, 0.4  0.676 0.747 0.823 0.829 0.724 0.823 0.817 0.857 0.737 0.764 0.773
400, queen, 0.4, 0.8, 0.6  0.842 0.950 0.991 0.993 0.954 0.990 0.988 0.989 0.974 0.974 0.925
400, queen, 0.4, 0.8, 0.8  0.898 0.992 0.998 1.000 0.987 0.996 1.000 0.996 0.999 0.987 0.916
400, queen, 0.8, 0.4, 0.2  0.553 0.405 0.402 0.411 0.381 0.393 0.410 0.421 0.427 0.416 0.435
400, queen, 0.8, 0.4, 0.4  0.972 0.926 0.928 0.934 0.908 0.921 0.931 0.933 0.931 0.923 0.931
400, queen, 0.8, 0.4, 0.6 1.000 0.999 0.998 0.998 0.994 0.994 0.999 0.999 0.999 0.998 0.997
400, queen, 0.8, 0.4, 0.8 1.000 1.000 0.999 1.000 0.991 0.995 1.000 1.000 1.000 1.000 0.999
400, queen, 0.8, 0.8, 0.2  0.562 0.425 0.432 0.442 0.396 0.423 0.411 0.465 0.397 0.422 0.450
400, queen, 0.8, 0.8, 0.4  0.978 0.939 0.943 0.949 0.935 0.937 0.939 0.951 0.936 0.934 0.942
400, queen, 0.8, 0.8, 0.6 1.000 1.000 1.000 1.000 0.997 0.996 1.000 1.000 0.999 1.000 0.999
400, queen, 0.8, 0.8, 0.8  0.980 0.999 0.999 1.000 0.990 0.993 1.000 1.000 1.000 1.000 0.998
400, rook, 0.4, 0.4, 0.2 0.275 0.327 0.337 0.354 0.347 0.339 0.352 0.361 0.290 0.251 0.373
400, rook, 0.4, 0.4, 0.4 0.661 0.800 0.810 0.823 0.796 0.790 0.851 0.846 0.790 0.746 0.796
400, rook, 0.4, 0.4, 0.6 0.724 0.954 0.966 0.976 0.943 0.950 0.989 0.984 0.986 0.961 0.943
400, rook, 0.4, 0.4, 0.8 0.575 0.894 0.973 0.998 0.932 0.958 0.999 0.993 0.998 0.997 0.840
400, rook, 0.4, 0.8, 0.2 0.392 0.465 0.507 0.527 0.451 0.509 0.497 0.552 0.374 0.456 0.466
400, rook, 0.4, 0.8, 0.4 0.779 0.934 0.972 0.975 0.933 0.970 0.958 0.972 0.931 0.951 0.917
400, rook, 0.4, 0.8, 0.6 0.818 0.982 1.000 1.000 0.991 0.999 0.999 0.998 0.998 0.999 0.962
400, rook, 0.4, 0.8, 0.8 0.841 0.999 0.999 1.000 0.991 0.997 1.000 1.000 1.000 0.996 0.947
400, rook, 0.8, 0.4, 0.2 0.681 0.625 0.620 0.631 0.628 0.611 0.630 0.633 0.640 0.620 0.648
400, rook, 0.8, 0.4, 0.4 0.998 0.990 0.990 0.991 0.988 0.985 0.998 0.993 0.996 0.993 0.992
400, rook, 0.8, 0.4, 0.6 0.999 0.999 0.998 1.000 0.992 0.994 1.000 1.000 1.000 1.000 1.000
400, rook, 0.8, 0.4, 0.8 1.000 0.999 0.998 1.000 0.974 0.955 1.000 1.000 1.000 1.000 1.000
400, rook, 0.8, 0.8, 0.2 0.737 0.663 0.666 0.679 0.691 0.666 0.671 0.694 0.643 0.670 0.688
400, rook, 0.8, 0.8, 0.4 0.995 0.994 0.994 0.992 0.990 0.993 0.995 0.995 0.992 0.992 0.994
400, rook, 0.8, 0.8, 0.6 0.997 1.000 1.000 1.000 0.998 0.998 1.000 1.000 1.000 1.000 0.999
400, rook, 0.8, 0.8, 0.8 0.939 0.999 0.998 1.000 0.990 0.992 1.000 0.999 1.000 1.000 0.998

® Sasts, Sremmls Sranm2 and Syqu, denote score-based OPG tests with, respectively, the 2SLS, RGMM1, RGMM2 and MQML estimates
of the SAR model;

) Growmt and Grae denote gradient-based OPG tests with, respectively, the RGMM1 and RGMM2 estimates of the SAR model;

3 Dot and Dyayve denote distance difference tests based on different moment vectors;

) Wieann and Wi denote Wald tests based on the robust GMM estimation of the SARAR model with different moment vectors;

(5 Whour denotes the Wald test based on the MQML estimation of the SARAR model.
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Table 8: Powers of tests for pg = 0 with chi-squared heteroskedastic disturbances

2
n, an R ) >\01 PO SZSI.S SI{GMM] SI{(‘.MMZ SMQML Gn(,'m\!l Gu(;\!MZ DI{(‘.MM] DI{(‘.MM'Z WRGMM] W‘RGM\!Z WMQMI.

144, queen, 0.4, 0.4, 0.2  0.151 0.077 0.087 0.106 0.128 0.099 0.113 0.101 0.151 0.105 0.220
144, queen, 0.4, 0.4, 0.4  0.371 0.236 0.279 0.336 0.266 0.285 0.335 0.328 0.357 0.301 0.465
144, queen, 0.4, 0.4, 0.6  0.519 0.396 0.459 0.550 0.435 0.462 0.633 0.595 0.585 0.486 0.677
144, queen, 0.4, 0.4, 0.8  0.526 0.470 0.598 0.749 0.509 0.561 0.827 0.787 0.783 0.666 0.733
144, queen, 0.4, 0.8, 0.2  0.137 0.100 0.169 0.198 0.127 0.171 0.189 0.178 0.195 0.144 0.273
144, queen, 0.4, 0.8, 0.4  0.376 0.289 0.467 0.523 0.350 0.464 0.528 0.508 0.436 0.324 0.544
144, queen, 0.4, 0.8, 0.6  0.571 0.578 0.787 0.826 0.593 0.764 0.840 0.830 0.688 0.541 0.795
144, queen, 0.4, 0.8, 0.8  0.813 0.868 0.940 0.978 0.716 0.894 0.975 0.945 0.896 0.767 0.912
144, queen, 0.8, 0.4, 0.2  0.341 0.188 0.179 0.217 0.179 0.176 0.208 0.207 0.258 0.245 0.265
144, queen, 0.8, 0.4, 0.4  0.759 0.560 0.566 0.601 0.541 0.548 0.593 0.602 0.651 0.618 0.647
144, queen, 0.8, 0.4, 0.6  0.946 0.857 0.856 0.877 0.831 0.842 0.909 0.891 0.930 0.888 0.874
144, queen, 0.8, 0.4, 0.8  0.978 0.965 0.961 0.982 0.872 0.879 0.982 0.983 0.989 0.985 0.977
144, queen, 0.8, 0.8, 0.2  0.329 0.155 0.169 0.194 0.181 0.182 0.187 0.190 0.246 0.187 0.252
144, queen, 0.8, 0.8, 0.4  0.752 0.567 0.583 0.616 0.540 0.573 0.593 0.617 0.624 0.579 0.647
144, queen, 0.8, 0.8, 0.6  0.944 0.878 0.892 0.908 0.834 0.858 0.898 0.917 0.906 0.887 0.903
144, queen, 0.8, 0.8, 0.8  0.941 0.968 0.980 0.996 0.874 0.881 0.992 0.985 0.994 0.989 0.979
144, rook, 0.4, 0.4, 0.2 0.167 0.151 0.161 0.184 0.210 0.168 0.203 0.201 0.210 0.172 0.306
144, rook, 0.4, 0.4, 0.4 0.396 0.423 0.453 0.515 0.478 0.447 0.556 0.537 0.522 0.440 0.612
144, rook, 0.4, 0.4, 0.6 0.523 0.562 0.658 0.742 0.645 0.596 0.825 0.801 0.785 0.686 0.786
144, rook, 0.4, 0.4, 0.8 0.540 0.515 0.720 0.873 0.627 0.687 0.927 0.901 0.908 0.836 0.777
144, rook, 0.4, 0.8, 0.2 0.190 0.160 0.231 0.257 0.225 0.238 0.280 0.269 0.251 0.200 0.305
144, rook, 0.4, 0.8, 0.4 0.486 0.404 0.682 0.737 0.547 0.670 0.751 0.739 0.624 0.548 0.686
144, rook, 0.4, 0.8, 0.6 0.700 0.740 0.921 0.946 0.755 0.896 0.959 0.950 0.899 0.820 0.889
144, rook, 0.4, 0.8, 0.8 0.858 0.884 0.949 0.993 0.750 0.918 0.986 0.964 0.980 0.892 0.914
144, rook, 0.8, 0.4, 0.2 0.393 0.299 0.299 0.333 0.338 0.318 0.313 0.325 0.390 0.369 0.410
144, rook, 0.8, 0.4, 0.4 0.821 0.765 0.767 0.804 0.779 0.755 0.803 0.797 0.850 0.807 0.818
144, rook, 0.8, 0.4, 0.6 0.938 0.938 0.936 0.950 0.892 0.881 0.967 0.960 0.983 0.959 0.953
144, rook, 0.8, 0.4, 0.8 0.931 0.958 0.931 0.994 0.856 0.767 0.994 0.994 0.998 0.995 0.978
144, rook, 0.8, 0.8, 0.2 0.407 0.286 0.300 0.339 0.317 0.307 0.295 0.317 0.357 0.319 0.410
144, rook, 0.8, 0.8, 0.4 0.841 0.794 0.806 0.822 0.783 0.800 0.792 0.830 0.820 0.792 0.840
144, rook, 0.8, 0.8, 0.6 0.919 0.963 0.966 0.985 0.898 0.920 0.971 0.983 0.981 0.975 0.969
144, rook, 0.8, 0.8, 0.8 0.869 0.969 0.972 1.000 0.797 0.902 0.995 0.990 0.999 0.994 0.987
400, queen, 0.4, 0.4, 0.2  0.268 0.235 0.235 0.252 0.249 0.237 0.259 0.250 0.236 0.206 0.298
400, queen, 0.4, 0.4, 0.4  0.665 0.586 0.599 0.623 0.638 0.607 0.689 0.674 0.587 0.537 0.639
400, queen, 0.4, 0.4, 0.6  0.861 0.844 0.869 0.897 0.858 0.854 0.937 0.924 0.883 0.852 0.856
400, queen, 0.4, 0.4, 0.8  0.770 0.853 0.927 0.963 0.870 0.894 0.978 0.971 0.972 0.960 0.812
400, queen, 0.4, 0.8, 0.2  0.294 0.255 0.334 0.362 0.287 0.328 0.351 0.365 0.283 0.298 0.325
400, queen, 0.4, 0.8, 0.4  0.683 0.680 0.818 0.835 0.735 0.813 0.837 0.857 0.728 0.733 0.759
400, queen, 0.4, 0.8, 0.6  0.850 0.894 0.988 0.993 0.938 0.979 0.989 0.991 0.978 0.983 0.938
400, queen, 0.4, 0.8, 0.8  0.900 0.994 1.000 1.000 0.967 0.994 1.000 0.984 1.000 0.984 0.936
400, queen, 0.8, 0.4, 0.2  0.528 0.423 0.422 0.427 0.422 0.416 0.428 0.425 0.445 0.421 0.453
400, queen, 0.8, 0.4, 0.4  0.971 0.936 0.935 0.938 0.933 0.935 0.954 0.947 0.956 0.942 0.931
400, queen, 0.8, 0.4, 0.6  0.999 0.996 0.996 0.997 0.993 0.990 0.998 0.997 0.999 0.996 0.993
400, queen, 0.8, 0.4, 0.8 1.000 1.000 0.999 1.000 0.994 0.986 1.000 1.000 1.000 1.000 1.000
400, queen, 0.8, 0.8, 0.2  0.544 0.432 0.443 0.457 0.418 0.436 0.429 0.450 0.420 0.433 0.480
400, queen, 0.8, 0.8, 0.4  0.983 0.954 0.952 0.955 0.938 0.949 0.953 0.969 0.955 0.950 0.954
400, queen, 0.8, 0.8, 0.6  0.996 0.997 1.000 1.000 0.991 0.994 1.000 1.000 1.000 1.000 0.999
400, queen, 0.8, 0.8, 0.8  0.978 0.998 1.000 1.000 0.984 0.993 1.000 0.999 1.000 1.000 0.991
400, rook, 0.4, 0.4, 0.2 0.306 0.349 0.350 0.372 0.397 0.362 0.387 0.378 0.322 0.298 0.400
400, rook, 0.4, 0.4, 0.4 0.670 0.767 0.781 0.801 0.820 0.787 0.850 0.843 0.790 0.746 0.764
400, rook, 0.4, 0.4, 0.6 0.713 0.925 0.949 0.971 0.935 0.925 0.981 0.976 0.973 0.953 0.930
400, rook, 0.4, 0.4, 0.8 0.586 0.891 0.967 0.995 0.943 0.938 1.000 0.990 0.999 0.993 0.863
400, rook, 0.4, 0.8, 0.2 0.421 0.456 0.523 0.548 0.503 0.533 0.544 0.570 0.423 0.475 0.516
400, rook, 0.4, 0.8, 0.4 0.749 0.873 0.970 0.975 0.925 0.965 0.965 0.970 0.930 0.958 0.923
400, rook, 0.4, 0.8, 0.6 0.795 0.949 0.999 1.000 0.971 0.991 1.000 0.998 0.999 0.997 0.957
400, rook, 0.4, 0.8, 0.8 0.841 0.993 0.997 1.000 0.976 0.991 1.000 0.997 1.000 0.994 0.932
400, rook, 0.8, 0.4, 0.2 0.693 0.643 0.642 0.661 0.702 0.644 0.675 0.672 0.690 0.666 0.678
400, rook, 0.8, 0.4, 0.4 0.989 0.993 0.993 0.991 0.986 0.979 0.995 0.994 0.994 0.991 0.988
400, rook, 0.8, 0.4, 0.6 0.994 0.999 0.998 0.999 0.994 0.978 1.000 1.000 0.999 0.999 0.998
400, rook, 0.8, 0.4, 0.8 0.984 1.000 0.998 1.000 0.986 0.941 1.000 1.000 1.000 1.000 0.999
400, rook, 0.8, 0.8, 0.2 0.754 0.705 0.710 0.717 0.727 0.717 0.716 0.731 0.705 0.698 0.723
400, rook, 0.8, 0.8, 0.4 0.990 0.994 0.996 0.996 0.984 0.992 0.994 0.996 0.997 0.995 0.995
400, rook, 0.8, 0.8, 0.6 0.989 0.999 0.999 1.000 0.994 0.991 1.000 1.000 1.000 1.000 1.000
400, rook, 0.8, 0.8, 0.8 0.921 0.995 0.999 1.000 0.958 0.988 1.000 1.000 1.000 1.000 0.999

® Sasts, Sremmls Sranm2 and Syqu, denote score-based OPG tests with, respectively, the 2SLS, RGMM1, RGMM2 and MQML estimates
of the SAR model;

) Growmt and Grae denote gradient-based OPG tests with, respectively, the RGMM1 and RGMM2 estimates of the SAR model;

3 Dot and Dyayve denote distance difference tests based on different moment vectors;

) Wieann and Wi denote Wald tests based on the robust GMM estimation of the SARAR model with different moment vectors;

(5 Whour denotes the Wald test based on the MQML estimation of the SARAR model.
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Table 9: Powers of tests for Ag = 0 with normal homoskedastic disturbances

2
n, an R s PO )\0 SI.S SG\!MI SG\!MZ SQMI. GG\ml G(;y\mz D(,'MMI DG\!MZ WGW\H W(‘.MMZ WQ\H/

144, queen, 0.4, 0.4, 0.2  0.126  0.092 0.126  0.122 0.085 0.096 0.093 0.094 0.258 0.237 0.211
144, queen, 0.4, 0.4, 0.4  0.271 0.218 0.273  0.269 0.225 0.242 0.263 0.257 0.442 0.427 0.413
144, queen, 0.4, 0.4, 0.6  0.416  0.361 0.470  0.455 0.364 0.408 0.511 0.509 0.629 0.592 0.606
144, queen, 0.4, 0.4, 0.8 0.490 0.623 0.692  0.685 0.582 0.632 0.808 0.821 0.803 0.758 0.808
144, queen, 0.4, 0.8, 0.2  0.156  0.145 0.196  0.192 0.094 0.112 0.179 0.211 0.197 0.183 0.194
144, queen, 0.4, 0.8, 0.4  0.341 0.389 0.493  0.489 0.237 0.256 0.529 0.570 0.373 0.329 0.389
144, queen, 0.4, 0.8, 0.6  0.588  0.761 0.745  0.823 0.412 0.408 0.890 0.917 0.612 0.574 0.718
144, queen, 0.4, 0.8, 0.8 0.750  0.956 0.675  0.989 0.682 0.475 0.982 0.979 0.902 0.875 0.973
144, queen, 0.8, 0.4, 0.2  0.328  0.289 0.324  0.319 0.283 0.318 0.294 0.299 0.502 0.469 0.431
144, queen, 0.8, 0.4, 0.4  0.808  0.755 0.806  0.800 0.722 0.786 0.751 0.774 0.898 0.883 0.871
144, queen, 0.8, 0.4, 0.6  0.946  0.931 0.956  0.955 0.913 0.947 0.967 0.961 0.991 0.989 0.988
144, queen, 0.8, 0.4, 0.8 0.896  0.992 0.996  0.996 0.954 0.994 0.994 0.998 0.999 0.999 1.000
144, queen, 0.8, 0.8, 0.2  0.259  0.275 0.301 0.300 0.254 0.305 0.280 0.310 0.397 0.367 0.358
144, queen, 0.8, 0.8, 0.4 0.713 0.777 0.806  0.808 0.700 0.799 0.763 0.807 0.841 0.831 0.816
144, queen, 0.8, 0.8, 0.6  0.895  0.980 0.980  0.986 0.938 0.977 0.962 0.983 0.992 0.994 0.988
144, queen, 0.8, 0.8, 0.8  0.797  0.998 0.897 1.000 0.992 0.951 0.996 0.993 1.000 1.000 1.000
144, rook, 0.4, 0.4, 0.2 0.209  0.191 0.210  0.210 0.150 0.159 0.170 0.158 0.260 0.237 0.202
144, rook, 0.4, 0.4, 0.4 0.508  0.483 0.533  0.527 0.451 0.476 0.515 0.544 0.568 0.537 0.537
144, rook, 0.4, 0.4, 0.6 0.655 0.707 0.786  0.776 0.693 0.732 0.820 0.818 0.834 0.801 0.828
144, rook, 0.4, 0.4, 0.8 0.452  0.881 0.930 0.936 0.868 0.910 0.958 0.962 0.938 0.935 0.954

144, rook, 0.4, 0.8, 0.2 0.242  0.287 0.343  0.344 0.188 0.191 0.326 0.369 0.238 0.231 0.281
144, rook, 0.4, 0.8, 0.4 0.507  0.715 0.765  0.780 0.465 0.504 0.801 0.825 0.601 0.611 0.715
144, rook, 0.4, 0.8, 0.6 0.636  0.953 0.880  0.980 0.753 0.700 0.988 0.992 0.935 0.921 0.973

144, rook, 0.4, 0.8, 0.8 0.536  0.997 0.649  0.998 0.917 0.622 0.995 0.991 0.996 0.993 0.999
144, rook, 0.8, 0.4, 0.2 0.623  0.610 0.620  0.620 0.604 0.614 0.584 0.601 0.726 0.709 0.663
144, rook, 0.8, 0.4, 0.4 0.971 0.964 0.972  0.971 0.948 0.969 0.963 0.974 0.990 0.989 0.983
144, rook, 0.8, 0.4, 0.6 0.993  0.999 0.999  0.999 0.993 0.998 0.996 0.999 0.999 0.999 0.999
144, rook, 0.8, 0.4, 0.8 0.813 1.000 1.000 1.000 0.998 0.998 1.000 1.000 1.000 1.000 1.000
144, rook, 0.8, 0.8, 0.2 0.537  0.627  0.657  0.658 0.567 0.659 0.591 0.622 0.662 0.668 0.677
144, rook, 0.8, 0.8, 0.4 0.887  0.986 0.992  0.992 0.971 0.987 0.974 0.986 0.986 0.987 0.991
144, rook, 0.8, 0.8, 0.6 0.804 1.000 0.993 1.000 0.999 0.996 0.999 1.000 0.999 1.000 1.000
144, rook, 0.8, 0.8, 0.8 0.400 1.000 0.881 1.000 0.997 0.960 1.000 1.000 1.000 1.000 1.000
400, queen, 0.4, 0.4, 0.2  0.195 0.184 0.185  0.184 0.173 0.174 0.211 0.197 0.298 0.288 0.267
400, queen, 0.4, 0.4, 0.4  0.568  0.542 0.573  0.569 0.503 0.509 0.581 0.585 0.653 0.634 0.639
400, queen, 0.4, 0.4, 0.6  0.810 0.797 0.829  0.822 0.815 0.835 0.880 0.883 0.905 0.893 0.904
400, queen, 0.4, 0.4, 0.8  0.885  0.924 0.979  0.973 0.954 0.974 0.972 0.982 0.972 0.978 0.984
400, queen, 0.4, 0.8, 0.2  0.290  0.285 0.335  0.322 0.160 0.181 0.277 0.342 0.216 0.220 0.259
400, queen, 0.4, 0.8, 0.4  0.758  0.764 0.852  0.843 0.516 0.572 0.758 0.856 0.675 0.721 0.794
400, queen, 0.4, 0.8, 0.6  0.970  0.969 0.997  0.997 0.821 0.870 0.987 0.997 0.968 0.980 0.996
400, queen, 0.4, 0.8, 0.8  0.977 1.000 0.995 1.000 0.981 0.960 0.999 0.999 1.000 1.000 1.000
400, queen, 0.8, 0.4, 0.2  0.692  0.681 0.690  0.687 0.671 0.684 0.667 0.672 0.762 0.766 0.730
400, queen, 0.8, 0.4, 0.4  0.994  0.993 0.995  0.995 0.991 0.995 0.995 0.994 0.998 0.997 0.997
400, queen, 0.8, 0.4, 0.6  1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
400, queen, 0.8, 0.4, 0.8  0.998 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
400, queen, 0.8, 0.8, 0.2  0.586  0.595 0.614  0.610 0.546 0.613 0.554 0.612 0.602 0.609 0.626
400, queen, 0.8, 0.8, 0.4 0.989 0.997 0.997 0.997 0.990 0.997 0.990 0.996 0.991 0.992 0.995
400, queen, 0.8, 0.8, 0.6  0.999 1.000 0.998 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
400, queen, 0.8, 0.8, 0.8  0.986 1.000 0.988 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
400, rook, 0.4, 0.4, 0.2 0.403  0.398 0.401 0.401 0.347 0.340 0.396 0.396 0.402 0.395 0.375
400, rook, 0.4, 0.4, 0.4 0.852  0.856 0.861 0.860 0.833 0.841 0.877 0.891 0.887 0.872 0.878
400, rook, 0.4, 0.4, 0.6 0.961 0.983 0.983  0.983 0.987 0.993 0.990 0.993 0.993 0.995 0.996
400, rook, 0.4, 0.4, 0.8 0.795  0.999 1.000 1.000 1.000 1.000 0.999 1.000 1.000 1.000 1.000
400, rook, 0.4, 0.8, 0.2 0.539  0.592 0.613  0.610 0.401 0.420 0.563 0.640 0.470 0.536 0.567
400, rook, 0.4, 0.8, 0.4 0.952  0.978 0.989  0.989 0.878 0.897 0.979 0.991 0.964 0.984 0.986
400, rook, 0.4, 0.8, 0.6 0.964 1.000 1.000 1.000 0.997 0.996 0.999 1.000 0.999 1.000 1.000
400, rook, 0.4, 0.8, 0.8 0.787 1.000 0.992 1.000 1.000 0.997 1.000 1.000 1.000 1.000 1.000
400, rook, 0.8, 0.4, 0.2 0.954  0.955 0.955  0.955 0.953 0.951 0.956 0.959 0.968 0.967 0.960
400, rook, 0.8, 0.4, 0.4 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
400, rook, 0.8, 0.4, 0.6 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
400, rook, 0.8, 0.4, 0.8 0.982 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
400, rook, 0.8, 0.8, 0.2 0.946  0.958 0.961 0.961 0.947 0.965 0.946 0.959 0.946 0.956 0.957
400, rook, 0.8, 0.8, 0.4 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
400, rook, 0.8, 0.8, 0.6 0.990 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
400, rook, 0.8, 0.8, 0.8 0.554 1.000 0.995 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

e Sasis, Saumts Saum2 and Sqy, denote score-based OPG tests with, respectively, the 2SLS, GMM1, GMM2 and QML estimates
of the SAR model;

2) Geown and Geyye denote gradient-based OPG tests with, respectively, the GMM1 and GMM2 estimates of the SAR model;

(3) Daw1 and Dgyy2 denote distance difference tests based on different moment vectors;

™ Wenn and Wene denote Wald tests based on the GMM estimation of the SARAR model with different moment vectors;

) Waw denotes the Wald test based on the QML estimation of the SARAR model.
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Table 10: Powers of tests for Ag = 0 with chi-squared homoskedastic disturbances

2
n, an R s PO )\0 SI.S SG\!MI SG\!MZ SQMI. GG\ml G(;y\mz D(,'MMI DG\!MZ WGW\H W(‘.MMZ WQ\H/

144, queen, 0.4, 0.4, 0.2  0.127  0.049 0.130  0.126 0.092 0.086 0.089 0.087 0.271 0.233 0.210
144, queen, 0.4, 0.4, 0.4 0.312  0.116 0.310  0.299 0.223 0.270 0.276 0.271 0.499 0.462 0.446
144, queen, 0.4, 0.4, 0.6  0.458  0.263 0.516  0.492 0.418 0.459 0.533 0.533 0.651 0.634 0.630
144, queen, 0.4, 0.4, 0.8  0.476  0.559 0.713  0.703 0.618 0.654 0.848 0.844 0.836 0.798 0.832
144, queen, 0.4, 0.8, 0.2  0.161 0.098 0.198  0.187 0.102 0.111 0.179 0.191 0.208 0.186 0.217
144, queen, 0.4, 0.8, 0.4 0.376  0.361 0.514  0.506 0.238 0.255 0.546 0.567 0.384 0.346 0.412
144, queen, 0.4, 0.8, 0.6  0.607  0.755 0.785  0.844 0.475 0.470 0.896 0.913 0.668 0.623 0.781
144, queen, 0.4, 0.8, 0.8 0.758  0.970 0.641 0.997 0.697 0.464 0.987 0.981 0.905 0.867 0.973
144, queen, 0.8, 0.4, 0.2  0.345  0.288 0.327  0.324 0.320 0.332 0.289 0.295 0.511 0.484 0.425
144, queen, 0.8, 0.4, 0.4  0.808  0.719 0.805  0.805 0.748 0.804 0.774 0.789 0.940 0.913 0.883
144, queen, 0.8, 0.4, 0.6  0.946  0.922 0.949  0.946 0.912 0.946 0.971 0.967 0.991 0.989 0.985
144, queen, 0.8, 0.4, 0.8  0.880  0.981 0.991 0.990 0.960 0.990 0.995 0.995 0.999 0.997 0.999
144, queen, 0.8, 0.8, 0.2  0.284  0.261 0.322  0.319 0.262 0.316 0.277 0.287 0.438 0.400 0.354
144, queen, 0.8, 0.8, 0.4 0.734  0.743 0.802  0.796 0.741 0.800 0.778 0.806 0.879 0.848 0.826
144, queen, 0.8, 0.8, 0.6  0.882  0.965 0.972  0.981 0.940 0.972 0.964 0.983 0.989 0.991 0.985
144, queen, 0.8, 0.8, 0.8  0.779  0.999 0.904  0.999 0.986 0.955 0.999 0.996 1.000 0.997 0.999
144, rook, 0.4, 0.4, 0.2 0.213  0.153 0.216  0.218 0.171 0.172 0.156 0.168 0.275 0.241 0.221
144, rook, 0.4, 0.4, 0.4 0.512  0.396 0.546  0.543 0.478 0.477 0.544 0.521 0.639 0.586 0.583
144, rook, 0.4, 0.4, 0.6 0.645 0.634 0.788  0.785 0.730 0.750 0.848 0.820 0.849 0.811 0.845
144, rook, 0.4, 0.4, 0.8 0.424 0.871 0.905  0.927 0.888 0.904 0.963 0.963 0.946 0.932 0.947

144, rook, 0.4, 0.8, 0.2 0.199  0.211 0.326  0.326 0.181 0.191 0.336 0.339 0.226 0.221 0.278
144, rook, 0.4, 0.8, 0.4 0.542  0.657  0.778  0.795 0.499 0.500 0.787 0.827 0.609 0.635 0.725
144, rook, 0.4, 0.8, 0.6 0.666  0.952 0.858  0.986 0.775 0.703 0.989 0.992 0.918 0.940 0.975

144, rook, 0.4, 0.8, 0.8 0.525 0.997 0.606  0.999 0.903 0.529 0.996 0.991 0.989 0.986 0.998
144, rook, 0.8, 0.4, 0.2 0.642 0.617 0.642  0.645 0.637 0.649 0.622 0.626 0.777 0.737 0.685
144, rook, 0.8, 0.4, 0.4 0.974  0.969 0.980  0.980 0.971 0.981 0.978 0.980 0.992 0.991 0.987
144, rook, 0.8, 0.4, 0.6 0.994  0.998 0.999  0.999 0.986 0.999 0.998 0.999 1.000 0.999 0.999
144, rook, 0.8, 0.4, 0.8 0.850 1.000 0.999 1.000 0.989 0.999 1.000 1.000 1.000 1.000 1.000
144, rook, 0.8, 0.8, 0.2 0.566  0.622 0.678  0.679 0.633 0.672 0.634 0.649 0.747 0.718 0.685
144, rook, 0.8, 0.8, 0.4 0.890  0.972 0.980  0.982 0.965 0.977 0.972 0.983 0.991 0.987 0.981
144, rook, 0.8, 0.8, 0.6 0.798 1.000 0.990 1.000 0.998 0.993 0.999 1.000 1.000 1.000 1.000
144, rook, 0.8, 0.8, 0.8 0.384 1.000 0.895 1.000 0.996 0.951 0.999 1.000 1.000 1.000 1.000
400, queen, 0.4, 0.4, 0.2  0.224  0.189 0.217  0.216 0.188 0.200 0.195 0.208 0.317 0.313 0.279
400, queen, 0.4, 0.4, 0.4  0.558  0.452 0.560  0.556 0.493 0.517 0.575 0.577 0.651 0.632 0.612
400, queen, 0.4, 0.4, 0.6  0.830 0.727 0.846  0.843 0.820 0.856 0.896 0.896 0.920 0.899 0.907
400, queen, 0.4, 0.4, 0.8  0.870  0.890 0.965  0.962 0.947 0.966 0.967 0.974 0.959 0.968 0.968
400, queen, 0.4, 0.8, 0.2  0.279  0.230 0.314  0.306 0.179 0.182 0.280 0.319 0.205 0.213 0.257
400, queen, 0.4, 0.8, 0.4  0.763  0.712 0.831 0.825 0.530 0.577 0.776 0.842 0.641 0.713 0.782
400, queen, 0.4, 0.8, 0.6  0.977  0.956 0.994  0.995 0.820 0.851 0.986 0.994 0.951 0.978 0.992
400, queen, 0.4, 0.8, 0.8  0.979 1.000 0.993 1.000 0.977 0.958 0.999 1.000 1.000 1.000 1.000
400, queen, 0.8, 0.4, 0.2  0.691 0.659 0.681 0.680 0.675 0.690 0.673 0.674 0.788 0.762 0.737
400, queen, 0.8, 0.4, 0.4  0.985  0.970 0.982  0.982 0.981 0.984 0.988 0.989 0.997 0.995 0.993
400, queen, 0.8, 0.4, 0.6  1.000  0.994 1.000 1.000 0.999 1.000 1.000 1.000 1.000 1.000 1.000
400, queen, 0.8, 0.4, 0.8  0.998 1.000 1.000 1.000 0.999 1.000 1.000 1.000 1.000 1.000 1.000
400, queen, 0.8, 0.8, 0.2  0.587  0.579 0.615  0.612 0.588 0.623 0.593 0.611 0.622 0.615 0.633
400, queen, 0.8, 0.8, 0.4 0.985 0.987 0.990 0.990 0.981 0.988 0.987 0.992 0.985 0.987 0.993
400, queen, 0.8, 0.8, 0.6  0.997 1.000 0.998 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
400, queen, 0.8, 0.8, 0.8  0.972 1.000 0.990 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
400, rook, 0.4, 0.4, 0.2 0.397  0.377  0.393  0.392 0.351 0.362 0.384 0.379 0.414 0.402 0.369
400, rook, 0.4, 0.4, 0.4 0.861 0.849 0.875  0.873 0.838 0.858 0.892 0.890 0.914 0.891 0.896
400, rook, 0.4, 0.4, 0.6 0.966  0.977  0.987  0.987 0.987 0.986 0.989 0.985 0.990 0.987 0.990
400, rook, 0.4, 0.4, 0.8 0.781 0.999 1.000 1.000 0.999 1.000 1.000 0.999 1.000 1.000 1.000
400, rook, 0.4, 0.8, 0.2 0.526  0.543 0.609  0.607 0.392 0.423 0.570 0.623 0.441 0.506 0.564
400, rook, 0.4, 0.8, 0.4 0.942  0.964 0.991 0.990 0.878 0.897 0.976 0.989 0.935 0.981 0.986
400, rook, 0.4, 0.8, 0.6 0.952  0.999 1.000 1.000 0.992 0.990 1.000 1.000 0.999 1.000 1.000
400, rook, 0.4, 0.8, 0.8 0.768 1.000 0.984 1.000 1.000 0.993 1.000 1.000 1.000 1.000 1.000
400, rook, 0.8, 0.4, 0.2 0.973  0.972 0.974 0.974 0.972 0.976 0.975 0.975 0.986 0.983 0.977
400, rook, 0.8, 0.4, 0.4 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
400, rook, 0.8, 0.4, 0.6 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
400, rook, 0.8, 0.4, 0.8 0.983 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
400, rook, 0.8, 0.8, 0.2 0.933  0.950 0.954  0.954 0.947 0.958 0.949 0.954 0.941 0.946 0.953
400, rook, 0.8, 0.8, 0.4 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
400, rook, 0.8, 0.8, 0.6 0.993 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
400, rook, 0.8, 0.8, 0.8 0.549 1.000 0.997 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

e Sasis, Saumts Saum2 and Sqy, denote score-based OPG tests with, respectively, the 2SLS, GMM1, GMM2 and QML estimates
of the SAR model;

2) Geown and Geyye denote gradient-based OPG tests with, respectively, the GMM1 and GMM2 estimates of the SAR model;

(3) Daw1 and Dgyy2 denote distance difference tests based on different moment vectors;

™ Wenn and Wene denote Wald tests based on the GMM estimation of the SARAR model with different moment vectors;

) Waw denotes the Wald test based on the QML estimation of the SARAR model.
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Table 11: Powers of tests for Ay = 0 with normal heteroskedastic disturbances

2
n, an R s PO >\0 Sl.s SI{(‘.MM] SI{(‘.MMZ SMQML Gn(,'m\!l Gu(;\!MZ DI{(‘.MM] DI{(‘.MM'Z WRGMM] W‘RGM\!Z WMQMI.

144, queen, 0.4, 0.4, 0.2  0.134 0.089 0.136 0.133 0.098 0.126 0.112 0.104 0.341 0.274 0.297
144, queen, 0.4, 0.4, 0.4  0.310 0.207 0.326 0.315 0.246 0.320 0.295 0.264 0.541 0.470 0.568
144, queen, 0.4, 0.4, 0.6  0.460 0.332 0.519 0.501 0.421 0.542 0.569 0.538 0.714 0.638 0.695
144, queen, 0.4, 0.4, 0.8  0.488 0.546 0.729 0.727 0.596 0.761 0.824 0.837 0.777 0.709 0.732
144, queen, 0.4, 0.8, 0.2  0.153 0.119 0.214 0.200 0.139 0.189 0.209 0.222 0.341 0.296 0.340
144, queen, 0.4, 0.8, 0.4  0.351 0.377 0.512 0.513 0.357 0.462 0.551 0.616 0.510 0.446 0.616
144, queen, 0.4, 0.8, 0.6  0.582 0.736 0.736 0.838 0.591 0.698 0.891 0.908 0.727 0.682 0.830
144, queen, 0.4, 0.8, 0.8  0.708 0.959 0.672 0.986 0.881 0.629 0.990 0.988 0.901 0.864 0.892
144, queen, 0.8, 0.4, 0.2  0.396 0.325 0.382 0.373 0.362 0.385 0.369 0.355 0.618 0.566 0.510
144, queen, 0.8, 0.4, 0.4  0.800 0.734 0.798 0.790 0.793 0.812 0.824 0.815 0.946 0.928 0.890
144, queen, 0.8, 0.4, 0.6  0.910 0.873 0.939 0.937 0.933 0.946 0.955 0.946 0.993 0.985 0.962
144, queen, 0.8, 0.4, 0.8  0.858 0.968 0.985 0.985 0.951 0.990 0.991 0.990 0.998 0.999 0.951
144, queen, 0.8, 0.8, 0.2  0.292 0.307 0.346 0.339 0.288 0.315 0.331 0.340 0.533 0.483 0.416
144, queen, 0.8, 0.8, 0.4  0.715 0.737 0.788 0.791 0.709 0.744 0.784 0.802 0.895 0.875 0.816
144, queen, 0.8, 0.8, 0.6  0.867 0.953 0.968 0.976 0.926 0.941 0.954 0.971 0.993 0.986 0.960
144, queen, 0.8, 0.8, 0.8  0.782 0.998 0.898 0.999 0.986 0.930 0.997 0.997 1.000 1.000 0.974
144, rook, 0.4, 0.4, 0.2 0.209 0.158 0.201 0.201 0.184 0.201 0.200 0.187 0.356 0.319 0.349
144, rook, 0.4, 0.4, 0.4 0.484 0.399 0.515 0.513 0.455 0.516 0.518 0.499 0.673 0.624 0.658
144, rook, 0.4, 0.4, 0.6 0.598 0.573 0.763 0.753 0.660 0.800 0.790 0.789 0.871 0.796 0.802
144, rook, 0.4, 0.4, 0.8 0.379 0.792 0.898 0.919 0.784 0.919 0.936 0.949 0.925 0.907 0.804
144, rook, 0.4, 0.8, 0.2 0.176 0.217 0.315 0.315 0.224 0.292 0.326 0.360 0.439 0.406 0.358
144, rook, 0.4, 0.8, 0.4 0.457 0.617 0.737 0.781 0.598 0.716 0.776 0.806 0.743 0.741 0.736
144, rook, 0.4, 0.8, 0.6 0.529 0.903 0.821 0.966 0.843 0.833 0.964 0.977 0.929 0.919 0.893
144, rook, 0.4, 0.8, 0.8 0.435 0.992 0.589 1.000 0.943 0.572 0.992 0.989 0.982 0.976 0.930
144, rook, 0.8, 0.4, 0.2 0.648 0.612 0.644 0.640 0.643 0.649 0.648 0.638 0.802 0.770 0.708
144, rook, 0.8, 0.4, 0.4 0.942 0.928 0.948 0.947 0.948 0.953 0.971 0.960 0.994 0.986 0.964
144, rook, 0.8, 0.4, 0.6 0.977 0.988 0.993 0.993 0.988 0.994 0.996 0.997 1.000 0.999 0.989
144, rook, 0.8, 0.4, 0.8 0.792 0.995 1.000 1.000 0.992 0.999 1.000 1.000 1.000 1.000 0.980
144, rook, 0.8, 0.8, 0.2 0.498 0.564 0.606 0.606 0.590 0.578 0.611 0.602 0.734 0.697 0.643
144, rook, 0.8, 0.8, 0.4 0.822 0.961 0.972 0.973 0.954 0.959 0.966 0.962 0.989 0.983 0.966
144, rook, 0.8, 0.8, 0.6 0.751 0.991 0.990 0.998 0.985 0.991 0.996 0.999 1.000 0.999 0.994
144, rook, 0.8, 0.8, 0.8 0.355 0.997 0.888 1.000 0.976 0.898 0.999 0.999 1.000 0.999 0.986
400, queen, 0.4, 0.4, 0.2  0.218 0.192 0.220 0.219 0.193 0.209 0.189 0.199 0.369 0.332 0.357
400, queen, 0.4, 0.4, 0.4  0.567 0.491 0.573 0.571 0.553 0.584 0.605 0.598 0.725 0.690 0.709
400, queen, 0.4, 0.4, 0.6  0.802 0.659 0.835 0.828 0.792 0.868 0.863 0.876 0.904 0.877 0.850
400, queen, 0.4, 0.4, 0.8  0.870 0.855 0.963 0.962 0.919 0.974 0.956 0.964 0.981 0.980 0.798
400, queen, 0.4, 0.8, 0.2  0.264 0.251 0.334 0.318 0.230 0.307 0.289 0.347 0.341 0.355 0.310
400, queen, 0.4, 0.8, 0.4  0.749 0.671 0.827 0.822 0.645 0.775 0.760 0.826 0.744 0.787 0.730
400, queen, 0.4, 0.8, 0.6  0.958 0.954 0.989 0.992 0.954 0.990 0.978 0.986 0.986 0.990 0.900
400, queen, 0.4, 0.8, 0.8  0.967 0.999 0.979 1.000 0.998 0.981 1.000 1.000 1.000 0.998 0.895
400, queen, 0.8, 0.4, 0.2  0.669 0.638 0.662 0.660 0.660 0.665 0.672 0.675 0.792 0.786 0.729
400, queen, 0.8, 0.4, 0.4  0.979 0.976 0.980 0.979 0.983 0.980 0.990 0.983 0.996 0.994 0.985
400, queen, 0.8, 0.4, 0.6  0.998 0.991 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
400, queen, 0.8, 0.4, 0.8  0.995 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.988
400, queen, 0.8, 0.8, 0.2  0.587 0.599 0.627 0.622 0.564 0.609 0.623 0.639 0.669 0.675 0.635
400, queen, 0.8, 0.8, 0.4  0.970 0.978 0.981 0.980 0.970 0.976 0.981 0.988 0.988 0.985 0.978
400, queen, 0.8, 0.8, 0.6  0.998 0.999 0.999 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
400, queen, 0.8, 0.8, 0.8  0.962 1.000 0.991 1.000 0.998 0.998 0.999 1.000 1.000 1.000 0.992
400, rook, 0.4, 0.4, 0.2 0.398 0.361 0.391 0.389 0.382 0.381 0.410 0.377 0.504 0.452 0.469
400, rook, 0.4, 0.4, 0.4 0.821 0.811 0.847 0.844 0.857 0.857 0.878 0.877 0.919 0.892 0.843
400, rook, 0.4, 0.4, 0.6 0.937 0.938 0.981 0.980 0.964 0.980 0.984 0.981 0.990 0.989 0.936
400, rook, 0.4, 0.4, 0.8 0.682 0.979 0.999 0.999 0.987 0.999 0.994 0.995 0.999 0.998 0.772
400, rook, 0.4, 0.8, 0.2 0.441 0.501 0.564 0.562 0.467 0.535 0.533 0.576 0.515 0.579 0.482
400, rook, 0.4, 0.8, 0.4 0.881 0.936 0.979 0.980 0.940 0.971 0.953 0.960 0.958 0.981 0.871
400, rook, 0.4, 0.8, 0.6 0.886 1.000 0.999 1.000 0.998 1.000 0.999 0.999 1.000 1.000 0.944
400, rook, 0.4, 0.8, 0.8 0.701 1.000 0.975 1.000 0.998 0.976 1.000 1.000 1.000 1.000 0.931
400, rook, 0.8, 0.4, 0.2 0.926 0.922 0.921 0.920 0.939 0.927 0.946 0.935 0.966 0.955 0.935
400, rook, 0.8, 0.4, 0.4 0.999 0.999 0.999 0.999 1.000 1.000 1.000 1.000 1.000 1.000 0.999
400, rook, 0.8, 0.4, 0.6 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
400, rook, 0.8, 0.4, 0.8 0.976 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.999
400, rook, 0.8, 0.8, 0.2 0.898 0.927 0.931 0.930 0.924 0.918 0.931 0.943 0.937 0.946 0.928
400, rook, 0.8, 0.8, 0.4 0.994 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.999
400, rook, 0.8, 0.8, 0.6 0.973 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
400, rook, 0.8, 0.8, 0.8 0.503 1.000 0.996 1.000 1.000 0.999 1.000 1.000 1.000 1.000 0.999

® Sasts, Sremmls Sranm2 and Syqu, denote score-based OPG tests with, respectively, the 2SLS, RGMM1, RGMM2 and MQML estimates
of the SAR model;

) Growmt and Grae denote gradient-based OPG tests with, respectively, the RGMM1 and RGMM2 estimates of the SAR model;

3 Dot and Dyayve denote distance difference tests based on different moment vectors;

) Wieann and Wi denote Wald tests based on the robust GMM estimation of the SARAR model with different moment vectors;

(5 Whour denotes the Wald test based on the MQML estimation of the SARAR model.
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Table 12: Powers of tests for A\g = 0 with chi-squared heteroskedastic disturbances

2
n, an R s PO >\0 Sl.s SI{(‘.MM] SI{(‘.MMZ SMQML Gn(,'m\!l Gu(;\!MZ DI{(‘.MM] DI{(‘.MM'Z WRGMM] W‘RGM\!Z WMQMI.

144, queen, 0.4, 0.4, 0.2  0.125 0.063 0.122 0.117 0.099 0.116 0.085 0.089 0.331 0.279 0.298
144, queen, 0.4, 0.4, 0.4  0.278 0.135 0.289 0.278 0.237 0.282 0.233 0.230 0.540 0.496 0.554
144, queen, 0.4, 0.4, 0.6  0.441 0.261 0.535 0.505 0.410 0.560 0.507 0.502 0.746 0.674 0.734
144, queen, 0.4, 0.4, 0.8  0.475 0.546 0.768 0.744 0.633 0.803 0.855 0.852 0.854 0.782 0.745
144, queen, 0.4, 0.8, 0.2  0.096 0.066 0.153 0.140 0.082 0.113 0.118 0.130 0.276 0.250 0.332
144, queen, 0.4, 0.8, 0.4  0.295 0.296 0.490 0.468 0.323 0.406 0.502 0.522 0.491 0.447 0.624
144, queen, 0.4, 0.8, 0.6  0.551 0.683 0.737 0.827 0.641 0.701 0.896 0.899 0.788 0.694 0.824
144, queen, 0.4, 0.8, 0.8  0.673 0.963 0.664 0.987 0.866 0.583 0.991 0.994 0.959 0.915 0.914
144, queen, 0.8, 0.4, 0.2  0.390 0.321 0.376 0.366 0.359 0.365 0.330 0.343 0.628 0.588 0.522
144, queen, 0.8, 0.4, 0.4  0.831 0.763 0.834 0.828 0.840 0.841 0.832 0.843 0.969 0.949 0.916
144, queen, 0.8, 0.4, 0.6  0.937 0.909 0.968 0.965 0.970 0.978 0.972 0.974 0.997 0.995 0.988
144, queen, 0.8, 0.4, 0.8  0.856 0.977 0.991 0.991 0.989 0.999 0.995 0.995 1.000 0.999 0.955
144, queen, 0.8, 0.8, 0.2  0.234 0.228 0.286 0.280 0.250 0.250 0.261 0.273 0.498 0.439 0.375
144, queen, 0.8, 0.8, 0.4  0.690 0.715 0.810 0.800 0.734 0.742 0.758 0.777 0.940 0.906 0.831
144, queen, 0.8, 0.8, 0.6  0.864 0.972 0.982 0.983 0.950 0.962 0.961 0.982 0.997 0.999 0.977
144, queen, 0.8, 0.8, 0.8  0.745 1.000 0.923 1.000 0.976 0.929 0.994 0.996 0.999 0.999 0.981
144, rook, 0.4, 0.4, 0.2 0.200 0.156 0.202 0.198 0.201 0.193 0.150 0.163 0.346 0.296 0.368
144, rook, 0.4, 0.4, 0.4 0.466 0.377 0.506 0.499 0.503 0.527 0.494 0.481 0.708 0.625 0.671
144, rook, 0.4, 0.4, 0.6 0.582 0.593 0.787 0.782 0.745 0.819 0.835 0.807 0.912 0.842 0.868
144, rook, 0.4, 0.4, 0.8 0.325 0.801 0.903 0.914 0.809 0.924 0.942 0.945 0.973 0.959 0.816
144, rook, 0.4, 0.8, 0.2 0.137 0.170 0.271 0.269 0.215 0.232 0.259 0.279 0.337 0.335 0.362
144, rook, 0.4, 0.8, 0.4 0.402 0.579 0.721 0.753 0.579 0.650 0.753 0.754 0.754 0.744 0.760
144, rook, 0.4, 0.8, 0.6 0.460 0.892 0.824 0.957 0.830 0.809 0.965 0.974 0.962 0.957 0.923
144, rook, 0.4, 0.8, 0.8 0.423 0.976 0.593 0.982 0.897 0.547 0.998 0.994 0.998 0.987 0.947
144, rook, 0.8, 0.4, 0.2 0.663 0.602 0.657 0.654 0.687 0.663 0.653 0.630 0.847 0.792 0.729
144, rook, 0.8, 0.4, 0.4 0.974 0.969 0.981 0.981 0.981 0.985 0.976 0.985 0.998 0.998 0.986
144, rook, 0.8, 0.4, 0.6 0.980 0.990 0.997 0.997 0.994 0.997 0.997 0.997 1.000 1.000 0.997
144, rook, 0.8, 0.4, 0.8 0.803 0.997 0.998 0.998 0.985 1.000 0.998 0.999 1.000 1.000 0.979
144, rook, 0.8, 0.8, 0.2 0.489 0.579 0.632 0.634 0.617 0.613 0.612 0.594 0.787 0.741 0.687
144, rook, 0.8, 0.8, 0.4 0.834 0.968 0.982 0.982 0.975 0.982 0.976 0.977 0.998 0.999 0.983
144, rook, 0.8, 0.8, 0.6 0.700 0.995 0.994 0.996 0.990 0.996 0.994 0.996 1.000 1.000 0.996
144, rook, 0.8, 0.8, 0.8 0.312 0.997 0.923 0.998 0.982 0.942 0.998 0.999 1.000 1.000 0.995
400, queen, 0.4, 0.4, 0.2  0.204 0.163 0.207 0.203 0.190 0.200 0.167 0.159 0.331 0.325 0.353
400, queen, 0.4, 0.4, 0.4  0.548 0.446 0.557 0.546 0.527 0.582 0.535 0.539 0.736 0.695 0.703
400, queen, 0.4, 0.4, 0.6  0.811 0.565 0.848 0.839 0.803 0.883 0.872 0.874 0.930 0.917 0.857
400, queen, 0.4, 0.4, 0.8  0.848 0.813 0.965 0.963 0.926 0.980 0.967 0.967 0.981 0.983 0.788
400, queen, 0.4, 0.8, 0.2  0.244 0.180 0.306 0.296 0.192 0.257 0.223 0.271 0.267 0.281 0.318
400, queen, 0.4, 0.8, 0.4  0.716 0.616 0.830 0.823 0.602 0.762 0.745 0.791 0.724 0.778 0.744
400, queen, 0.4, 0.8, 0.6  0.928 0.945 0.989 0.992 0.944 0.975 0.984 0.983 0.967 0.989 0.929
400, queen, 0.4, 0.8, 0.8  0.945 1.000 0.984 1.000 0.997 0.982 0.999 0.998 1.000 0.999 0.900
400, queen, 0.8, 0.4, 0.2  0.710 0.677 0.706 0.704 0.705 0.707 0.702 0.705 0.830 0.810 0.771
400, queen, 0.8, 0.4, 0.4  0.992 0.980 0.991 0.991 0.992 0.997 0.992 0.992 1.000 0.999 0.995
400, queen, 0.8, 0.4, 0.6  0.997 0.990 0.998 0.998 1.000 0.999 0.999 1.000 1.000 1.000 0.999
400, queen, 0.8, 0.4, 0.8  0.985 1.000 1.000 1.000 0.999 0.999 1.000 1.000 1.000 1.000 0.983
400, queen, 0.8, 0.8, 0.2  0.612 0.581 0.650 0.647 0.571 0.595 0.613 0.628 0.704 0.701 0.673
400, queen, 0.8, 0.8, 0.4  0.980 0.988 0.991 0.992 0.982 0.985 0.988 0.988 0.992 0.990 0.992
400, queen, 0.8, 0.8, 0.6  0.992 1.000 0.999 1.000 1.000 0.999 1.000 1.000 1.000 1.000 0.998
400, queen, 0.8, 0.8, 0.8  0.952 1.000 0.992 1.000 0.999 0.998 1.000 1.000 1.000 1.000 0.994
400, rook, 0.4, 0.4, 0.2 0.384 0.374 0.392 0.391 0.404 0.379 0.365 0.363 0.490 0.483 0.483
400, rook, 0.4, 0.4, 0.4 0.848 0.825 0.867 0.865 0.867 0.890 0.880 0.882 0.933 0.917 0.880
400, rook, 0.4, 0.4, 0.6 0.911 0.909 0.972 0.970 0.970 0.984 0.988 0.981 0.997 0.994 0.946
400, rook, 0.4, 0.4, 0.8 0.609 0.981 0.996 0.995 0.980 0.994 0.998 0.988 0.996 0.999 0.802
400, rook, 0.4, 0.8, 0.2 0.439 0.469 0.567 0.564 0.490 0.502 0.533 0.571 0.517 0.596 0.524
400, rook, 0.4, 0.8, 0.4 0.854 0.922 0.984 0.986 0.934 0.958 0.960 0.957 0.953 0.984 0.887
400, rook, 0.4, 0.8, 0.6 0.824 0.999 0.997 0.998 0.995 0.996 0.998 0.998 0.998 1.000 0.940
400, rook, 0.4, 0.8, 0.8 0.644 1.000 0.977 1.000 0.991 0.980 1.000 0.999 1.000 1.000 0.929
400, rook, 0.8, 0.4, 0.2 0.972 0.966 0.973 0.973 0.971 0.975 0.976 0.970 0.985 0.981 0.976
400, rook, 0.8, 0.4, 0.4 0.999 0.999 0.999 0.999 1.000 1.000 1.000 1.000 1.000 1.000 0.999
400, rook, 0.8, 0.4, 0.6 0.997 1.000 1.000 1.000 0.999 1.000 1.000 1.000 1.000 1.000 1.000
400, rook, 0.8, 0.4, 0.8 0.936 1.000 1.000 1.000 0.999 1.000 1.000 1.000 1.000 1.000 0.995
400, rook, 0.8, 0.8, 0.2 0.921 0.945 0.952 0.952 0.947 0.945 0.946 0.952 0.966 0.965 0.952
400, rook, 0.8, 0.8, 0.4 0.978 1.000 1.000 1.000 1.000 0.999 1.000 0.999 1.000 1.000 1.000
400, rook, 0.8, 0.8, 0.6 0.921 1.000 1.000 1.000 0.999 0.999 1.000 1.000 1.000 1.000 1.000
400, rook, 0.8, 0.8, 0.8 0.405 1.000 0.996 1.000 1.000 0.999 1.000 1.000 1.000 1.000 0.998

® Sasts, Sremmls Sranm2 and Syqu, denote score-based OPG tests with, respectively, the 2SLS, RGMM1, RGMM2 and MQML estimates
of the SAR model;

) Growmt and Grae denote gradient-based OPG tests with, respectively, the RGMM1 and RGMM2 estimates of the SAR model;

3 Dot and Dyayve denote distance difference tests based on different moment vectors;

) Wieann and Wi denote Wald tests based on the robust GMM estimation of the SARAR model with different moment vectors;

(5 Whour denotes the Wald test based on the MQML estimation of the SARAR model.
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